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Abstract. In thiswork we present two techniques for steplength selection in the frame
of gradient descent methods. Using asimple multiplicative modification of the steplength,
given by a backtracking procedure, by means of arandom variable uniformly distributed
in (0,1] we get the relaxed gradient descent method. The second algorithm selects the
steplength aong the negative gradient using a new approximation of the Hessian of the
minimizing function based on the function values and its gradientsin two successive points
aongtheiterations. Both algorithmsbelong tothe sameclassof gradient descent with linear
convergence property.

Some preliminary numerical experience shows that the second algorithm compares
favourable with the Barzilai-Borwein approach. The main advantage of this new ago-
rithm is the possibility to continue the iterations when the approximation of the Hessian is
unproperly chosen.
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1. Introduction

One of the first and well known method for unconstrained optimization is the gradient
descent method, designed by Cauchy early in 1847, in which the negative gradient direc-
tion is used to find local minimizers of a differentiable function. The method proved to
be effective for functions very well conditioned, but for functions poorly conditioned the
method is excessively slow, thus being of no practical value. Even for quadratic func-
tions the gradient descent method with exact line search behave increasingly badly when
the conditioning number of the matrix deteriorates. Early attempts to increase the per-
formance of the method have been considered by Humphrey [19], Forsythe and Motzkin
[11] and Schinzinger [31]. Even though the storage requirements for the gradient descent
method are minimal (3n locations for a n-dimensional problem), the development of con-
jugate gradient and quasi-Newton methods for large-scal e unconstrained optimization cast
the gradient descent method in a penumbra.

In 1988 Barzilai and Borwein [2] proposed a gradient descent method (BB method)
that uses adifferent strategy for choosing the step length. Thisisbased on an interpretation
of the quasi-Newton methods in a very simple manner. The steplength along the negative
gradient direction is computed from atwo-point approximation to the secant equation from
quasi-Newton methods. In [2] Barzilai and Borwein proved that for the two-dimensional
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quadratic case the BB method is R-superlinear convergent. They present some numerical
evidence showing that their method isremarkably superior to the classical gradient descent
method for a quadratic function with four variables.

Raydan [28] proved that for strictly convex quadratic case with any number of vari-
ables the BB method is globally convergent. Using a globalization strategy, based on the
non-monotone line search technique introduced by Grippo, Lampariello and Lucidi [17],
Raydan [29] proved the global convergence of the BB method for non-quadratic functions
and reports some numerical evidence on problems up to 10* variables showing that the
BB method is competitive with the conjugate gradient Polak-Ribiére [25] and CONMIN
of Shanno and Phua [32] methods. A preconditioning technique for the BB method has
been considered by Molina and Raydan [21]. Under a very restrictive assumption they
established the Q-linear rate of convergence of the preconditioned BB method. Some ap-
plications of preconditioned BB method on a distance matrix problem are considered by
Glunt, Hayden and Raydan [14, 15]. Extension of the BB method for box-constrained op-
timization problems have been considered by Friedlander, Martinez and Raydan [13] (for
quadratic function) and by Birgin, Martinez and Raydan [3].

Ananalysis of the BB method stressing the importance of non-monotone line search as
well as some open problems are presented by Fletcher [9]. Dai and Liao [5] refined the
analysisin Raydan [28] and proved that the convergence rate is R-linear. New globaliza-
tion strategies for BB method, based on relaxations of the monotonicity requirements, are
considered by Grippo and Sciandrone [18] where the nonmonotone watchdog technique
with nonmonotone linesearch rules are combined. Their algorithms are very sophisticated
and dependent of a number of parameters. Numerical experience and comparisons with
EO04DGF routine of NAG library on some collections of problems, including CUTE, shows
that their globalization strategy for the BB algorithm compares favorables with EO4DGF
algorithm. (However, for some difficult ill-conditioned problems, algorithm E04DGF is
more efficient.)

Recently, for the quadratic positive definite case Raydan and Svaiter [30] consider the
relaxed gradient method as well as the Cauchy-Barzilai-Borwein methods showing the su-
periority of the last one against the relaxed gradient descent and BB methods, Particularly,
the Cauchy-Barzilai-Borwein method provesto be Q-linearly convergent in anorm defined
by the matrix of the problem.

The purpose of this paper is twofold. The first one is to extend the relaxed gradient
method to the convex, well conditioned, functions. It is shown that for strongly convex,
well conditioned minimization problems the relaxed gradient descent algorithm is anim-
provement of the classical gradient descent version. The second purpose of the paper is
to present a new algorithm of gradient descent type, in which the step size is computed
by means of a simple approximation of the Hessian of the minimizing function. In con-
trast with the Barzilai and Borwein approach in which the steplength is computed from a
simple interpretation of the secant equation, the new proposed a gorithm considers another
approximeation of the Hessian based on the function values and its gradientsin two succes-
sive points along the iterations. The corresponding agorithm belongs to the same class of
linear convergent descent methods. The conclusion isthat using only the local information
given by the gradient, any procedure for step size computation, of any sophistication, does



not change the linear convergence class of agorithms.

The paper isorganized asfollows. Section 2 isdedicated to present the relaxed gradient
descent algorithm and its properties. In section 3 we present a hew agorithm for uncon-
strained optimization in which the steplength is computed by backtracking starting with
the inverse of a scalar approximation of the Hessian. Section 4 contains some numerical
evidence and discussions of this approach.

2. TheRdaxed Gradient Descent Method

In the following let us consider the problem:

min f(x) (2)
where f : R — R isconvex and twice continuously differentiable. A necessary and
sufficient condition for a point 2* to be optimal for (1) is

V(") =0. &)

Usually, the problem is solved by an iterative agorithm which generates a sequence
of points zg, z1, ... € domf, for which f(z) — f* ask — oo. The algorithms for
solving (1) generate aminimizing sequence z, k = 0,1, ... &s:

Thy1 = Tk + trpdy, €)
where the scalar t;, > 0 isthe step size, and the vector d, isthe search direction.

