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5HVHDUFK ,QVWLWXWH IRU ,QIRUPDWLFV�

&HQWHU IRU $GYDQFHG 0RGHOLQJ DQG 2SWLPL]DWLRQ�
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3ULPXO VDYDQW PRGHUQ SULQ FDUH �WLLQÒD VH GHILQH�WH vQ HD vQVm�L vQ RSR]LÒLH FX VFRODVWLFLVPXO
(YXOXL 0HGLX HVWH *DOLOHR *DOLOHL� (O LQWURGXFH R VFKLPEDUH IXQGDPHQWDOm GH PHWRGm vQ
FHUFHWDUHD �WLLQÒLILFm D 1DWXULL� ILLQG vQ HJDOm PmVXUm XQ RP GH �WLLQÒm �L XQ WHRUHWLFLDQ DO
PHWRGHL �WLLQÒLILFH� »PSUHXQm FX )UDQFLV %DFRQ HVWH vQWHPHLHWRUXO �WLLQÒHL H[SHULPHQWDOH� »Q
OXFUDUHD VD 'LDORJKL HO VSXQH� ³R VLQJXUm H[SHULHQÒm HVWH GH DMXQV SHQWUX D LQILUPD R PLH GH

UDÒLRQDPHQWH �L R PLH GH UDÒLRQDPHQWH QX SRW Vm IDFm IDOVm R VLQJXUm H[SHULHQÒm¦� &XYkQWXO
H[SHULPHQW SURYLQH GLQ DFHD OXPH FDUH QH GRWH]m FX H[SHULHQÒm� 8Q H[SHULPHQW HVWH R

H[SHULHQÒm FRQWURODWm� vQ VHQVXO Fm DFHVW FRQWURO SHUPLWH UHSHWDUHD H[SHULHQÒHL H[DFW vQ
DFHOHD�L FRQGLÒLL� $VWIHO� H[SHULHQÒD VH SRDWH WUDQVPLWH �L YHULILFD� FHHD FH HVWH IRDUWH
LPSRUWDQW�

*DOLOHR HUD FRQYLQV Fm OXPHD DUH R VWUXFWXUm PDWHPDWLFm �L Fm SHQWUX D DMXQJH OD
FXQRD�WHUH WUHEXLH Vm XWLOL]mP DWkW VLPÒXULOH FkW �L UDÒLXQHD vQ XUPmWRDUHD PDQLHUm�

�� 2EVHUYDUHD DWHQWm D IDSWHORU GLQWU�XQ H[SHULPHQW�
�� (ODERUDUHD LSRWH]HORU PDWHPDWLFH� FD R H[SOLFDÒLH
D IHQRPHQXOXL REVHUYDW� DGLFm D OHJLORU QDWXUDOH
IRUPXODWH vQ H[SUHVLL PDWHPDWLFH�
�� 9HULILFDUHD DFHVWRU LSRWH]H SULQ QRL H[SHULPHQWH�
*DOLOHL HVWH FHO FDUH D vQÒHOHV vQ SURIXQ]LPH GHPHUVXO
OXL 3LWDJRUD� SUHFL]kQG SHQWUX SULPD GDWm vQ LVWRULD
JkQGLULL RPHQH�WL FRQFHSWXO GH OHJH QDWXUDOm FD R
H[SUHVLH PDWHPDWLFm� FD XQ PRGHO PDWHPDWLF�
*DOLOHL �L�D GH]YROWDW WHRULLOH VDOH vQ WLPSXO XQHL PDUL
PL�FmUL LQWHOHFWXDOH� »QWU�DGHYmU� %LVHULFD &DWROLFm
HUD ]JXGXLWm GH PDULL UHIRUPDWRUL SURWHVWDQÒL 0DUWLQ
/XWKHU �L -HDQ &DOYLQ FDUH DUJXPHQWDX �L LPSXQHDX R
LQWHUSUHWDUH PDL OLWHUDUm D 6ILQWHORU 6FULSWXUL�

Galileo Galilei (1564-1642)

3H GH DOWm SDUWH� vQ GRPHQLXO �WLLQÒHL VH PDQLIHVWm GLVSXWD GLQWUH FHOH GRXm FRQFHSÒLL�
³JHRFHQWULVWm¦ D OXL &ODXGLXV 3WROHPHX �L ³KHOLRFHQWULVWm¦ D OXL 1LFRODXV &RSHUQLF� »Q �����
OD )ORUHQÒD� *DOLOHL SXEOLFm OXFUDUHD� ³'LDORJKL TXDWUR VRSUD L GXH PDVVLPL VLVWHPL GHO

PRQGR� 3WROHPDLFR HW &RSHUQLFR¦ ¤ ³3DWUX GLDORJXUL DVXSUD FHORU GRXm PDUL VLVWHPH DOH

OXPLL� SWROHPHLF �L FRSHUQLFDQ�¦ »QWU�R PDQLHUm SXÒLQ OLSVLWm GH GLSORPDÒLH� DGXFH DUJXPHQWH
VROLGH FRQFHSÒLHL FRSHUQLFDQH� FHHD FH�L DWUDJH DQXPLWH SUHMXGLFLL GLQ SDUWHD %LVHULFLL
&DWROLFH� (O FRQVWUXLH�WH R OXQHWm FX FDUH IDFH QXPHURDVH REVHUYDÒLL DVWURQRPLFH FDUH
FRQILUQm WHRULD KHOLRFHQWULFm D OXL &RSHUQLF �L FDUH D ImFXW SRVLELOm UmVSkQGLUHD LGHLORU OXL vQ
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WRDWm (XURSD� »Q OXFUDUHD VD ³'LVFRUVL H GLPRQVWUD]LRQL PDWHPDWLFKL LQWRUQR D GXH QRYH

VFLHQ]H¦ � ³'LVFXUVXUL �L GHPRQVWUDÒLL PDWHPDWLFH vQ MXUXO D GRXm QRL �WLLQÒH¦� SXEOLFDWm vQ

����� *DOLOHL GHILQH�WH R QRXm FRQFHSÒLH GHVSUH PL�FDUH FDUH YD IL PDJLVWUDO FRQWLQXDWm �L

GH]YROWDWm GH ,VDDF 1HZWRQ�

8QXO GLQWUH FHOH PDL LPSRUWDQWH H[SHULPHQWH DOH OXL *DOLOHL D IRVW FHO UHIHULWRU OD

FmGHUHD FRUSXULORU SH SODQH vQFOLQDWH� 3HQWUX D PLF�RUD IUHFDUHD� FRUSXULOH DOHVH HUDX VIHUH� »Q

XUPD DFHVWRU H[SHULPHQWH *DOLOHL D FRQFOX]LRQDW Fm RULFH RELHFW vQ PL�FDUH� GDFm QX HVWH

REVWUXFÒLRQDW� YD FRQWLQXD Vm VH PL�WH FX R YLWH]m FRQVWDQWm GH�D OXQJXO XQHL OLQLL RUL]RQWDOH�

$FHVWD HVWH SULQFLSLXO LQHUÒLHL vQ YHUVLXQHD OXL *DOLOHL� 'H�L DUJXPHQWHOH VDOH HUDX

H[FHSÒLRQDOH� WRWX�L FRQFOX]LD VD QX HUD vQWUX�WRWXO DGHYmUDWm� 3HQWUX HO R VXSUDIDÒm RUL]RQWDOm

HUD XQD FDUH vQ RULFH SXQFW DO HL HUD SHUSHQGLFXODUm SH GLUHFÒLD FmWUH FHQWUXO 7HUUHL� &D DWDUH�

DFHDVWm VXSUDIDÒm GH IDSW HUD R VIHUm FHQWUDWm vQ FHQWUXO 7HUUHL� *DOLOHL �L�D GDW VHDPD Fm 7HUUD

HVWH IRDUWH PDUH D�D vQFkW ORFDO VXSUDIDÒD VD HVWH SODWm� FKLDU GDFm vQ UHDOLWDWH HD HVWH R VIHUm�

'HFL RELHFWHOH GH SH VXSUDIDÒD 7HUUHL SDU D VH GHSODVD vQ OLQLL GUHSWH� 6SUH GHRVHELUH GH

$ULVWRWHO FDUH JkQGHD Fm PL�FDUHD FDXWm VWDUHD GH UHSDRV� *DOLOHL �L�D GDW VHDPD Fm VWDUHD

QDWXUDOm D PL�FmULL HVWH PL�FDUHD FX R YLWH]m FRQVWDQWm SH R OLQLH GUHDSWm� LQHUÒLD ILLQG

UHVSRQVDELOm GH FRQWLQXLWDWHD PL�FmULL� 0DL WkU]LX 1HZWRQ YD FRUHFWD REVHUYDÒLLOH OXL *DOLOHL

IRUPXOkQG� SHQWUX SULPD GDWm� vQ PRG FRUHFW� SULQFLSLXO LQHUÒLHL� »Q DFHHD�L LGHH FX D OXL

+HUDFOLW �SKDQWD UHL�� *DOLOHL HUD FRQYLQV Fm FDX]D WXWXURU VFKLPEmULORU HVWH PL�FDUHD� FDUH

DUH OHJLOH HL LQWULQVHFH� LQGHSHQGHQWH GH RULFH YRLQÒm H[WHULRDUm PL�FmULL� OHJL FDUH VH SRW

FXQRD�WH GRDU GLQ FHUFHWDUHD WHPHLQLFm D QDWXULL�

»QWU�XQ FXYkQW� *DOLOHL HVWH SULPXO VDYDQW PRGHUQ FDUH D RULHQWDW JkQGLUHD FmWUH R

�WLLQÒm SXU PDWHPDWLFm �L H[SHULPHQWDOm� SOHGkQG SHQWUX DSOLFDUHD PDWHPDWLFLL vQ FHUFHWmULOH

H[SHULPHQWDOH� FRQMXJkQG UDÒLRQDPHQWXO GHGXFWLY FX FHO LQGXFWLY�

      Johannes Kepler (1571-1630)

8QXO GLQWUH FRQWHPSRUDQLL OXL *DOLOHL FX R FRQWULEXÒLH

GHRVHELWm OD vQÒHOHJHUHD IXQFÒLRQmULL VLVWHPXOXL QRVWUX

SODQHWDU �L OD FRQVROLGDUHD WHRULHL FRSHUQLFDQH D IRVW

-RKDQQHV .HSOHU� 8Q vPSmWLPLW DO DVWURQRPLHL �L

SLWDJRULFLDQ FRQYLQV� GH�D OXQJXO YLHÒLL VDOH D FmXWDW

DUPRQLD PDWHPDWLFm D OXPLL� .HSOHU D EHQHILFLDW GH

GDWHOH DVWURQRPLFH vQUHJLVWUDWH FX PDUH DFXUDWHÒH GH

7\FKR %UDKH vQFHUFkQG GHVFULHUHD VWUXFWXULL VLVWHPXOXL
QRVWUX SODQHWDU� 'XSm PDL PXOWH vQFHUFmUL� vQ FDUH D
SURSXV GLIHULWH VWUXFWXUL DOH VLVWHPXOXL SODQHWDU� vQ
OXFUmULOH $VWURQRPLD QRYD �L +DUPRQLFHV PXQGL HO
SUHFL]HD]m FHOH WUHL OHJL GH PL�FDUH DOH SODQHWHORU�

�� /HJHD ,� 3ODQHWHOH GHVFULX HOLSVH� 6RDUHOH RFXSkQG XQXO GLQWUH IRFDUH�

�� /HJHD ,,� /HJHD DULLORU� 5D]D YHFWRDUH D SODQHWHL GHVFULH �PmWXUm� DULL HJDOH vQ

WLPSXUL HJDOH�

�� /HJHD ,,,� 5DSRUWXO GLQWUH SmWUDWXO WLPSXOXL GH UHYROXÒLH �L FXEXO VHPLD[HL PDUL HVWH

DFHOD�L SHQWUX WRDWH SODQHWHOH�

$FHVWH OHJL DX IRVW IRUPXODWH GH .HSOHU vQ PRG HPSLULF� vQ XUPD XQRU FRPELQmUL �L DQDOL]H
QXPHULFH DOH REVHUYDÒLLORU DVWURQRPLFH ImFXWH GH 7\FKR %UDKH� 8OWHULRU .HSOHU D vQFHUFDW R
VLQWH]m D DFHVWRU OHJL vQWU�XQD VLQJXUm� GDU QX D UHX�LW� ,QVXFFHVXO OXL .HSOHU VH GDWRUH�WH
IDSWXOXL Fm HO FmXWD IRUÒD SH WDQJHQWm D�D GXSm FXP UHFRPDQGD $ULVWRWHO� $SURDSH ��� GH DQL
PDL WkU]LX� 1HZWRQ XUPkQG JkQGLUHD OXL *DOLOHL D FmXWDW IRUÒD GH�D OXQJXO UD]HL YHFWRDUH
UHX�LQG Vm IRUPXOH]H OHJHD DWUDFÒLHL XQLYHUVDOH �L GLQ DFHDVWD Vm GHGXFm OHJLOH OXL .HSOHU�
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'DU FHO PDL PDUH RP GH �WLLQÒm DO XPDQLWmÒLL� vQ WUDGLÒLD
VWDELOLWm GH *DOLOHL� FX FRQWULEXÒLL HVHQÒLDOH OD
IXQGDPHQWXO vQWUHJLL �WLLQÒH PRGHUQH HVWH ,VDDF
1HZWRQ� /D IHO FD PXOÒL JkQGLWRUL DL WLPSXOXL �L HO D
DYXW XQ VSHFWUX ODUJ GH SUHRFXSmUL� 3DUDOHO FX /HLEQL]
D FUHDW XQ QRX WLS GH FDOFXO� FDOFXOXO GLIHUHQÒLDO �L
LQWHJUDO� FDUH D SHUPLV LQWURGXFHUHD FRQFHSÒLHL
ORFDOLVWH GH PRGHODUH D IHQRPHQHORU QDWXUDOH SULQ
VLVWHPH GH HFXDÒLL GLIHUHQÒLDOH� $ GHPRQVWUDW OHJHD
JUDYLWDÒLHL XQLYHUVDOH �L D DUmWDW Fm WUDLHFWRULLOH
FRUSXULORU FHUH�WL VXQW FRQLFH� &RQWLQXkQG RSHUD OXL
*DOLOHL� 1HZWRQ D VWXGLDW PL�FDUHD FRUSXULORU vQ PHGLL
UH]LVWHQWH� FUHkQG D�D QXPLWD PHFDQLFm 1HZWRQLDQm�
HQXQÒkQG vQ PRG FODU �L GLVWLQFW FHOH WUHL OHJL DOH
PHFDQLFLL FODVLFH�

Isaac Newton (1642-1727)
/XFUmULOH VDOH SULQFLSDOH DX IRVW ³3KLORVRSKLDH QDWXUDOLV SULQFLSLD PDWKHPDWLFD¦ �L

³2SWLFNV¦� 'HVFRSHULUHD� vPSUHXQm FX /HLEQL]� D FDOFXOXOXL GLIHUHQÒLDO �L LQWHJUDO D FRQVWLWXLW
R VXUVm XULD�m GH WHKQLFL �L PHWRGH GH UH]ROYDUH D XQRU SUREOHPH GLILFLOH GH PDWHPDWLFm �L DOH
�WLLQÒHORU QDWXULL� 5H]XOWDWHOH VDOH H[FHSÒLRQDOH VXQW R FRQVHFLQÒm D SXWHULL VDOH GH DQDOL]m
FRPELQDWm FX R HUXGLÒLH �L DELOLWDWH vQmVFXWm GH ³FLWLUH D QDWXULL¦� GH D HIHFWXD H[SHULPHQWH
SUDFWLFH� »QWU¤XQ DQXPLW VHQV OXFUmULOH OXL 1HZWRQ SRW IL FRQVLGHUDWH FD XOWLPLOH vQWU¤R VHULH
GH PDUL UHDOL]mUL FDUH DX PDUFDW GHILQLWLY FXOWXUD QRDVWUm� VHULH FDUH D vQFHSXW FX ³(OHPHQWHOH¦
OXL (XFOLG �L D FRQWLWXDW FX ³$OPDJHVWXO¦ OXL 3WROHPHX� ³'H UHYROXWLRQLEXV RUELXP

FRHOHVWLXP¦ DO OXL &RSHUQLF �L ³/D *pRPpWULH¦ OXL 'HVFDUWHV� 'DU� vQ DFHOD�L WLPS� OXFUmULOH OXL
1HZWRQ SRW IL FRQVLGHUDWH SULPHOH vQWU�R VHULH GH OXFUmUL H[FHSÒLRQDOH FD ³0pFKDQLTXH

$QDOLWLTXH¦ D OXL /DJUDQJH� ³7UHDWLVH RQ (OHFWULFLW\ DQG 0DJQHWLVP¦ D OXL 0D[ZHOO�
³3ULQFLSLD 0DWKHPDWLFD¦ D OXL 5XVVHOO� ³7KH )RXQGDWLRQV RI 0DWKHPDWLFV¦ D OXL +LOEHUW VDX
³(OHPHQWV RI 0DWKHPDWLFV¦ D OXL %RXUEDNL HWF� FDUH DX UHPRGHODW FXOWXUD QRDVWUm� PRGXO
QRVWUX GH JkQGLUH� �L FDUH DX DGXV vQ SULP SODQ SUREOHPD PDWHPDWL]mULL �WLLQÒHL vQ VHQVXO
IRUPDOL]mULL QDWXULL� DGLFm D H[SULPmULL VDOH vQ VLPEROXUL PDWHPDWLFH�

2SHUD VD IXQGDPHQWDOm ³3KLORVRSKLDH 1DWXUDOLV 3ULQFLSLD 0DWKHPDWLFD¦ ¤
³3ULQFLSLLOH PDWHPDWLFH DOH ILORVRILHL QDWXUDOH¦� SXEOLFDWm OD /RQGUD vQ ����� HVWH FRQVLGHUDWm
XQD GLQWUH FHOH PDL LQIOXHQWH FmUÒL FDUH D GRPLQDW JkQGLUHD �WLLQÒLILFm D XOWLPLORU VHFROH�
IXUQL]kQG LQVWUXPHQWHOH LQWHOHFWXDOH IXQGDPHQWDOH SHQWUX UHDOL]DUHD UHYROXÒLHL LQGXVWULDOH�
3ULQFLSLD D VWDELOLW R QRXm SDUDGLJPm D PL�FmULL PHFDQLFH� SUH]HQWkQG SHQWUX SULPD GDWm DFHO
VDOW LQWHOHFWXDO UHPDUFDELO GH OD REVHUYDÒLL OD UHODÒLL PDWHPDWLFH ULJXURDVH� $LFL 1HZWRQ
SUH]LQWm FHOH WUHL OHJL DOH PL�FmULL PHFDQLFH� FXQRVFXWH �L FD SULQFLSLLOH PHFDQLFLL FODVLFH�

�� 3ULQFLSLXO LQHUÒLHL� ³8Q FRUS v�L SmVWUHD]m VWDUHD GH UHSDRV VDX GH PL�FDUH UHFWLOLQLH

�L XQLIRUPm� DWkW WLPS FkW QX LQWHUYLQH YUHR IRUÒm FDUH Vm�L PRGLILFH DFHDVWm VWDUH�¦
>&RUSXV RPQH SHUVHYHUDUH LQ VWDWX VXR TXLHVFHQGL YHO PRYHQGL XQLIRUPLWHU LQ

GLUHFWXP� QLVL TXDWHQXV LOOXG D YLULEXV LPSUHVVLV FRJLWXU VWDWXXP VXXP PXWDUH�@
�� 3ULQFLSLXO LQGHSHQGHQÒHL DFÒLXQLL IRUÒHORU� ³$FFHOHUDÒLD XQXL FRUS HVWH SURSRUÒLRQDOm

FX IRUÒD PRWRDUH DSOLFDWm �L HVWH vQGUHSWDWm vQ GLUHFÒLD GXSm FDUH DFÒLRQHD]m IRUÒD�¦
>0XWDWLRQHP PRWXV SURSRUWLRQDOHP HVVH YL PRWULFL LPSUHVVDH HW ILHUL VHFXQGXP OLQHDP

UHFWDP TXD YLV LOOD LPSULPLWXU�@
�� 3ULQFLSLXO DFÒLXQLL �L UHDFÒLXQLL� ³/D RULFH DFÒLXQH FRUHVSXQGH WRWGHDXQD R UHDFÒLXQH

HJDOm �L FRQWUDUm� VDX DFÒLXQLOH UHFLSURFH D GRXm SXQFWH PDWHULDOH VXQW WRWGHDXQD

HJDOH �L vQGUHSWDWH vQ VHQV FRQWUDU�¦ >$FWLRQL FRQWUDULDP VHPSHU HW DHTXDOHP HVVH

UHDFWLRQHP� VLYH FRUSRUXP GXRUXP DFWLRQHV LQ VH PXWXR VHPSHU HVVH DHTXDOHV HW LQ

SDUWHV FRQWUDULV GLULJL�@
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3ULPHOH GRXm SULQFLSLL DX IRVW HQXQÒDWH GH *DOLOHL� 1HZWRQ OH�D VLVWHPDWL]DW� OH�D H[SULPDW vQ
UHODÒLL PDWHPDWLFH� �L OH�D vQFDGUDW vQWU�XQ VLVWHP FRPSOHW� PLQLPDO �L QHFRQWUDGLFWRULX� FD
DGHYmUDWH D[LRPH DOH PHFDQLFLL�

3ULQFLSLXO DO ,,�OHD DO PHFDQLFLL 1HZWRQLHQH H[SULPm HFXDÒLD IXQGDPHQWDOm D

GLQDPLFLL�

) PD= �

FDUH OHDJm IRUÒD ) GH PDVD � �L DFFHOHUDÒLD � LPSULPDWm FRUSXOXL� $ULVWRWHO LQWXLVH R

DVHPHQHD OHJmWXUm GLQWUH IRUÒm �L PDVm� GDU SULQ LQWHUPHGLXO YLWH]HL� 7RWRGDWm� SULQFLSLXO DO ,,�
OHD FRQÒLQH �L SULQFLSLXO SDUDOHORJUDPXOXL IRUÒHORU� ³FkQG DVXSUD XQXL SXQFW PDWHULDO

DFÒLRQHD]m VLPXOWDQ GRXm IRUÒH DYkQG GLUHFÒLL GLIHULWH� HIHFWXO HVWH DFHOD�L FD �L FkQG DVXSUD

SXQFWXOXL DU DFÒLRQD R IRUÒm XQLFm GHQXPLWm UH]XOWDQWm �L FDUH DUH FD PmULPH GLUHFÒLH �L VHQV

GLDJRQDOD SDUDOHORJUDPXOXL DYkQG GUHSW ODWXUL IRUÒHOH FRQVLGHUDWH�¦ &X DFHDVWD� vQWU�R IRUPm
VLQWHWLFm� SULQFLSLXO DO ,,�OHD VH SRDWH IRUPXOD FD� ³HIHFWXO XQHL IRUÒH DVXSUD XQXL FRUS HVWH

LQGHSHQGHQW GH YLWH]D OXL� SUHFXP �L GH DFÒLXQLOH DOWRU IRUÒH�¦

7RW vQ 3ULQFLSLD 1HZWRQ SUH]LQWm FHOH SDWUX ³UHJXOL SHQWUX D ILORVRID¦ ¤ UHJXODH

SKLORVRSKDQGL� FXQRVFXWH FD �L ³UHJXOLOH FHUFHWmULL �WLLQÒLILFH¦�

�� 5HJXOD ,� ³ 6LQJXUHOH FDX]H FDUH SRW IL DGPLVH vQ H[SOLFDUHD IHQRPHQHORU VXQW FDX]HOH

FDUH H[LVWm UHDO �L DFWXDO�¦ >&DXVDV UHUXP QDWXUDOLXP QRQ SOXUHV DGPLWWL GHEHUH�

TXDP TX� HW YHU� VLQW HW HDUXP SK�QRPHQLV H[SOLFDQGLV VXIILFLDQW�@

�� 5HJXOD ,,� ³(IHFWHOH GH DFHOD�L JHQ WUHEXLH Vm ILH DWULEXLWH� SH FkW SRVLELO� DFHOHLD�L

FDX]H�¦ >,GHRTXH HIIHFWXP QDWXUDOLXP HMXVGHP JHQHULV H�GHP DVVLJQDQG� VXQW

FDXV�� TXDWHQXV ILHUL SRWHVW�@

�� 5HJXOD ,,,� ³&DOLWmÒLOH FRUSXULORU FDUH QX VXQW VXVFHSWLELOH QLFL Vm VH PmUHDVFm� QLFL

Vm VFDGm vQ LQWHVLWDWH� FD �L FHOH FDUH DSDUÒLQ WXWXURU FRUSXULORU DVXSUD FmURUD VH

SRDWH IDFH H[SHULHQÒD WUHEXLH FRQVLGHUDWH FD DSDUÒLQkQG WXWXURU FRUSXULORU� vQ

JHQHUDO�¦ >4XDOLWDWHV FRUSRUXP TX� LQWHQGL HW UHPLWWL QHTXHXQW� TX�TXH FRUSRULEXV

RPQLEXV FRPSHWXQW LQ TXLEXV H[SHULPHQWD LQVWLWXHUH OLFHW� SUR TXDOLWDWLEXV FRUSRUXP

XQLYHUVRUXP KDEHQG� VXQW�@
�� 5HJXOD ,9� ³»Q ILORVRILD H[SHULPHQWDOm� SURSR]LÒLLOH VFRDVH SULQ LQGXFÒLH GLQ IHQRPHQH

WUHEXLH SULYLWH� FX WRDWH LSRWH]HOH FRQWUDUH� FD ILLQG DSURDSH DGHYmUDWH� SkQm FkQG DOWH

IHQRPHQH OH YRU FRQILUPD vQ vQWUHJLPH VDX YRU IDFH Vm VH YDGm Fm HOH VXQW VXSXVH XQRU

H[FHSÒLL�¦ >,Q SKLORVRSKLD H[SHULPHQWDOL� SURSRVLWLRQHV H[ SK�QRPHQLV SHU

LQGXFWLRQHP FROOHFW�� QRQ REVWDQWLEXV FRQWUDULLV K\SRWKHVLEXV� SUR YHULV DXW DFFXUDWH

DXW TXDPSUR[LPH KDEHUL GHEHQW� GRQHF DOLD RFFXUUHULQW SK�QRPHQD� SHU TX� DXW

DFFXUDWLRUHV UHGGDQWXU DXW H[FHSWLRQLEXV REQR[L��@

0HWRGD H[SHULPHQWDOm D OXL 1HZWRQ VH ED]HD]m SH GRXm SULQFLSLL� 3ULPXO HVWH FHO DO OXL
2FFDP� HQWLD QRQ VXQW PXOWLSOLFDQGD SUDHWHU QHFHVVLWDWHP ¤ QX WUHEXLH Vm PXOWLSOLFmP
FDQWLWmÒLOH H[SOLFDWLYH PDL PXOW GHFkW HVWH QHFHVDU� $O GRLOHD DUDWm Fm 1DWXUD DUH R HFRQRPLH

D HL� DGLFm HD QX VH ULVLSH�WH vQ IHQRPHQH� �L FD DWDUH �L JkQGLUHD WUHEXLH Vm UHVSHFWH DFFHD�L
HFRQRPLH� ImUm D VH FRPSOLFD vQ WRW IHOXO GH H[SOLFDÒLL PHWDIL]LFH� SH ED]D XQRU LSRWH]H FDUH
QX UmVDU GLQ H[SHULHQÒm�

1HZWRQ V�D LOXVWUDW FD XQ DGHYmUDW RP GH �WLLQÒm GRYHGLQG� SHQWUX SULPD GDWm�
SRVLELOLWDWHD VDOWXOXL LQWHOHFWXDO GH OD REVHUYDÒLL �L LQWXLÒLL OD H[SULPDUHD vQ WHUPHQL
PDWHPDWLFL D IHQRPHQHORU QDWXUDOH� (O D SUHFL]DW R DVWIHO GH PHWRGm� R DVWIHO GH FDOH� GH
VLQWH]m vQ PRGHOH PDWHPDWLFH D PL�FmULL PHFDQLFH� 1HZWRQ D IRVW XQ PDUH VLVWHPDWL]DWRU FDUH
D GDW WRQXO vQ FHHD FH SULYH�WH PDWHPDWL]DUHD QDWXULL IL]LFH �FRVPLFH� PDFURVFRSLFH� GDU QX �L
PLFURVFRSLFH� SULQ FUHDUHD LQVWUXPHQWHORU QHFHVDUH UHDOL]mULL DFHVWXL GHPHUV �FDOFXOXO
GLIHUHQÒLDO�� SUHFXP �L DSOLFDUHD DFHVWXL LQVWUXPHQW vQ PL�FDUHD PHFDQLFm�
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��������

����������
3UREOHPD IXQGDPHQWDOm D PHFDQLFLL FRQVWm vQ VWDELOLUHD XQRU UHODÒLL vQWUH IRUÒHOH FDUH

DFÒLRQHD]m DVXSUD XQXL VLVWHP GH FRUSXUL PDWHULDOH �L PL�FDUHD PHFDQLFm UHDOL]DWm GH DFHVWH

FRUSXUL� 6DX DOWIHO VSXV� VWXGLXO PL�FmULL �L HFKLOLEUXOXL FRUSXULORU PDWHULDOH� SUHFXP �L

VWXGLXO IRUÒHORU FDUH VROLFLWm DFHVWH FRUSXUL� $FHDVWD D IRVW UH]ROYDWm GH 1HZWRQ� 2SHUD OXL D

IRVW FRQWLQXDWm FX XQ GHRVHELW VXFFHV GH XUPD�LL VmL� (XOHU� 'DQLHO %HUQRXOOL� /DSODFH�

0DXSHUWXLV� G©$OHPEHUW� /DJUDQJH� +DPLOWRQ� 3RLVVRQ� -DFREL HWF�

'DU FHO FDUH D GDW R IRUPm PDJLVWUDOm PHWRGHL DQDOLWLFH
LOXVWUkQG SXWHUHD FDOFXOXOXL GLIHUHQÒLDO vQ UH]ROYDUHD
SUREOHPHL IXQGDPHQWDOH D PHFDQLFLL D IRVW -RVHSK /RXLV
/DJUDQJH� ³0pFKDQLTXH $QDOLWLTXH¦ D OXL /DJUDQJH� FDUH
D DSmUXW H[DFW OD ��� GH DQL GXSm ³3ULQFLSLD¦ OXL 1HZWRQ�
UHSUH]LQWm XQD GLQWUH FXOPLOH GH UHSUH]HQWDUH vQ WHUPHQL
PDWHPDWLFL� IRDUWH JHQHUDOL� D IHQRPHQHORU PHFDQLFH�
$WkW GH SXWHUQLF V�D GRYHGLW FDOFXOXO GLIHUHQÒLDO� vQFkW
VSUH GHRVHELUH GH 3ULQFLSLD OXL 1HZWRQ FDUH DEXQGm vQ
ILJXUL �L UDÒLRQDPHQWH JHRPHWULFH� 0HFDQLFD OXL /DJUDQJH
QX DUH QLFL R ILJXUm JHRPHWULFm �RQ QH WURXYHUD SRLQW GH

ILJXUHV GDQV FHW RXYUDJH�� ILLQG vQ vQWUHJLPH DQDOLWLFm vQ
VHQVXO FHO PDL DGHYmUDW DO FXYkQWXOXL� (O LQWURGXFH
SULQFLSLXO GHSODVmULORU YLUWXDOH SH FDUH�O DSOLFm vQ
IRUPXODUHD HFXDÒLLORU GH PL�FDUH D VLVWHPHORU PHFDQLFH�
FD XQ VLVWHP GH HFXDÒLL GLIHUHQÒLDOH GH RUGLQXO GRL�

-RVHSK /DJUDQJH �����������

&HO FDUH FRQWLQXm RSHUD OXL /DJUDQJH HVWH 6LU :LOOLDP
5RZDQ +DPLOWRQ FDUH VWDELOH�WH VLVWHPXO GH HFXDÒLL
FDQRQLFH� FXQRVFXWH FD HFXDÒLLOH +DPLOWRQ�-DFREL �L FDUH
vQFHDUFm Vm GHGXFm OHJLOH IXQGDPHQWDOH DOH PHFDQLFLL
GLQWU�XQ SULQFLSLX XQLF YDULDÒLRQDO FXQRVFXW FD SULQFLSLXO

OXL +DPLOWRQ�
&DUDFWHULVWLF SHQWUX SULQFLSLXO OXL +DPLOWRQ QX HVWH QXPDL
HFKLYDOHQÒD VD FX OHJLOH PHFDQLFLL DOH OXL 1HZWRQ� FL
IDSWXO Fm DFHVWD DUH DYDQWDMXO GHRVHELW GH D IL DSOLFDELO
GHDVHPHQHD VLVWHPHORU QHPHFDQLFH� $FHDVWD D FRQGXV OD
FUHDUHD XQHL PHFDQLFL IRDUWH JHQHUDOH FDUH H[SOLFm DWkW
VLVWHPHOH PHFDQLFH FkW �L FHOH QHPHFDQLFH �HOHFWULFH�
IOXLGLFH HWF�� FXQRVFXWm FD PHFDQLFD JHQHUDOL]DWm� William Hamilton (1805-1865)

'H�D OXQJXO WLPSXOXL� vQ SURFHVXO UH]ROYmULL SUREOHPHL IXQGDPHQWDOH D PHFDQLFLL�
FHOH WUHL OHJL DOH OXL 1HZWRQ DX IRVW DQDOL]DWH �L LQWHUSUHWDWH� 3H DFHDVWm FDOH V�D DMXQV OD
VWDELOLUHD D�D QXPLWHORU SULQFLSLL DQDOLWLFH DOH PHFDQLFLL� FDUH vQ HVHQÒm VH ED]HD]m SH OHJLOH
OXL 1HZWRQ� $FHVWHD UHSUH]LQWm R H[SUHVLH PDWHPDWLFm DYDQVDWm D OHJLORU PHFDQLFLL� FH
IXQGDPHQWHD]m D�D QXPLWD PHFDQLFm DQDOLWLFm�

3ULQFLSLLOH DQDOLWLFH� FDUH VWDX OD ED]D PHFDQLFLL DQDOLWLFH� VH vPSDUW vQ GRXm FDWHJRULL�
SULQFLSLLOH GLIHUHQÒLDOH �L SULQFLSLLOH LQWHJUDOH VDX YDULDÒLRQDOH�

3ULQFLSLLOH GLIHUHQÒLDOH DQDOL]HD]m IHQRPHQXO PHFDQLF OD XQ PRPHQW GDW� FRQVLGHUkQG
YDULDÒLL GH WLPS �L VSDÒLX HOHPHQWDUH vQ MXUXO XQXL SXQFW� 3ULQFLSDOHOH SULQFLSLL GLIHUHQÒLDOH
VXQW� SULQFLSLXO OXFUXOXL PHFDQLF YLUWXDO� SULQFLSLXO OXL G©$OHPEHUW �L SULQFLSLXO OXL *DXVV VDX

DO FHOHL PDL PLFL FRQVWUkQJHUL�
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3ULQFLSLLOH LQWHJUDOH DQDOL]HD]m IHQRPHQXO PHFDQLF vQWU�XQ LQWHUYDO ILQLW GH VSDÒLX �L

WLPS� UHGXFkQG SUREOHPD IXQGDPHQWDOm D PHFDQLFLL OD GHWHUPLQDUHD XQRU YDORUL FDUH IDF

VWDÒLRQDUH DQXPLWH LQWHJUDOH� 'LQ DFHDVWm FDWHJRULH IDF SDUWH� SULQFLSLXO OXL +DPLOWRQ �L

SULQFLSLXO FHOHL PDL PLFL DFÒLXQL DO OXL 0DXSHUWXLV�

3ULQFLSLXO OXFUXOXL PHFDQLF YLUWXDO �VDX DO GHSODVmULORU YLUWXDOH� VDX vQFm DO YLWH]HORU

YLUWXDOH� SRDWH IL FRQVLGHUDW FD OHJHD IXQGDPHQWDOm D PHFDQLFLL DQDOLWLFH� 'HSODVmULOH YLUWXDOH

VXQW GHSODVmUL LQILQLW PLFL� LQVWDQWDQHH� DUELWUDUH� FRPSDWLELOH FX OHJmWXULOH �L FDUH VH SURGXF

vQ SXQFWHOH XQGH VH DSOLFm IRUÒHOH FDUH DFÒLRQHD]m DVXSUD VLVWHPXOXL� /XFUXO PHFDQLF YLUWXDO

HVWH SURGXV GH IRUÒHOH FDUH DFÒLRQHD]m VLVWHPXO DWXQFL FkQG DFHVWHD DX GHSODVmUL YLUWXDOH�

3ULQFLSLXO OXFUXOXL PHFDQLF YLUWXDO H[SULPm IDSWXO Fm SHQWUX VLVWHPH ImUm IUHFmUL �L FDUH VXQW

vQ HFKLOLEUX� OXFUXO PHFDQLF YLUWXDO DO IRUÒHORU FDUH DFÒLRQHD]m VLVWHPXO HVWH QXO� 3DUÒLDO� DFHVW

SULQFLSLX D IRVW DUWLFXODW �L GH *XLGR 8EDOGL� 7RUULFHOOL �L -HDQ %HUQRXOOL� GDU IRUPD GHILQLWLYm

L�D GDW�R /DJUDQJH vQ �����

Jean d’Alambert (1717-1783)

3ULQFLSLXO OXL G©$OHPEHUW� IRUPXODW GH DFHVWD vQ OXFUDUHD

VD ³7UDLWp GH G\QDPLTXH¦� SXEOLFDWm vQ ����� H[SULPm

IDSWXO Fm GDFm vQWU�XQ VLVWHP vQ PL�FDUH VH LQWURGXF SH

OkQJm IRUÒHOH GDWH �L D FHORU GH OHJmWXUm �L IRUÒHOH GH

LQHUÒLH� DWXQFL VLVWHPXO SRDWH IL WUDWDW FD RULFH VLVWHP

VWDWLF vQ HFKLOLEUX� /DJUDQJH D DUmWDW Fm DFHVW SULQFLSLX

HVWH R DOWm H[SULPDUH D SULQFLSLXOXL GHSODVmULORU YLUWXDOH�

Johann Gauss (1777-1855)

3ULQFLSLXO OXL *DXVV VDX DO FRQVWUkQJHULL PLQLPH VH

ED]HD]m SH LGHHD Fm GDFm XQ SXQFW PDWHULDO 0 � GH PDVm

� DU SDUFXUJH� OLEHU GH OHJmWXUL� WUDLHFWRULD 0$ � LDU

GDWRULWm XQRU OHJmWXUL RDUHFDUH WUDLHFWRULD 0% � DWXQFL

FDQWLWDWHD � ��� �
DU WUHEXL Vm DLEm R YDORDUH PLQLPm� �L

SHQWUX DFHVW SULQFLSLX VH DUDWm HFKLYDOHQÒD VD FX SULQFLSLXO
GHSODVmULORU YLUWXDOH�

Pierre Maupertuis (1698-1759)

3ULQFLSLXO OXL 0DXSHUWXLV VDX DO PLQLPHL DFÒLXQL� IRUPXODW
vQ ����� VH H[SULPm VXE IRUPD� RUL GH FkWH RUL vQ QDWXUm

VH SURGXFH PL�FDUHD XQXL VLVWHP PDWHULDO� DWXQFL VLVWHPXO

WUHEXLH Vm OXFUH]H DVWIHO vQFkW LQWHJUDOD SURGXVXOXL GLQWUH

PDVm� YLWH]m �L VSDÒLX ¤ LQWHJUDOm FRQVLGHUDWm SH

LQWHUYDOXO GH VSDÒLX �L GH WLPS GLQWUH GRXm SR]LÒLL

VXFFHVLYH GDWH ¤ Vm ILH PLQLPm� &XP FDQWLWDWHD ��� VH

QXPH�WH DFÒLXQH� GH DLFL GHULYm QXPHOH SULQFLSLXOXL�
$FHDVWm IRUPXODUH D SULQFLSLXOXL PLQLPHL DFÒLXQL DO OXL
0DXSHUWXLV R UHJmVLP vQ SULQFLSLXO OXL +DPLOWRQ SH FDUH�O
YRP GHWDOLD LPHGLDW�

/HJLOH PHFDQLFLL� D�D FXP DX IRVW IRUPXODWH GH 1HZWRQ� VXQW H[SULPDWH vQ WHUPHQLL
FRQFHSWHORU YHFWRULDOH GH IRUÒm� PRPHQW �L DFFHOHUDÒLH� )RUPXOmULOH XOWHULRDUH� vQ VSHFLDO FHOH
DOH OXL G©$OHPEHUW� /DJUDQJH �L +DPLOWRQ� VXQW ED]DWH SH FRQFHSWHOH VFDODUH GH HQHUJLH �L
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OXFUX� FDUH GDX R DQXPLWm IUXPXVHÒH �L HOHJDQÒm PHFDQLFLL� 'H�L� PXOWH DSOLFDÒLL DOH PHFDQLFLL
VH ED]HD]m SH FRQVLGHUDUHD GLUHFWm D OHJLORU OXL 1HZWRQ� WRWX�L H[SHULHQÒD D DUmWDW Fm PHWRGHOH
JHQHUDOL]DWH� ED]DWH SH FRQFHSWHOH GH HQHUJLH �L SULQFLSLLOH YDULDÒLRQDOH� VXQW PXOW PDL
JHQHUDOH �L PDL SXWHUQLFH >3OmFLQÒHDQX� ����@� >9kOFRYLFL� %mODQ� 9RLQHD� ����@�

'H�L HFXDÒLLOH GH PL�FDUH VH SRW LQWURGXFH vQ PDQLHUm /DJUDQJHDQm� WRWX�L SHQWUX
VLPSOLILFDUHD SUH]HQWmULL YRP GHGXFH DFHVWH HFXDÒLL SOHFkQG GH OD SULQFLSLXO OXL +DPLOWRQ�
&RQVLGHUmP XQ VLVWHP FX � JUDGH GH OLEHUWDWH� FDUDFWHUL]DW GH XQ VHW GH � FRRUGRQDWH