Many proceduresfor search direction computation have been proposed. One of thefirst
method, and the simplest one, for solving (1) using (3) was the gradient descent method
(Cauchy method [4]) where the choicefor the search direction at theiteration ;. isthe neg-
ative gradient, —V f(x1). Some other known methods dedicated for large-scale problems
are based on the conjugate gradient strategy. The simplest methods are those of Fletcher
and Reeves [10] (using 3n locations) and of Polak and Ribiére [25] (using 4n locations).
More elaborate methods that use more storage are those of Shanno and Phua [32] (CON-
MIN that use 7n locations), the Limited Memory BFGS method of Nocedal [24] (using
more than 9n locations), the Truncated Newton method of Dembo, Eisenstat and Steihaug
[6] (an excellent survey of truncated-Newton methods has been given by Nash [23)]), etc.

On the other hand, for step size selection two main algorithms have been considered:
exact line search and backtracking line search. In exact line search the step ¢, is selected
as.

t), =argmin f(zy + tdy) 4

t>0
In some specia cases (for example quadratic problems) it is possible to compute the
step t; anayticaly, but in most cases it is computed to approximately minimize f aong
theray {xy + tdy, : t > 0}, or at least to reduce f enough. In practice the most used are the



inexact procedures which try to reduce f enough. Many inexact line search methods have
been proposed: Goldstein [16], Armijo [1], Wolfe [33], Powell [27], Denis and Schnabel
[7], Fletcher [8], Potra and Shi [26], Lemaréchal [20], Moré and Thuente [22], and many
others.

Onewhich isvery simple and efficient is the backtracking line search. This procedure
considerstwo constants 0 < o < 0.5 and 0 < s < 1 and takes the following steps:

Sep 1. Consider the descent direction dj, for f inpoint z. Sett = 1.
Sep 2. While f(:l,‘k + tdk) > f(:l,‘k) + atVf(mk)Tdk ,Sett =ts.
Step 3. Settp =t.

Typicaly, « = 0.0001 and s = 0.8, meaning that we accept a small decrease in f of
the prediction based on the linear extrapolation.

Onegoal of thispaper isto show that thelinear behavior of the gradient descent method
for well-conditioned functions could be improved by a subrelaxation of the step size. For
quadratic positive definite problems an overrelaxation have been considered by Raydan
and Svaiter [30]. They proved that the poor behavior of the steepest descent methods is
due to the optimal Cauchy choice of step size and not to the choice of the search direction.
In this paper we extend these results to convex, well conditioned functions. Theideaisto
modify the gradient descent method by introducing a relaxation of the following form:

Tpy1 = T + Optrds. %)
where 6, is the relaxation parameter, a random variable uniformly distributed between 0
and 1. With this, the Relaxed Gradient Descent algorithm can be presented as:

Relaxed Gradient Descent Algorithm (RGD)

Sep 1. Consider astarting point zg € domf. Set k = 0.

Sep 2. Compute the search direction: d, = —V f(xy,).

Sep 3. Line search. Choose the step length ¢ via exact or backtracking line search
procedures.

Sep 4. Update the variables: Select 6;, € (0,1) and update the variables: x;1 =

Sep 5. Test a criterion for stopping the iterations. If the test is satisfied, then stop;
otherwise consider & = k + 1 and continue with step 2.

Clearly, if 8, = 1 for all k£ we get the classical Gradient Descent (GD) method.

Example 1. Let usillustrate the behavior of the relaxed gradient descent method in
comparison with the classical gradient descent on the following function:

n " 2
. 1
10 =3 ist + 1 (z ) |

Considering z¢p = [0.5,0.5, ...,0.5], @ = 0.0001 and s = 0.8 in backtracking proce-
dure, aswell asthe following criteria for stopping the iterations

[f@rer) = Fln)] _
T f(e)  — 7

[IVF(zr)l| <eg or



with
e, =107% and ¢; =107,

than for » = 100, the evolution of the norm | f(zi) — f*| given by the gradient descent
method and of the relaxed gradient descent method are presented in figure 1.

Errar [f{xk)-f*|
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MNumber of iterations

Figure 1: Gradient Descent versus Relaxed Gradient Descent

Table 1a shows the number of iterations corresponding to these algorithms, as well as
the average steplength, for different values of n, using the above criteriafor stopping.

Table 1a. Number of iterations and the average steplength.

GD RGD
[ n #iter | averagestep | #iter | averagestep
500 3105 0.002006 463 0.0209455
1000 | 6129 0.0010003 505 0.0144660
2000 | 12147 0.0005011 1256 0.0088871
3000 | 16773 0.0003349 1146 0.0097431
4000 | 22722 0.0002516 177 0.0061838
5000 | 27910 0.0002013 1523 0.0071524

Observe that the relaxed version of gradient descent method clearly outperforms the
classica gradient method. Both methods exhibits alinear convergence to the minimizer of



the function, but RGD algorithm takes a significant smaller number of iterations. Similar
results have been obtained using different random number generatorsininterval (0,1). The
parameters o and s from backtracking linear search has a noticeable but not a dramatic
influence on the number of iteration. Numerical experiments with different values for «
leads to the same behaviour of the algorithm. Observe that the average stepsize in RGD
algorithm is greater asin GD version. Thisexplainsits efficiency.

This numerical experiment reveals the serious limitation of the steplength choice by
backtracking when searching is along the negative gradient. This reveals alack of robust-
nees of the gradient descent algorithm with backtracking at steplength perturbations.

The convergence analysis of RGD algorithm is given by the following theorems.

Theorem 1. If the sequence 6;, hasan accumulation point 0c (0, 1), then, for strongly
convex functions, the sequence z;, generated by RGD algorithm convergeslinearly to z*.
Proof. Let usconsider: @ (6) = f(xx — Otrgr), Where g, = V f(z;). We can write:

1
flazi — Otigr) = fzr) — Otigt g + 592t%9kTV2f(mk)9k~

Since the function f is strongly convex it follows that @ (¢) isa convex function and
D4(0) = f(x). From the strong convexity of f it follows that:

= Otau) < flo) = (02526 bl ®

But § — 249” js a convex and nonnegative function on (0, 2/Mt;.) and has the maximum
value equa with 1/2Mt; in 1/Mt,,. Therefore f(xpy1) < f(ag) for dl k. Since f is
bounded below;, it follows that

Jim (F(z) = flae) =0
Now observe that @, (0) isaconvex function with the minimum vaue in point

93 9
O, = : > 0.
ti (95 V2 (x1)9r)
On the other hand, ®,,(0) = f(zx) and ®(0,,) = f(zx), where §,, = 26,,,. But,
(nggk)Q
i (0m) = flar) -
2 (gFV? f(xr)gr)

Therefore, for 6 € [0,20,,] , @x(0) < @4(0).

Thereexistssome 5 € (0, 0,,) with 3 < 1 suchthat 8 gég 20,,, — 3. Therefore, there
existsasubsequence ., contained intheinterval [3, 26,,, — ] . Using again the convexity
of function @, (9) we get that

05(0) — @(B0) > B [P (0rr) — Pr(0)].

But,



(9% a)"
2 (gF V> fan)gr)

Qi (0n) — D1 (0) = —
Hence,

2

®5,(0) — @&(86:n) > gl -

8_ (ghe)® 8
2 (gIV?f(zr)gr) ~ 2Amax
Therefore
Flan,) = fanen) 2 5o ol
J T 2 max 2

But, f(xx,) — f(wr,+1) — 0 and asaconsequence g, goesto zero, i.e. xy; converges to
x*. Havinginview that f(z;)isannonincreasing sequence, it followsthat f(xy,) converges
to f(z*). W

In the following let us assume that f is strongly convex and the sublevel set S =
{x edomf: f(x) < f(xg)} is closed. Strong convexity of f on .S involves that there
exists the constants 7 and M such that mI < V2f(z) < MI,foral = € S. A conse-
quence of strong convexity of f on S isthat we can bound f* as:

F(@) = 5 IVF@E < £ < f(a) — 5 197 @) ™
In these circumstances the following theorem can be proved.
Theorem 2. For strongly convex functions the Relaxed Gradient Descent algorithm
with backtracking islinear convergent and

k—1
far) = I < <H ) ()= 1), ®

where o
¢; =1 —min {2mab;, 2mab;s/M} < 1. 9)

Proof. Consider 0 < 6 < 1, then

Mt
faw=t9) < flo) = (0 2550 ) el
Noticethat § — 229? isaconcave function and for al 0 < 6 < 1/Mty, 6 — 22ep? > 8.
Hence

0
fa = 0tkg) < flar) = gt lonll3 < flax) — abti |ox3

since o < 1/2. Therefore the backtracking line search procedure terminates either with
tr = 1 or withavauet, > s/M. With this, a step k& we can get alower bound on the
decrease of the function. In the first case we have

flap1) < fag) — by ngg,

and in the second one



S
fansn) < flaw) — abrgy lloels -
Therefore, we have
) s 2
f@isn) < fae) —min {ady, ab=x | el
Hence
f ~ < @) — £ min {aby, b= b ||gi 2
(k1) < f(xx) min {04 ky ’“M} llgells -

But, from (7) it follows that |\gk|\§ > 2m(f(zx) — f*). Therefore, combining thiswith the
above relation we get

* : 5 *
flager) — f* < (1 - mln{Zma@k,QmOz@kH}) (f(ze) — ).
Denoting ¢; = 1 — min {2mady, 2mady £ } it followsthat for every k = 0,1, ...

f@rgr) = f* < e (f(zw) = f7),
which prove the second part of thetheorem. Sincec;, < 1, thesequence f () convergesto
f* like ageometric series with an exponent that partialy depends on the condition number
bound M /m, the backtracking parameters « and s, the sequence 6y, of random uniform
distributed numbersin (0, 1) interval and on the initial suboptimality. Therefore the RGD
algorithm islinear convergent. &
For strongly convex functions the behavior of the gradient descent algorithm is given

by:
flar) = 17 < ¢ (f(@o) = ), (10)
where
¢ =1—min< 2ma, Qmai < 1. (11)
Observethat forevery £ = 0,1, ... ,sincef; < 1, it followsthat ¢, > c.

3. A New Algorithm for Unconstrained Optimization

As we mentioned in introduction, for problem (1) Barzilai and Borwein [2] suggested an
algorithm which essentialy is a gradient one, where the choice of the stepsize along the
negative gradient is derived from a two-point approximation to the secant equation from
quasi-Newton methods. Considering Dy, = -y, as an approximation to the Hessian of f
at x,they chose «y,, such that

Dy, = argmin || Dsy — yg||5
where s, =z — 21 andy = Vf(zr) — Vf(zr_1), yieding
T
B Sk Yk (12)

BB _
Yk - T. "
S Sk



With these, the method of Barzilai and Borwein isgiven by the following iterative scheme:

1
Tpy1 = Tp — ﬁvf(mk)- (13)

Mainly, the sequence {z} generated by the éB method uses two initial vectors xzg and
x1. Having in view its simplicity and numerical efficiency for well-conditioned problems,
provedinter alia by Raydan [29] and Fletcher [9], the Barzilai and Borwein gradient method
has received a great deal of attention. However, like all steepest descent and conjugate
gradient methods, the BB method becomes slow when the problems happens to be more
ill-conditioned [12] .

In the following | suggest another procedure for computing an approximation of the
Hessian of the function f at z; which can be considered to get the stepsize dong the neg-
ative gradient. Let us consider the initial point 2o where f(xq) and go = V f(xg) canim-
mediately be computed. Using the backtracking procedure (initialized with t = 1) we can
compute the steplength ¢y with which the next estimate z1 = x¢ — tggo IS computed, where
again we can compute f(x1) and g1 = V f(z1). So, the first step is computed using the
backtracking along the negative gradient. Now, inpoint 2,1 = x —trgr, k = 0,1,...we
have:

Flewer) = Flow) — tiglon + 520L V21 (2)gn. (14)
where z € [z, 2541] . Having in view the local character of the searching procedure and
that the distance between z;, and z. is enough smdl we can choose z = x4, and
consider v(x1)I as an approximation of the VQf(ka), where y(zx41) € R. Thisis
an anticipative point of view, in which the approximation of the Hessian in point xj1 is
computed using the local information from point x,. Therefore we can write:

2 1
Y(Tps1) = Tl [f(@rg1) — flan) + tegi gn) - (15)

Now;, in order to compute the next estimation x5 2 = X1 — txr19k41 We must consider
aprocedure to determine the stepsize ¢, ;. For thislet us consider the function:

1
Ppi1(t) = f(ar41) =t gkt + 5V (Th41) Gk Gk
Observe that @11 (0) = f(2z41) ad @}, ,(0) = —gf, 1 gr+1 < 0. Therefore &y, (t) is
aconvex functionfor al ¢t > 0. To have aminimum for @, 1(¢) wemust have y(z; 1) >
0. Considering for the moment that y(x1) > 0, thenfrom @}, () = 0 we get

1
Y(@rt1)’

thy1= (16)

asthe minimum of @, (¢). Now,

_ 1 5
Qpy1(tryr) = f(rpr1) — b lgr+1ll3

2v(zr+
which shows that if y(z1+1) > 0, then the value of function f is reduced. This suggests
us to determine the stepsize ¢, as.



thp1 =argmin f(zr41 — tgki1) (17)
t<t i1
using the backtracking procedure.
To completethea gorithm wemust consider thesituationwheny(x41) < 0. If f(zgy1)—
f(zr) + trglgr < 0, thenthereduction f(zy) — f(xg41) iSgreater that t.gf gi. In this
case we change alittle the stepsize ¢, ast, + 7;, in such amanner that

Flanrr) = flar) + (b + )9k 9 > 0.
To get avaluefor 7, let usselect aé > 0, enough small, and consider:

1
M = Ton [f(zr) = fwrr1) — tegi gx] + 6 (18)
k
with which anew value for (x4 1) can be computed as:

2 1 B T
’Y(wk.-i-l) = T Tt [f($k+.1) f(iﬂk). + (e + 11)9% 9x] - (19)
The corresponding New gradient descent Algorithm (NA) isasfollows:
The New Algorithm (NA)
Sep 1. Select xg € dom f and compute f(zg), go = V f(xo) and tg =argmin f(zg —
t<1

tg()). Computea:l =g — t()g()y f(l'l) and g1 = Vf(.il?1) Setk =0.
Sep 2. Test for continuation. If some criteriafor stopping the algorithm are satisfied,
then stop; otherwise continue with step 3.
Sep3. Compute the (scalar) approximation, v(z+1), of the Hessian of function f at
Tp41 &Sin (15).
Sep 4. If y(xp41) < 0, then select § > 0 and compute anew value for y(z,41) asin
(19), where n,, is given by (18).
Sep 5. Compute theinitial stepsize
- 1
Lr+1 @)
with which a backtracking procedure is performed in the next step.
Sep 6. Using a backtracking procedure, determine the step length ¢, 1 as:

thy 1 =argmin f(2p11 — tgrs1).
tggkdrl
Step 7. Update the variables: xyy9 = p41 — tpt109%+1, St k = k + 1 and go to step
2.
Example 1. (continued) For example 1 the number of iterations and the steplength
corresponding to the Barzilai-Borwein algorithm and the New Algorithm are givenin table
1b.

Table 1b. Number of iterations and the step length of BB and NA.
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Barzilai-Borwein (BB) New Algorithm (NA)

n | #iter | averagestep | #iter | averagestep [ v <0
500 748 0.008818 706 0.009316 0
1000 | 1353 0.004934 1269 0.004967
2000 | 2675 0.002398 2410 0.002510
3000 | 3526 0.001740 3282 0.001687
4000 | 4194 0.001319 4895 0.001289
5000 | 6227 0.001031 6113 0.001020

(o] fe] o] fo] fe)

wherethe elementsin column below v < 0 representsthe number of iterationsin which
v(zr+1) < 0. Observe that the behaviour of the New Algorithm is very close to that of
Barzilai-Borwein. In fact, the difference y(zi41) — 722 isvery small, asit isillustrated
infigure 2.

% 107

: : : : : | n=500 |

garmma - gammaBB

1 1 1 1 1
a 100 200 300 400 A00
MNumber of iterations

Figure 2: Differencey(zx11) — v2P.

However, thisis not the typical behaviour of the NA algorithm. Generally, for the most
numerical experiments we notice that (xy41) > vP5.
The analysis of convergence of this algorithm is given by the following theorems.
Theorem 3. For strongly convex functions the New Algorithm with backtracking is
linear convergent and
k—1

flen) 17 < (H ) (F(x0) — 7).

=0



where
¢; = 1 —min {2ma,2masfi} < 1

and p; > lisaninteger, (p; = 1,2,... given by the backtracking procedure).
Proof. Thisisvery similar with the proof in theorem 2 above. We can write:

fanen) = fw) = (1= 32w ) loul.

But, t—t2~y(zx11)/2isaconcavefunction, andforall 0 < t < 1/y(xpy1), t—t2y(zp11)/2 >
t/2. Hence

Flann) < Sn) = 5 lowl} < Few) = at ol

The backtracking procedure terminates either witht = 1 or witht = s?*, where p; isan
integer. Therefore

f(@rs1) < f(zx) — min {a, as? } [|g3 .

Having in view that for strongly convexfunctionngng > 2m(f(xr)— f*) itfollowsthat

f@rgr) = f* < e (f(zw) = f7),

wherec,, = 1 — min {2mao, 2mas?* } . Since ¢y, < 1 the sequence f () islinear conver-
gent, like a geometric series, to f*. B

Theorem 4. For every & = 0,1,... y(xx1), generated by the New Algorithm, is
bounded away form zero.

Proof. Forevery k = 0,1, ... weknowthat f (1) — f (zx)+txgi gx > 0. Therefore,
f(:l,‘k) — f(:l,‘k+1) < tkg,{gk. With thiswe have:

2 2(f(wr) = flzesr)) 2 2t (9f9n)

) =g E@la)  h Bldw)
Therefore the step 5 of the NA is well defined. However, towards the find iterations of
the algorithm, especially when the accuracy requirements are too high, it is possible that
(f(@r41) +tegl gx) — f(z) < 0, but very close to zero. This s because g/ g istoo
small. That means the reduction in function values is too small. The remedy we have
considered in this situation is to increase alittle the steplength in order to compensate the
accuracy requirements.

4. Numerical Experiments

In this section we report some numerical results obtained by aFORTRAN implemention of
the above gradient descent algorithms for 11 functions. In all experimentsthe backtracking
procedure considers a = 0.0001 and s = 0.8. The criteria for stopping the agorithms
are those used in example 1 above. For each function the initial point has been presented.
Each table presents the number of iterations as well as the average stepsize corresponding
to algorithms. Tables* a present the number of iterations and the average steplength for the
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GD and the RGD agorithms. Tables* b give the number of iterations, corresponding to the
BB and the NA algorithms. Tables * ¢ show the number of iterations of an implementation
of BB algorithm. Tables *d present the number of iterations of NA for different values of
8. The number of iterationsin which v(zy41) < 0 or vB8 < 0 isshown in column below

.

no

Example 2. f(x) :Z 15 (exp(w;) — @), w0 = [1,1,...,1].

i=1

Table 2a. Number of iterations and the average steplength of GD and RGD.

GD RGD

n | #iter | averagestep | #iter | average step
1000 | 2696 0.020215 1168 0.117336
2000 | 4380 0.010106 1159 0.080865
3000 | 5514 0.006744 1340 0.063615
4000 | 5788 0.005044 177 0.057248
5000 | 6108 0.004036 1523 0.045275

Table 2b. Number of iterations and the average steplength of BB and NA.

BB NA

n | #iter | averagestep | #iter | averagestep
1000 | 744 0.08733 588 0.1199889
2000 | 1284 0.04795 758 0.0498313
3000 | 1487 0.03086 1465 0.0429736
4000 | 1812 0.02458 1401 0.0348057
5000 | 1676 0.01981 1316 0.0189150

Table 2c. Number of iterations of BB.

| n | H#iter | 2 |
10000 | 2155 | O
20000 | 3181
30000 | 2747
40000 | 2073
50000 | 2214

oO|Oo| oo

Table 2d. Number of iterations of NA for different values of 6.
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6=0.01 6=0.1 6= 6=10 6 =100

n #iter | v | #iter | ~ | #iter [ v | #iter | v | #iter |
10000 | 2413 | O | 2413 | O | 2413 | 0 | 2413 | 0| 2413 | O
20000 | 2586 | 3 [ 3091 | 19| 1896 | 4 | 1702 | 4| 1918 | 2
30000 | 2806 | 3 | 2405 | 2 | 2858 [ 16| 2173 | 2| 2076 | 8
40000 | 2449 | 23| 3099 | 4 | 2865 | 4 | 2504 | 8 | 2407 | 3
50000 | 3847 | 11 | 3931 | 11| 3368 | 19| 2015 | 1 | 3427 | 11

Example 3. (Tridiagonal function)

f(z) = ((5 —3xy — 22)wy — 3wg + 1)2 +
m—1
> ((5 —3x; — 22wy —xiq — 3wy + 1)2 +
i=2
((5 - 3$m - l?n)ﬂwn — Tpm—1+ 1) )
2o =[~1,—1,...,~1].

Table 3a. Number of iterations and the average steplength of GD and RGD.
GD RGD

n | #iter | averagestep | #iter | average step
1000 | 574 0.0017747 130 0.026428
2000 | 154 0.0087885 148 0.028887
3000 | 547 0.0021763 316 0.052925
4000 | 3681 | 0.0082045 226 0.061401
5000 | 147 0.0087238 279 0.043099

Table 3b. Number of iterations and the average steplength of BB and NA.
BB NA

n | #iter | averagestep | #iter | averagestep
1000 | 103 0.00678 112 | 0.00662298
2000 | 50 0.02207 116 | 0.01128028
3000 | 212 0.02659 101 | 0.01049011
4000 | 81 0.01034 71 0.01177585
5000 | 198 0.00946 147 | 0.00518654

Table 3c. Number of iterations of BB.
n | #iter | v |

10000 | 70 0

20000 | 241 | 5

30000 | 478 | 14

40000 | 48 0

50000 | 50 0

Table 3d. Number of iterations of NA for different values of 6.
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6=0.01 6=0.1 6= 6=10 6 =100

n #iter | v | #iter | v | #iter | v | #iter | v | #iter | ¥
10000 | 75 5 69 1 62 1 64 1 63 1
20000 | 52 1 65 1| 249 |7 51 1 76 2
30000 | 66 2 71 2 68 1 77 1 80 2
40000 | 51 0 51 0 51 0 51 0 51 0
50000 | 51 2 48 2 51 1 48 1 50 1

Example 4. (Penalty function)

n

2
f(z) _";1 (o 1)+ <§; x§o.25> v =[1,2,....m].

=1
Table 4a. Number of iterations and the average steplength of GD and RGD.

GD RGD

n | #iter | averagestep | #iter | averagestep
1000 88 0.0192150 42 0.0431264
2000 95 0.0115713 43 0.0282512
3000 | 243 0.0151839 42 0.0283190
4000 | 110 0.0071455 45 0.0296132
5000 | 138 0.0086804 42 0.0181590

Table 4b. Number of iterations and the average steplength of BB and NA.

BB NA

n | #iter | averagestep | #iter | averagestep
1000 45 0.008656 51 0.008363
2000 48 0.007326 50 0.006259
3000 45 0.006173 50 0.004794
4000 49 0.005273 53 0.003977
5000 49 0.004581 57 0.006126

Table 4c. Number of iterations of BB.
[ n [#iter [~ ]

10000 | 58 | O
20000 | 58 | O
30000 56 | O
40000 | 58 | O
50000 | 61 | O

Table 4d. Number of iterations of NA for different values of 6.
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6=0.01 6=0.1 6= 6=10 6 =100

n #iter | ~ | #iter | v | #iter | v [ #iter | v | #iter | «
10000 | 63 (2| 62 |[1| 62 |1| 65 4 62 |1
20000 66 | 1| 68 | 3| 69 [4]| 66 1 70 |5
30000 65 |4| 63 |1| 66 [5]| 67 5 64 | 3
40000 | 67 |1 69 |3| 68 | 1| 70 4 73 |7
50000 74 | 7| 75 | 8| 72 |5 79 [12| 75 |6

Example 5. (Tridiagonal function)

n—1

fl@) = (2+5a))ay + 2+ 1)°+ Y (2+ 52w +as 1 + 201 +1)° +
1=2

((2 + 51%):6,, +xpH 1+ 1)2 ,

xo=[1,1,...,1].
Table 5a. Number of iterations and the average steplength of GD and RGD.
GD RGD

n | #iter | averagestep | #iter | averagestep
1000 | 1087 0.031504 279 0.149108
2000 | 1059 0.031499 320 0.142032
3000 | 1061 0.031499 264 0.166463
4000 | 1063 0.031500 286 0.149378
5000 | 1063 0.031500 279 0.152496

Table 5b. Number of iterations and the average steplength of BB and NA.
BB NA

n | #iter | averagestep | #iter | averagestep
1000 | 224 0.11734 195 0.129313
2000 [ 235 0.11257 193 0.130184
3000 | 219 0.11813 196 0.130313
4000 | 219 0.12023 201 0.129180
5000 | 190 0.12876 185 0.135398

Table 5¢c. Number of iterations of BB. Table 5d. Number of iterations of NA

n #iter | v n #iter | v

10000 | 207 | 0 10000 | 195 | 0

20000 | 226 | O 20000 | 188 | O

30000 | 207 | O 30000 | 191 | O

40000 | 192 | O 40000 | 192 | O

50000 | 205 | O 50000 | 218 | 0
n—1

Example6. f(z) =Y (zip1 —a2)* + (1 —25)?, 2 = [-1.2,1,...,-1.2,1].

i=1

16



Table 6a.

Number of iterations and the average steplength of GD and RGD.
GD RGD
n | #iter | averagestep | #iter | averagestep
1000 | 295 0.100293 177 0.309895
2000 | 298 0.100221 177 0.291935
3000 | 297 0.100196 172 0.315101
4000 | 296 0.100172 180 0.297528
5000 | 298 0.100149 176 0.295032

Table 6b. Number of iterations and the average steplength of BB and NA.

Table 6¢.

BB NA
n | #iter | averagestep | #iter | averagestep
1000 89 0.28313 78 0.29727
2000 83 0.29775 74 0.29916
3000 86 0.28155 59 0.27871
4000 84 0.29868 86 0.29183
5000 88 0.29738 91 0.28947
Number of iterations of BB. Table 6d. Number of iterations of NA
n #iter | v n #iter | v
10000 95 0 10000 82 0
20000 68 0 20000 84 0
30000 85 0 30000 81 0
40000 96 0 40000 79 0
50000 95 0 50000 82 0

Example 7. (Trigonometric function)

f(w)zé ((

Table 7a. Number of iterations and the average steplength of GD and RGD.

7
n— ). cosx;
Jj=1

2
> +i(1l—coswz;) — sinxi> , 9 =10.2,0.2,...,0.2].

GD RGD
n | #iter | averagestep | #iter | averagestep
1000 68 0.366606 355 0.974325
2000 | 108 0.313093 48 0.750819
3000 | 130 0.365581 33 0.596991
4000 76 0.191776 548 0.976957
5000 | 137 0.313370 43 0.702128

Table 7b. Number of iterations and the average steplength of BB and NA.
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BB NA
n | #iter | averagestep | #iter | averagestep
1000 44 0.51781 40 0.44384
2000 31 0.21982 36 0.26234
3000 31 0.19371 31 0.16299
4000 31 0.17401 30 0.09079
5000 32 0.17217 31 0.09094
Table 7c. Number of iterations of BB. Table 7d. Number of iterations of NA
n #iter | v n #iter | v
10000 33 0 10000 33 0
20000 36 0 20000 36 0
30000 36 0 30000 37 0
40000 38 0 40000 40 0
50000 39 0 50000 41 0
n—1
Example8. f(x) =Y (211 —a3) + (1 — @)%, 20 = [-1.2,1,...
=1

Table 8a. Number of iterations and the average steplength of GD and RGD.

GD RGD
n | #iter | averagestep | #iter | averagestep
1000 | 1061 0.059832 418 0.258687
2000 | 1069 0.059531 451 0.246441
3000 | 1069 0.059513 438 0.257312
4000 | 1070 0.059523 449 0.252725
5000 | 1063 0.059831 485 0.231459

Table 8b. Number of iterations and the average steplength of BB and NA.

BB NA
n | #iter | averagestep | #iter | average step
1000 | 230 0.22841 185 0.265502
2000 | 222 0.24470 217 0.242480
3000 | 242 0.21853 203 0.251972
4000 | 220 0.23544 218 0.237006
5000 | 233 0.22414 198 0.257031

Table 8c. Number of iterations of BB.
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Table 8d. Number of iterations of NA for different values of 6.

n | #iter [ v ]

10000 [ 200 | O
20000 | 219 | O
30000 | 209 | O
40000 | 230 | O
50000 | 214 | O

6=0.01 6=0.1 6=1 6=10 6 =100

n #iter | ~ | #iter | v | #iter | o | #iter | v | #iter | ~
10000 | 224 (1| 219 (1| 204 | 1| 239 | 1| 208 |1
20000 | 207 | 1] 200 | 1] 230 | 1| 210 | 1| 190 |1
30000 | 194 | 1| 226 [ 1| 234 |[1| 224 | 1| 204 |1
40000 | 195 | 1| 207 | 1| 215 | 1| 222 (1| 226 |1
50000 | 212 | 1| 222 | 1| 222 | 1| 224 | 1| 205 |1

3,0.1,...3,0.1].

n/2

Example9. f(x) =37 (a3, ; +3; + 3721‘719321')2 + sin®(w2; 1) + cos® (w2:), w0 =
=1

Table 9a. Number of iterations and the average steplength of GD and RGD.

Table 9b. Number of iterations and the average steplength of BB and NA.

Table 9c.

GD RGD
n | #iter | averagestep | #iter | averagestep
1000 | 145 0.326641 31 0.530351
2000 | 145 0.326641 31 0.530351
3000 | 142 0.326620 30 0.530963
4000 | 142 0.326620 30 0.530963
5000 | 142 0.326620 30 0.530963

BB NA
n | #iter | averagestep | #iter | averagestep
1000 15 0.26319 12 0.291550
2000 15 0.26319 12 0.277770
3000 15 0.26319 12 0.263386
4000 15 0.26319 12 0.255323
5000 15 0.26319 12 0.252502
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n #iter n #iter

2 2
10000 | 15 | O 10000 | 12 | O
20000 16 | O 20000 12 | O
30000 | 16 | O 30000 | 12 | O
40000 ( 16 | O 40000 | 12 | O
50000 16 | O 50000 | 12 | O

n—1

Example 10. f(z) =Y (a? +a?, + a;i:ci_,_l)Q + sin?(z;) + cos?(wiq1), o =
i=1
3,0.1,...3,0.1].

Table 10a. Number of iterations and the average steplength of GD and RGD.

GD RGD
n | #iter | averagestep | #iter | averagestep
10 6301 0.414179 8396 0.961205
100 | 6587 0.414563 10736 0.962470
500 | 7014 0.414611 11193 0.963675
1000 | 6321 0.414590 8191 0.963520

Table 10b. Number of iterations and the average steplength of BB and NA.

BB NA
n | #iter | averagestep | #iter | averagestep
10 1084 3.65298 1056 3.755755
100 | 1687 3.61832 1212 8.452615
500 | 2522 3.67988 533 8.248792
1000 | 2539 3.36897 566 34.69698

Table 10c. Number of iterations of BB.

[ n [#iter [~ ]
10000 | 2088 | 2
20000 | 2223
30000 | 1582
40000 | 1644
50000 | 1883

O|O| | O

Table 10d. Number of iterations of NA for different values of §.
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0 =0.01 0=0.1 o= 0=10 0 =100

n #iter [ v | #iter | o | #iter | v | #iter | | #iter | ~

10000 | 690 | 70| 598 | 82| 646 | 83 | 398 | 23| 888 | 82

20000 | 384 (33| 283 | 22| 420 | 46 | 703 [ 85| 705 | 66

30000 | 624 | 46| 325 | 23| 560 | 62 | 737 | 73| 798 | 62

40000 | 252 | 7 | 663 [ 89| 360 | 51 | 606 | 65| 574 |41

50000 | 321 | 21| 488 |48 | 1142 | 204 | 695 | 65| 637 | 52

Example 11. (Beale function)

n/2
f(z) 2/:1 (15— 2951 (1 —295)) +
(225 — woi—1 (1 23;))° + (2625 — w251 (1 - 23))”,
xo=1[1,08,...,1,0.8].

Table 11a. Number of iterations and the average steplength of GD and RGD.
GD RGD

n | #iter | averagestep | #iter | averagestep
1000 | 1236 0.0427481 449 0.192988
2000 | 1236 0.0427117 478 0.186444
3000 | 1281 0.0426884 482 0.187414
4000 | 1293 0.0426732 487 0.188121
5000 | 1302 0.0426619 487 0.188121

Table 11b. Number of iterations and the average steplength of BB and NA.
BB NA

n | #iter | averagestep | #iter | averagestep
1000 | 46 0.39584 63 0.385026
2000 | 46 0.39584 63 0.385114
3000 | 46 0.39584 63 0.385179
4000 | 46 0.39584 63 0.385108
5000 | 46 0.39584 63 0.385691

Table 11c. Number of iterations of BB. Table 11d. Number of iterations of NA

n #iter | v n #iter | v
10000 | 46 | O 10000 | 63 | O
20000 | 46 | O 20000 63 | O
30000 | 46 | O 30000 63 | O
40000 | 46 | O 40000 | 63 | O
50000 | 46 | O 50000 | 63 | O

Example 12. (Freudenstein and Roth function)
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n/2
F@) =3 (<134 2oi1 + (5 — w2:) wai — 2) w2s)* +

=1
(—29 + @it + ((wo; + 1) was — 14) 2y)?
20 = [0.5,~2,...,0.5,~2].

Table 12a. Number of iterations and the average steplength of GD and RGD.
GD RGD

n | #iter | averagestep | #iter | Averagestep
100 | 10381 [ 0.0005367 679 0.0122165
200 | 10564 | 0.0005368 679 0.0122165
300 | 10564 | 0.0005368 679 0.0122165
400 | 11240 | 0.0005370 679 0.0122165
500 | 11240 | 0.0005370 679 0.0122165

Table 12b. Number of iterations and the average steplength of BB and NA.
BB NA

n | #iter | averagestep | #iter | averagestep
1000 | 220 0.018691 25 0.04292
2000 | 245 0.018652 25 0.04292
3000 | 250 0.018069 25 0.04292
4000 | 173 0.025440 25 0.04292
5000 | 138 0.021845 25 0.04291

Table 12c. Number of iterations of BB.
[ n | #iter | |

10000 [ 183 | O
20000 | 395 | O
30000 | 380 | O
40000 | 218 | O
50000 | 205 | O

Table 12d. Number of iterations of NA for different values of 6.

6=0.01 6=0.1 6=1 6=10 6 =100

n #iter | v | #iter | v | #iter | v | #iter | v | #iter | ¥
10000 | 25 0 25 0 25 0 25 0 25 0
20000 | 25 0 25 0 25 0 25 0 25 0
30000 [ 25 0 25 0 25 0 25 0 25 0
40000 | 25 0 25 0 25 0 25 0 25 0
50000 | 29 1 27 1 27 1 32 1 27 1

Some comments are in order.
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Both algorithmsarelinear convergent. Modifying only the steplength along the negative
gradient we get linear convergent algorithms, i.e. theerror f(z) — f* convergesto zero
approximately as a geometric series.

The convergence rate depends greatly on the condition number of the Hessian of the
minimizing function. For well conditioned convex functions both algorithms are improve-
ments of the classical gradient descent algorithm. For ill-conditioned functions these algo-
rithms, like any gradient descent one, are so dow that they have no value in practice.

Generaly, y(zx11) > vP28 showing that the initial step in backtracking procedure of
NA islower than the corresponding initial step of Barzilai-Borwein approach. However,
aong the iterations (x541) is very close to yBE. This give us the motivation to modify
the Barzilai-Borwein agorithm when v2% < 0. If v25 < 0, asin exemples 3 and 10
above, then we can consider in the Barzilai-Borwein algorithm ~(z 1) instead of 455,

Refering to the number of iterations corresponding to GD, RGD, BB and NA ago-
rithms, from the above tables the following cumul ative results have been obtained.

Table 13. Number of iterations. Cumulative results for tables *aand *b.

[NrEx.] GD [RGD [ BB [ NA |
ExL | 83786 | 6070 | 18723 | 18675
Ex2 | 24480 | 6367 | 7003 | 5528
Ex3 | 5103 | 1099 | 644 | 547
Ex4 | 674 | 214 | 236 | 261
Ex5 | 5333 | 1428 | 1087 | 970
Ex6 | 1484 | 882 | 430 | 388
Ex7 | 519 | 1027 | 169 | 168
Ex8 | 5332 | 2241 | 147 | 1021
Ex9 | 716 | 152 | 75 | €0
Ex10 | 26223 | 38516 | 7832 | 3367
ExI1 | 6375 | 2383 | 230 | 315
Ex12 | 53989 | 3395 | 1026 | 125

[ TOTAL [ 219014 | 63774 | 38602 | 31425 |

Table 14. Number of iterations. Cumulative results for tables *c and *d.

Large-scale problems. (NA with 6 = 100)
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[NrEx. [ BB | NA |

Ex2 12370 | 12304
Ex3 887 320
Ex4 291 344
Ex5 1037 984
Ex6 439 408
Ex7 182 187
Ex8 1072 | 1033
Ex9 79 60
Ex10 9420 | 3602
Ex11 230 315
Ex12 1381 127

[ TOTAL | 27388 | 19684 |

5. Concluson

The main contributions of this paper are asfollowing. Firstly, it extendsthe relaxation idea
considered by Raydan and Svaiter [30] for the quadratic positive definite functions to the
nonlinear convex optimization. It is shown that a simple modification of the steplength
by means of a random variable uniformly distributed in (0, 1), for the strongly convex
functions, representsanimprovement of the classical gradient descent algorithm. Secondly,
a new gradient descent algorithm is proposed in which the step length is computed by
backtracking using a simple approximation of the Hessian. This new approach compares
favourable with Barzilai-Borweins, for well conditioned convex functions this being an
improvement of the classical gradient descent algorithm. The general conclusion is that
using only the local information given by the gradient of the minimizing function, any
procedure for step length computati on, does not change the linear convergence property of
the gradient descent a gorithms.
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