JHQHUDOL]DWH � � �
Q

= � � � ��
�
� XQGH � � 	

L L
= � � ILLQG IXQFÒLL FRQWLQXH� FHO SXÒLQ GH GRXm RUL

FRQWLQXX GLIHUHQÒLDELOH� )LH � 	� �
�

�L � 	� �
�

GRXm SXQFWH GLQ VSDÒLXO FRQILJXUDÒLLORU GH OD GRXm

PRPHQWH GH WLPS GLIHULWH 	
�

�L 	
�
� $WXQFL� SULQFLSLXO OXL +DPLOWRQ DILUPm Fm� PL�FDUHD

VLVWHPXOXL vQWUH DFHVWH GRXm FRQILJXUDÒLL VH IDFH DVWIHO vQFkW�

( )δ δ
 � 	+ =∫ �
W

W

�
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XQGH 7 HVWH HQHUJLD FLQHWLFm� : OXFUXO PHFDQLF HIHFWXDW GH VLVWHP� LDU δ UHSUH]LQWm

YDULDÒLD FDQWLWmÒLORU FRUHVSXQ]mWRDUH�

$FHDVWm H[SUHVLH D SULQFLSLXOXL OXL +DPLOWRQ HVWH YDODELOm DWkW SHQWUX VLVWHPH

FRQVHUYDWLYH FkW �L SHQWUX FHOH QHFRQVHUYDWLYH� &DQWLWDWHD δ� VH QXPH�WH OXFUX YLUWXDO �L VH

GHILQH�WH FD OXFUXO ImFXW GH VLVWHP vQ WLPSXO GHSODVmULORU YLUWXDOH� »Q FRRUGRQDWH JHQHUDOL]DWH

δ δ δ� � � � �
L L

L

Q

= =
=
∑ � �

�

XQGH �
L
VXQW FXQRVFXWH FD IRUÒHOH JHQHUDOL]DWH� FDUH IRUPHD]m YHFWRUXO

[ ]� � �
Q

=
�
� � ��

1RWmP Fm OXFUXO ImFXW GH IRUÒHOH JHQHUDOL]DWH� FDUH DFÒLRQHD]m DVXSUD XQXL VLVWHP GLQDPLF� vQ

JHQHUDO� GHSLQGH GH GUXPXO VDX GH WUDLHFWRULD GH�D OXQJXO FmUHLD DUH ORF PL�FDUHD� 7RWX�L�

VXQW DQXPLWH FODVH GH IRUÒH SHQWUX FDUH OXFUXO GHSLQGH QXPDL GH SXQFWXO LQLÒLDO �L GH FHO ILQDO

DO WUDLHFWRULHL �L QX GH WRDWm WUDLHFWRULD� $VWIHO GH IRUÒH VH QXPHVF FRQVHUYDWLYH� �L GH DLFL

VLVWHPHOH DVXSUD FmURUD DFÒLRQHD]m QXPDL IRUÒH FRQVHUYDWLYH VXQW QXPLWH VLVWHPH

FRQVHUYDWLYH� &D H[HPSOH GH IRUÒH FRQVHUYDWLYH PHQÒLRQmP IRUÒHOH JUDYLWDÒLRQDOH�

HOHFWURVWDWLFH� HODVWLFH HWF� )RUÒHOH QHFRQVHUYDWLYH VXQW DFHOHD FDUH GHSLQG GH YLWH]m� WLPS VDX

GH DOÒL SDUDPHWUL� GLIHULÒL GH SR]LÒLH�

0DWHPDWLF� FRQGLÒLD SHQWUX FD R IRUÒm Vm ILH FRQVHUYDWLYm HVWH FD � ��δ Vm ILH R

GLIHUHQÒLDOm H[DFWm� DGLFm 4 Vm ILH REÒLQXW FD JUDGLHQWXO XQHL IXQFÒLL VFDODUH� � = −∇ �

)XQFÒLD   �= � � VH QXPH�WH SRWHQÒLDO� XQ WHUPHQ LQWURGXV GH /DJUDQJH� 6HPQXO PLQXV HVWH

FRQYHQÒLRQDO� GLUHFÒLD SR]LWLYm D IRUÒHL HVWH vQWRWGHDXQD vQ GLUHFÒLD GHVFUH�WHULL HQHUJLHL

SRWHQÒLDOH�

'HFL OXFUXO : ImFXW GH IRUÒHOH FRQVHUYDWLYH HVWH�

� � �  � = = − ∇ = − +∫ ∫� �� � FRQVW�

XQGH FRQVWDQWD DGLWLYm GLQ UHODÒLD GH PDL VXV GHSLQGH GH GDWHOH VDX SXQFWXO LQLÒLDO vQ FDUH VH

FDOFXOHD]m OXFUXO PHFDQLF� (YLGHQW Fm DFHDVWm FRQVWDQWm FDUH VH DGXQm OD 9 QX DUH QLFLXQ

HIHFW DVXSUD OXL 4�

3HQWUX VLVWHPH FRQVHUYDWLYH SULQFLSLXO OXL +DPLOWRQ VH VFULH VXE IRUPD�

( ) ( )δ δ δ
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XQGH : 9= − + FRQVW �L FRPXWDUHD RSHUDWRULORU δ �L LQWHJUDOm HVWH SHUPLVm GHRDUHFH DPEHOH

IXQFÒLL HQHUJHWLFH 7 �L 9 VXQW IXQFÒLL vQWUHJL� »Q FD]XO JHQHUDO DO VLVWHPHORU QHFRQVHUYDWLYH

OXFUXO YLUWXDO δ� QX HVWH LQWHJUDELO �L δ QX VH SRDWH GHSODVD vQ DIDUD LQWHJUDOHL�
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'H RELFHL VH LQWURGXFH IXQFÒLD / 7 9= − � QXPLWm /DJUDQJHDQ� vQ UDSRUW FX FDUH

SULQFLSLXO OXL +DPLOWRQ VH VFULH VXE IRUPD�

δ � 	

W

�
W
�

=∫ �
�

�

/DJUDQJHDQXO HVWH R IXQFÒLH � � � � 	= � � �� � vQ FDUH DSDU DWkW FRRUGRQDWHOH

JHQHUDOL]DWH FkW �L YLWH]HOH JHQHUDOL]DWH� 'H RELFHL YLWH]HOH JHQHUDOL]DWH DSDU vQ H[SUHVLD
HQHUJLHL FLQHWLFH� &RRUGRQDWHOH JHQHUDOL]DWH DSDU vQ H[SUHVLD HQHUJLHL SRWHQÒLDOH �L GH
DVHPHQHD vQ PRG IUHFYHQW �L vQ H[SUHVLD HQHUJLHL FLQHWLFH� 3HQWUX VLVWHPHOH FRQVHUYDWLYH
WLPSXO 	 QX DSDUH vQ PRG H[SOLFLW� GDU DFHVWD SRDWH IL SUH]HQW SHQWUX DFHOH VLVWHPH FDUH

LPSOLFm GHSODVDUHD UHVWULFÒLLORU� D VLVWHPXOXL GH FRRUGRQDWH VDX IXQFÒLL SRWHQÒLDO GHSHQGHQWH
GH WLPS�

(FXDÒLLOH OXL /DJUDQJH VXQW R FRQVHFLQÒm GLUHFWm D SULQFLSLXOXL OXL +DPLOWRQ� »QWU�
DGHYmU� XWLOL]kQG WHKQLFLOH GH FDOFXO YDULDÒLRQDO REÒLQHP LPHGLDW�
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'LQ H[SUHVLD SULQFLSLXOXL OXL +DPLOWRQ� ÒLQkQG VHDPD Fm δ�
L
VXQW DUELWUDUL� UH]XOWm LPHGLDW

HFXDÒLLOH /DJUDQJH�
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(FXDÒLLOH /DJUDQJH VXQW FHOH PDL JHQHUDOH HFXDÒLL GH PL�FDUH� 3HQWUX VLVWHPH FRQVHUYDWLYH

FRQGLÒLD (XOHU�/DJUDQJH GH VWDÒLRQDULWDWH D LQWHJUDOHL FDUH H[SULPm SULQFLSLXO OXL +DPLOWRQ

FRQGXFH LPHGLDW OD HFXDÒLLOH /DJUDQJH�
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2EVHUYmP Fm HFXDÒLLOH /DJUDQJH VXQW XQ VLVWHP GH � HFXDÒLL GLIHUHQÒLDOH GH RUGLQXO GRL� FDUH

vPSUHXQm FX FRQGLÒLLOH LQLÒLDOH IXUQL]HD]m XQ VHW FRPSOHW GH FRQGLÒLL SHQWUX GHVFULHUHD

PL�FmULL VLVWHPXOXL�

(FXDÒLLOH /DJUDQJH UHSUH]LQWm R SHIHFÒLXQH �L HOHJDQÒm PDWHPDWLFm vQ VHQVXO UHGXFHULL

HFXDÒLLORU GH PL�FDUH OD R IRUPm XQLYHUVDOm FDUH HVWH DFHHD�L SHQWUX WRDWH VLVWHPHOH GH

FRRUGRQDWH� )RUPDOLVPXO /DJUDQJHDQ HVWH H[SULPDW vQ WHUPHQLL FRRUGRQDWHORU JHQHUDOL]DWH �L

D YLWH]HORU JHQHUDOL]DWH� (FXDÒLLOH GH PL�FDUH VXQW HFXDÒLL GLIHUHQÒLDOH RUGLQDUH GH RUGLQXO GRL�

LDU PL�FDUHD HVWH H[SULPDWm vQ IXQFÒLH GH YDORULOH LQLÒLDOH DOH FRRUGRQDWHORU �L YLWH]HORU�

+DPLOWRQ D WUDQVIRUPDW FHOH � HFXDÒLL GLIHUHQÒLDOH GH RUGLQXO GRL� HFXDÒLLOH /DJUDQJH�

vQWU�XQ VLVWHP GH �Q HFXDÒLL GLIHUHQÒLDOH GH RUGLQXO XQX vQ YDULDELOHOH �
L
�L �

L
� XQGH �

L

VXQW PRPHQWHOH JHQHUDOL]DWH� 'H�L VLVWHPXO FDQRQLF +DPLOWRQ VH SRDWH GHGXFH GLUHFW GLQ

HFXDÒLLOH /DJUDQJH� WRWX�L R FDOH FRPRGm GH FRQVWUXFÒLH D DFHVWXLD HVWH SULQ LQWURGXFHUHD

+DPLOWRQLDQXOXL�

� � � 	 � � � � � 	� � � � � � � � �� ��= −

XQGH T T� � �L � VXQW SR]LÒLD� YLWH]D �L UHVSHFWLY PRPHQWXO JHQHUDOL]DW� vQ FDUH
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�
�

�L

L

=
∂
∂ �

�

&X DFHVWHD� GLQ SULQFLSLXO OXL +DPLOWRQ �L ÒLQkQG VHDPD GH IDSWXO Fm YDULDÒLLOH δ�
L
�L δ�

L
SRW IL

DOHVH DUELWUDU� UH]XOWm VLVWHPXO FDQRQLF DO OXL +DPLOWRQ�

∂
∂
�

�
�

L

L
= � � L Q=�� � ��

∂
∂
�

�
�

L

L
= − � � L Q=�� � ��

(FXDÒLLOH GH PDL VXV� FXQRVFXWH FD HFXDÒLLOH FDQRQLFH +DPLOWRQ VDX HFXDÒLLOH FDQRQLFH

-DFREL� UHSUH]LQWm XQ VLVWHP GH �Q HFXDÒLL GLIHUHQÒLDOH GH RUGLQXO XQX vQ YDULDELOHOH �
L
�L

�
L
� L Q=�� � �� FDUH vPSUHXQm FX FRQGLÒLLOH LQLÒLDOH IXUQL]HD]m XQ VHW FRPSOHW GH HFXDÒLL

GLIHUHQÒLDOH FDUH GHVFULX PL�FDUHD VLVWHPXOXL FRQVLGHUDW�
'LIHUHQÒD SULQFLSDOm GLQWUH HFXDÒLLOH /DJUDQJH �L VLVWHPXO FDQRQLF +DPLOWRQ HVWH Fm

�
L

�L �
L
VXQW YDULDELOH LQGHSHQGHQWH vQ HFXDÒLLOH FDQRQLFH� DYkQG DFHHD�L SR]LÒLH vQ

GHWHUPLQDUHD PL�FmULL VLVWHPXOXL� vQ WLPS FH vQ HFXDÒLLOH /DJUDQJH QXPDL �
L
VXQW YDULDELOH

LQGHSHQGHQWH�
+DPLOWRQ D DGXV PHFDQLFD OD XQ QRX JUDG GH SHUIHFÒLXQH FX LQIOXHQÒH FUXFLDOH DVXSUD

WXWXURU GRPHQLLORU �WLLQÒLILFH FD� PHFDQLFD IOXLGHORU� WHRULD PDFURVFRSLFm D FkPSXOXL
HOHFWURPDJQHWLF� WHRULD PD�LQLORU JHQHUDOL]DWH� WHRULD RVFLODÒLLORU� IHQRPHQH GH WUDQVSRUW�
PHFDQLFD FXDQWLFm� SUHFXP �L vQ FDOFXOXO YDULDÒLLORU �L vQ FRQWUROXO RSWLPDO DO VLVWHPHORU
GLQDPLFH FX OHJmWXUL vQ FDUH SULQFLSLXO OXL VH H[SULPm FD SULQFLSLXO OXL 3RQWULDJKLQ�

�����������������������	���	
����
�����
��
»Q FRQWLQXDUH Vm SUH]HQWmP FkWHYD H[HPSOH GH PRGHOH PDWHPDWLFH GLQ PHFDQLFm� ED]DWH SH
HFXDÒLLOH /DJUDQJH� WHPD DFHVWHL SUH]HQWmUL�

���� 3HQGXOXO SODQ VLPSOX

&RQVLGHUmP XQ SHQGXO VLPSOX IRUPDW GLQWU�XQ SXQFW PDWHULDO GH PDVm � VXVSHQGDW SULQWU�R

OHJmWXUm ULJLGm GH OXQJLPH �� FDUH VH PL�Fm vQ SODQ� FD vQ ILJXUD ��

θ
�

� �− 	
�θ

)LJ� �� 3HQGXOXO SODQ VLPSOX

2EVHUYmP Fm YLWH]D SHQGXOXOXL HVWH � �= ��θ 'HFL HQHUJLD FLQHWLFm HVWH


 �� ��= =
�



�


� � �� �θ

3H GH DOWm SDUWH� HQHUJLD SRWHQÒLDOm HVWH
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( ) �� � �= − 	
� �θ
&X DFVWHD IXQFÒLD /DJUDQJH VH VFULH LPHGLDW VXE IRUPD

( )� 
  �� �� � �= − = − −
�


� �� 	
� �θ θ

(FXDÒLLOH GH PL�FDUH DOH SHQGXOXOXL VXQW

�

�	

� �∂
∂θ

∂
∂θ�

�




 − = �

DGLFm

�� ��� �θ θ+ =
�

�
�

$FHHD�L HFXDÒLH GH PL�FDUH VH REÒLQH GLQ FRQVHUYDUHD HQHUJLHL� »QWU�DGHYmU� HQHUJLD WRWDOm D
VLVWHPXOXL HVWH�

( )� �� �� � �= + −
�


� �� 	
� �θ θ

'HFL
��

�	
�� ���= + =� ���� � ��� �θθ θ θ

2EVHUYmP Fm DFHDVWm HFXDÒLH DUH GRXm VROXÒLL� ILH � �θ = � ILH HFXDÒLD GH PL�FDUH GH PDL VXV�

3ULPD VROXÒLH FRUHVSXQGH VLWXDÒLHL vQ FDUH SHQGXOXO DWkUQm ImUm QLFL XQ EDODQV� $ GRXD VROXÒLH
FRUHVSXQGH XQXL DOW WLS GH PL�FDUH� 'DFm HQHUJLD ( HVWH PDL PLFm GHFkW R DQXPLWm YDORDUH

FULWLFm� DWXQFL SHQGXOXO VH YD PL�FD SHULRGLF vQDLQWH �L vQDSRL� 3H GH DOWm SDUWH� GDFm HQHUJLD
( HVWH PDL PDUH GHFkW YDORDUHD FULWLFm� DWXQFL SHQGXOXO VH YD URWL vQ MXUXO SXQFWXOXL GH

VXVSHQVLH� 'DFm HQHUJLD HVWH HJDOm FX YDORDUHD FULWLFm� DWXQFL VXQW GRXm SRVLELOLWmÒL� 3ULPD�
GDFm SHQGXOXO vQFHSH PL�FDUHD� DWXQFL DFHVWD VH YD DSURSLD GH SR]LÒLD YHUWLFDOm GLQ FH vQ FH
PDL PXOW� GDU ImUm Vm R DWLQJm vQ WLPS ILQLW� $ GRXD HVWH VLWXDÒLD vQ FDUH SHQGXOXO VWm H[DFW vQ
SR]LÒLH YHUWLFDOm� vQ FDUH UmPkQH XQ WLPS QHGHILQLW� 'DFm HQHUJLD HVWH ]HUR� DWXQFL SHQGXOXO
DWkUQm GH SXQFWXO GH VXVSHQVLH vQ SR]LÒLH YHUWLFDOm�

9DORDUHD FULWLFm D HQHUJLHL ( HVWH DFHD YDORDUH D HQHUJLHL SRWHQÒLDOH SHQWUX

θ π= ± � DGLFm

� ���
FU
=  �

»Q DFHVW FD] SXWHP GHWHUPLQD θ � ��	 »QWU�DGHYmU� OHJHD GH FRQVHUYDUH D HQHUJLHL VH VFULH�

( )
�



� ���� �� �� � �= + −� 	
� �θ θ
FDUH VH SRDWH UHDUDQMD VXE IRUPD�

� 	
� �θ ω
θ

= 
�

XQGH ω
�
=

�

�
HVWH IUHFYHQÒD PLFLORU RVFLODÒLL� &RQVLGHUkQG Fm SHQGXOXO vQFHSH PL�FDUHD GLQ

θ = �� DWXQFL VROXÒLD DFHVWHL HFXDÒLL HVWH

θ
ω
ω

� � ��	���
���� �

���� �
�	

	

	
=

− −
+ −











� 

� 

�

�

&kQG WLPSXO FUH�WH� DWXQFL YHGHP Fm θ WLQGH FmWUH π� $GLFm SHQGXOXO DUH H[DFW DWkWD HQHUJLH

FkW vL WUHEXLH SHQWUX D DWLQJH SR]LÒLD YHUWLFDOm GH VXV� GDU DFHVWD QLFL RGDWm QX R YD DWLQJH vQ
WLPS ILQLW� (YLGHQW Fm DFHDVWD HVWH R VLWXDÒLH LGHDOL]DWm� FDUH QLFL RGDWm QX YD IL vQWkOQLWm vQ
SUDFWLFm�



♦ 0RGHOH PDWHPDWLFH vQ 0HFDQLFm ♦ 11

���� 3HQGXOXO GXEOX�

8Q SHQGXO GXEOX HVWH XQ VLVWHP PHFDQLF IRUPDW GLQ DVRFLHUHD D GRXm SHQGXOH VLPSOH� FD vQ
ILJXUD �� $FHVW VLVWHP PHFDQLF HVWH XQ H[HPSOX WLSLF GH VLVWHP IL]LF FDUH SRDWH DYHD R

PL�FDUH KDRWLFm� &RQVLGHUmP SHQGXOXO GXEOX FX PDVHOH �
�

�L UHVSHFWLY �
�
DWD�DWH ULJLG GH

EDUHOH GH OXQJLPH �
�

�L UHVSHFWLY �
�
� 6H FHUH Vm VH VFULH HFXDÒLLOH GH PL�FDUH DOH DFHVWXL

VLVWHP� DGLFm PRGHOXO PDWHPDWLF DO DFHVWXLD�

�
�

θ
�

�
�

�
�

θ
�

�
�

�
�

)LJ� �� 3HQGXOXO GXEOX�

»Q VLVWHPXO GH FRRUGRQDWH DOHV SR]LÒLLOH PDVHORU VXQW XUPmWRDUHOH�

� �
� � �
= ���θ

� �
� � �
= − 	
�θ

� � �
� � � � �
= +��� ���θ θ

� � �
� � � � �
= − −	
� 	
�θ θ �

9LWH]HOH DFHVWRUD VXQW�

[ ]� � �
7

� � � � � � �
= � 	
� � ���θ θ θ θ

[ ]� � � � �
7

� � � � � � � � � � � � �
= + +� 	
� � 	
� � ��� � ���θ θ θ θ θ θ θ θ �

&X DFHVWHD HQHUJLD FLQHWLFm D VLVWHPXOXL HVWH�


 � � � �= +
�



�

� �

�

� �

�

[ ]= + + + −
�



�




� �

�

�

�

� �

�

�

�

�

�

�

�

� � � � � �
� � � � � � �� � � � � 	
�� � �θ θ θ θ θ θ θ

(QHUJLD SRWHQÒLDOm D VLVWHPXOXL HVWH�
 � �� � ��= +

� � � �

= − + −� � 	
� 	
� �� � �� � ��
� � � � � � �

θ θ
'LVSXQkQG GH H[SUHVLD HQHUJLLORU SXWHP LPHGLDW VFULH /DJUDQJHDQXO VLVWHPXOXL FD�

/ 7 9= −

= + +
�



�

� � �

�

�

�

� �

�

�

�� � � �� � � � �θ θ

+ − + + +� � � � � �� � ��
� � � � � � � � � � � � � �

� � 	
�� � � � 	
� 	
� �θ θ θ θ θ θ
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&X DFHVWHD� HFXDÒLLOH GH PL�FDUH DOH VLVWHPXOXL VXQW XUPmWRDUHOH�

�

�	

� �∂
∂θ

∂
∂θ�

�
� �

�








 − =

�

�	

� �∂
∂θ

∂
∂θ�

�
� �

�








 − =

$YHP VXFFHVLY�
∂
∂θ

θ θ θ θ θ
�

� � �� � � �
�

� � � � � � � � � � �
= − + − −� � ��� � � ���� ��

∂
∂θ

θ θ θ θ
�

� � � � � �
�

� � � � 	
�� ��
�

� � �

�

� � � � � � �
= + + −

�

�	

�
� � � � � �

∂
∂θ

θ θ θ θ
�

� � �� �� 	
�� �
�

� � �

�

� � � � � � �









 = + + −

− − −� � �
� � � � � � � �

� � � � ����� ��θ θ θ θ θ
UHVSHFWLY�

∂
∂θ

θ θ θ θ θ
�

� � � � ��
�

� � � � � � � � � �
= − −� � ���� � ��� �

∂
∂θ

θ θ θ θ
�

� � � � �
�

� � 	
�� ��
�

� �

�

� � � � � � �
= + −

�

�	

�
� � � � �

∂
∂θ

θ θ θ θ
�

�� �� 	
�� �
�

� �

�

� � � � � � �









 = + −

− − −� � �
� � � � � � � �

� � � � ����� ��θ θ θ θ θ
&X DFHVWHD HFXDÒLLOH /DJUDQJH DOH VLVWHPXOXL VXQW�

� � �� �� 	
�� � � ���� �� � � � � � �
� � � � � � � � � � � �

�

� �
+ + − + −θ θ θ θ θ θ θ

+ + =� � ��� �� � �
� � �

�θ
� � � � � �

� � � � � � � � � � �

�

� �

�� �� 	
�� � � ���� �θ θ θ θ θ θ θ+ − − −
+ =� �

� �
���� �θ

���� 3HQGXOXO LQYHUV�

&RQVLGHUmP XQ FmUXFLRU GH PDVm �
F
FDUH VH SRDWH GHSODVD SH XQ SODQ RUL]RQWDO FX

FRHILFLHQWXO GH IUHFDUH � � SH FDUH VH DIOm XQ SHQGXO GH PDVm �
S
� LQHUÒLH , �L OXQJLPH �� FD

vQ ILJXUD ��

�
S

,

θ
�

) �
F

�
�

)LJ� �� 3HQGXOXO LQYHUV�
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&RQVLGHUkQG FmUXFLRUXO VROLFLWDW GH R IRUÒm ) Vm VH GHWHUPLQH PRGHOXO PDWHPDWLF DO PL�FmULL

SHQGXOXOXL�
3HQWUX GHWHUPLQDUHD PRGHOXOXL PDWHPDWLF DO PL�FmULL YRP VHSDUD FRUSXULOH �L YRP

DSOLFD D GRXD OHJH D OXL 1HZWRQ SHQWUX ILHFDUH GLQWUH HOH� »Q ILJXUD � VH DUDWm FRUSXULOH
vPSUHXQm FX WRDWH IRUÒHOH FDUH DFÒLRQHD]m DVXSUD ORU�

3 � �θ �

� � ��θ
5

θ �

) �
F

��� 5

� �
S

� 3

)LJ� �� )RUÒHOH FDUH DFÒLRQHD]m DVXSUD FRUSXULORU�

/HJHD D GRXD D OXL 1HZWRQ DSOLFDWm FmUXFLRUXOXL vQ GLUHFÒLD RUL]RQWDOm IXUQL]HD]m HFXDÒLD�

� � �� � �
F
�� � �+ + = �������

$QDORJ� vQVXPkQG IRUÒHOH FDUH DFÒLRQHD]m DVXSUD SHQGXOXOXL vQ GLUHFÒLD RUL]RQWDOm� JmVLP�

� � � � � � �
S S S

= + −�� ��	
� � ��� �θ θ θ θ� �������

'LQ ������� �L ������� REÒLQHP�

� ��� � ��	
� � ��� �� � � �� � � � � �
F S S S
+ + + − =θ θ θ θ� �������

3HQWUX D REÒLQH D GRXD HFXDÒLH D PL�FmULL VFULHP ELODQÒXO IRUÒHORU FDUH DFÒLRQHD]m
SHUSHQGLFXODU SH SHQGXO� SUHFXP �L ELODQÒXO PRPHQWHORU vQ FHQWUXO GH PDVm DO SHQGXOXOXL�
2EÒLQHP�

� � � � � � � �
S S S

��� 	
� ��� �� ��	
� �θ θ θ θ θ+ − = + �������

�L

− − =�� �� ���� 	
� ���θ θ θ �������

'LQ ������� �L ������� UH]XOWm FHD GHD GRXD HFXDÒLH D PL�FmULL�

( )� � � � �� � ��
S S S

+ + = −� �� ��� ��	
� �θ θ θ

'HFL PRGHOXO PDWHPDWLF DO SHQGXOXOXL LQYHUV HVWH�

� ��� � ��	
� � ��� �� � � �� � � � � �
F S S S
+ + + − =θ θ θ θ�

( )� � � � �� � ��
S S S

+ + = −� �� ��� ��	
� �θ θ θ
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6m SUH]HQWmP DFXP PRGHOXO OLQLDUL]DW DO SHQGXOXOXL vQ MXUXO OXL θ π= � 3UHVXSXQHP Fm

θ π ϕ= + � XQGH ϕ HVWH XQ XQJKL PLF SH FDUH�O IDFH SHQGXOXO FX YHUWLFDOD ORFXOXL� $WXQFL�

	
� �θ = −� ���θ ϕ= − �L � �θ � �= &D DWDUH� vQ MXUXO SR]LÒLHL YHUWLFDOH PRGHOXO OLQLDUL]DW DO

SHQGXOXOXL HVWH�
� ��� � �� �� � � �� � � �

F S S
+ + − =ϕ

( )� � � � �� � ��
S S S

+ − =�
�� ���ϕ ϕ

&RQVLGHUkQG FD YDULDELOH GH VWDUH PmULPLOH� �� ��[ ϕ �L �ϕ � LDU FD LH�LUH SR]LÒLD

FmUXFLRUXOXL � �L DFHHD D SHQGXOXOXL ϕ � UH]XOWm XUPmWRUXO PRGHO OLQLDUL]DW vQ UHSUH]HQWDUHD

YDULDELOHORU GH VWDUH�

�

��

�

��

� �

� � � �

� �

� �

� �

�

�

�

�

� � � �

� � � � � �

� � �

� � � � � �

� ��

� � � � � �

� � � ��

� � � � � �

�

�
S

F S F S

S

F S F S

S

F S F S

F S S

F S F S

ϕ
ϕ

ϕ
ϕ



















=

− +
+ + + +

−
+ +

+
+ +
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� �
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� �

�

�

� �

�

� �

�

�

�

�

�

� � �

� � � � � �

� �
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�

S

F S F S

S

F S F S

+
+ +

+ +
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�
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� � � �

� � � �

�

�

�ϕ
ϕ

���� 3HQGXOXO OXL )XUXWD�

»Q ILJXUD � VH DUDWm R YDULDQWm D SHQGXOXOXL OXL )XUXWD� $FHVWD FRQVWm GLQ SDWUX FRUSXUL

LQHUÒLDOH OHJDWH ULJLG vQWUH HOH� 8Q D[ FHQWUDO FX PRPHQWXO GH LQHUÒLH - � ULJLG OHJDW GH XQ EUDÒ

RUL]RQWDO GH OXQJLPH �
D

�L PDVm �
D
� EUDÒXO SHQGXOXOXL GH OXQJLPH �

S
�L PDVm �

S
� OHJDW OD

XQ FDSmW GH EUDÒXO RUL]RQWDO �L OD FHOmODOW FDSmW SXUWkQG R PDVm �� 6H SUHVXSXQH Fm vQ EUDÒHOH

SHQGXOXOXL PDVHOH VXQW XQLIRUP GLVWULEXLWH� 6FRSXO HVWH GH D GHVFULH HFXDÒLLOH GH PL�FDUH DOH

SHQGXOXOXL FkQG D[XO FHQWUDO HVWH VROLFLWDW FX XQ PRPHQW H[WHUQ ��

3HQWUX D VFULH HFXDÒLLOH GH PL�FDUH DOH DFHVWHL VWUXFWXUL PHFDQLFH FRQVLGHUmP XQ SXQFW

3 GH SH EUDÒXO SHQGXOXOXL� FDUDFWHUL]DW GH YHFWRUXO GH SR]LÒLH�

[ ]� � � � � � � � � � � �
D S [ D S \ D S ] D S

7

� � � � � � � � � � � �= �������

XQGH
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� � � � �
[ D S D S
� � � 	
� ��� ��� �= −ϕ ϕ θ

� � � � �
\ D S D S
� � � ��� 	
� ��� �= +ϕ ϕ θ �������

� � � �
] D S S
� � � 	
� �= θ

�

�

�
S
� �

S

θ

�
D
� �

D

�

ϕ

-

�

�

)LJ� �� 3HQGXOXO OXL )XUXWD�

9DULDELOD �
D

HVWH SR]LÒLD UDGLDOm SH EUDÒXO RUL]RQWDO� LDU �
S

HVWH SR]LÒLD UDGLDOm SH EUDÒXO

SHQGXOXOXL� PmVXUDWH GH OD FHQWUXO GH URWDÒLH FRUHVSXQ]mWRU FHORU GRXm FRUSXUL� &X DFHVWHD�

YLWH]D SXQFWXOXL 3 HVWH�

[ ]� � � � � � � � � � � �
D S [ D S \ D S ] D S

7

� � � � � � � � � � � �= � �������

XQGH�

� � � � � �
[ D S D S S
� � � � ��� �	
� ��� � ��� 	
� �= − − −ϕ ϕ θ θ ϕ ϕ θ ϕ

� � � � � �
\ D S D S S
� � � � 	
� �	
� 	
� � ��� ��� �= + −ϕ ϕ θ θ ϕ ϕ θ ϕ �������

� � � �
] D S S
� � � � ��� �= − θ θ

'LQ UHODÒLLOH GH PDL VXV SXWHP LPHGLDW FDOFXOD H[SUHVLD SmWUDWXOXL PmULPLL YLWH]HL SXQFWXOXL

3 �

( )� � � � � � � �
D S D S D S S

� � � � � � �� � � ��� � � �	
� � �= + + +θ ϕ ϕθ θ θ �������

3HQWUX GHWHUPLQDUHD HFXDÒLLORU GH PL�FDUH DOH SHQGXOXOXL� vQ FRQWLQXDUH YRP SUH]HQWD

H[SUHVLD HQHUJLLORU FLQHWLFH �L SRWHQÒLDOH FRUHVSXQ]mWRDUH VLVWHPXOXL GH FRUSXUL GLQ ILJXUD ��

(QHUJLD FLQHWLFm VH FDOFXOHD]m FD�


 � �= ∫�


�� �
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XQGH � HVWH GDW GH �������� (QHUJLD SRWHQÒLDOm HVWH FDOFXODWm VXE IRUPD�

 � � �
]

= ∫ � �

XQGH �
]
HVWH GDW GH ��������

&RQVLGHUkQG� SH UkQG� ILHFDUH GLQWUH FHOH SDWUX FRUSXUL LQHUÒLDOH� REÒLQHP�

$[XO YHUWLFDO DO SHQGXOXOXL�


 �
F
=
�



�
� �ϕ


F
= ��

%UDÒXO RUL]RQWDO DO SHQGXOXOXL�


 � �
�

�
� � �

D

D

D

O

D D

D

= =∫�


�
�

�
� � �� � � � ��

�

ϕ


D
= ��

%UDÒXO SHQGXOXOXL�


 � � �
�

�
�

S D

S

S

O
S

= =∫�


�

�

� � � �

�



�

�

�



�

�
� � � � � �� � � � � � � �

S D S S D S S S
+



 


 + +��� � � �	
� � �θ ϕ ϕθ θ θ

 � � � �
�

�
� � ��

S ] D

S

S

O

S S

S

= =∫ � � � 	
� ��
�

�


θ

0DVD ��

( )
 � � � �� � ��
P D S D S S
= + + +
�



�



� � � � � ���� � � �	
� � �θ ϕ ϕθ θ θ
 ���

P S
= 	
� �θ

&X DFHVWHD� HQHUJLD FLQHWLFm WRWDOm D SHQGXOXOXL HVWH�


 
 
 
 

F D S P

= + + + � �������

LDU HQHUJLD SRWHQÒLDOm WRWDOm�

    
F D S P

= + + + � �������

&RQVLGHUkQG /DJUDQJHDQXO VLVWHPXOXL�

/ 7 9= − � �������

DWXQFL HFXDÒLLOH GH PL�FDUH VXQW GDWH GH�

�

�	

� �∂
∂ϕ

∂
∂ϕ�

�






 − = � �������

�

�	

� �
�

∂
∂θ

∂
∂θ�

�


 


 − = ��������

ÑLQkQG VHDPD GH UHODÒLLOH GH PDL VXV REÒLQHP�
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∂
∂ϕ
�
= ��

∂
∂ϕ

θ ϕ
�

� � � � � � � �
D S D S S

�
��� �= + + +


 


 + +


 









�

�

�

�
� � �

+ +

 


� � � �

S D S

�


�	
� �θ θ

∂
∂θ

ϕ θ θ ϕθ θ
�

� � � � � � �
S S S D S

= +

 


 − +


 


�

�

�


� �
� 	
� ��� � � ���

+ +

 


� � ��

S S

�


��� �θ

∂
∂θ

ϕ θ θ
�

� � � � � � �
S D S S S�

� 	
� ��= +

 


 + +


 


�



�

�
�

,QWURGXFkQG DFHVWH UHODÒLL vQ HFXDÒLLOH /DJUDQJH ���������������� GH PDL VXV �L FRQVLGHUkQG
QRWDÒLLOH�

α = + + +

 


� � � � �

D S D

�

�
� �

β = +

 


� � �

S S

�

�
� �

γ = +

 


� � � �

S D S

�


�

δ = +

 


� � ��

S S

�


�

REÒLQHP XUPmWRUXO PRGHO PDWHPDWLF DO PL�FmULL SHQGXOXOXL OXL )XUXWD�

( )α β θ ϕ γθ θ βϕθ θ θ γθ θ+ + + − =��� �� ��	
� � �	
� ��� � ��� �� � � ��������

γϕ θ βθ βϕ θ θ δ θ��	
� �� � 	
� ��� ��� �+ − − =� � ��������

3HQWUX LQWHJUDUH� PRGHOXO ����������������� VH SRDWH SXQH VXE XUPmWRDUHD IRUPm FRQYHQDELOm�

�

�	
ϕ ϕ= � �

{�

�	
�

��� 	
�
� ��� � ��� 	
�ϕ

αβ β θ γ θ
βγθ θ βγϕ θ θ=

+ −
− −

�
� � � �

� � �

} �β ϕθ θ θ γδ θ θ β� � ��� 	
� ��� 	
�− + � �

�

�	
θ θ= � �

{�

�	
�

��� 	
�
� ��� 	
�θ

αβ β θ γ θ
γ θ θ θ=

+ −
− +

�
� � � �

� �

( )β α β θ ϕ θ θ βγϕθ θ θ+ + +��� � ��� 	
� � � ��� 	
�� � �

( ) }δ α β θ θ γ θ+ −��� ��� 	
�� � �
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���� 3HQGXOH FXSODWH HODVWLF

6m FRQVLGHUWmP GRXm SHQGXOH� DPEHOH FX DFHHD�L PDVm � �L OXQJLPH � OHJDWH SULQWU�XQ DUF�

FD vQ ILJXUD �� 'LVWDQÒD GLQWUH SXQFWHOH GH DSOLFDÒLH DOH SHQGXOHORU HVWH � �

�

�

θ
�

θ
�

�

)LJ� �� 'RXm SHQGXOH FXSODWH SULQWU�XQ DUF HODVWLF�

&kQG SHQGXOHOH VXQW VFRDVH GLQ SR]LÒLD ORU GH HFKLOLEUX FX XQ XQJKL θ
�
� UHVSHFWLY θ

�
� DWXQFL

PDVHOH VH VLWXHD]m SH SR]LÒLLOH � � ��� �θ
�

− � 	
�θ
�
� �L UHVSHFWLY � � �+ ��� �θ

�
− � 	
�θ

�
��

'HFL� OXQJLPHD FX FDUH DUFXO HVWH GHIRUPDW HVWH

∆� � � � � � �= + − + − −� ��� ��� � � 	
� 	
� �θ θ θ θ
� �

�

� �

�

= − − + − + − � �

� � � �

�� �� � �� 	
�� �� ���� ��� � �θ θ θ θ

3HQWUX GHSODVmUL PLFL �DGLFm θ
L
PLFL� DYHP� ���θ θ

L L
≈ �L 	
� � �θ θ

L L
≈ −� � 'HFL

∆� � �� � �≈ − + − + −�

� �

�

� �

�� � � � �θ θ θ θ

3UHVXSXQkQG Fm θ
L
<<�� DWXQFL SXWHP VFULH�

∆� �
�

�
�

�

�
�≈ + − −









 ≈ + − −


 


 = −�


� �

�




�

� � � � � �
� � � � � ��θ θ θ θ θ θ

&X DFHVWHD HQHUJLD FLQHWLFm D PDVHORU HVWH�


 ��= +
�



�

�

�

�

�� � � �θ θ �

LDU HQHUJLD SRWHQÒLDOm�

 ���  �= − + +�	
� 	
� � � �θ θ
� �

�
�


∆

                                                   = − + + −���  ��	
� 	
� � � � �θ θ θ θ
� �

�

� �

�
�


&X DFVWHD IXQFÒLD /DJUDQJH VH VFULH LPHGLDW VXE IRUPD

� 
  �� ���  �= − = + + + − −
�



�


�

�

�

�

�

� �

�

� �

�� � � � �	
� 	
� � � � �θ θ θ θ θ θ
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(FXDÒLLOH GH PL�FDUH DOH SHQGXOXOXL VXQW

�

�	

� �

L L

∂
∂θ

∂
∂θ�

�






− = �

DGLFm�

�� ���  �  ��

�

�

�

�

�

�� � � �θ θ θ= − + +
��  � ���  ��

�

�

�

�

�

�� � � �θ θ θ= − +

���� 6IHUD SH R EDUm vQFOLQDWm

2 VIHUm GH PDVm � HVWH SODVDWm SH R EDUm vQFOLQDWm VXE XQJKLXO θ FDUH HVWH DQWUHQDWm OD

FHQWUX GH XQ FXSOX τ � 6IHUD� DIODWm OD GLVWDQÒD � GH FHQWUXO EDUHL VH SRDWH PL�FD OLEHU vQ

OXQJXO DFHVWHLD� ILJXUD �� 6H FHUH PRGHOXO PDWHPDWLF DO PL�FmULL VIHUHL SH EDUm�

�

�
τ �

θ
�

)LJ� �� 2 VIHUm SH R EDUm vQFOLQDWm�

3UHVXSXQHP Fm DWkW PRWRUXO FkW �L EDUD QX DX LQHUÒLH URWDÒLRQDOm� DVWIHO vQFkW LQHUÒLD GH URWDÒLH
D VLVWHPXOXL vQ MXUXO FHQWUXOXL GH URWDÒLH HVWH�

� ��= � �

(QHUJLD FLQHWLFm D VLVWHPXOXL HVWH�

( )
 � �� � � �= + = +
�



�



�


� � � � �� � � � �θ θ

(QHUJLD SRWHQÒLDOm HVWH�

 ��� ���= = ��� �θ
&XDFHVWHD /DJUDQJHDQXO VLVWHPXOXL HVWH�

( )� 
  � � � ���= − = + −
�


� � �� � ��� �θ θ

3UHVXSXQHP Fm VLVWHPXO DUH XQ FRHILFLHQW GH IUHFDUH URWDÒLRQDOm YkVFRDVm ν � DWXQFL SXWHUHD

GLVLSDWm HVWH�

� =
�


�νθ� �

,QWURGXFkQG FRRUGRQDWHOH JHQHUDOL]DWH [ ]� �
7

= θ � SUHFXP �L IRUÒD JHQHUDOL]DWm

[ ]�
7

= τ � � DWXQFL HFXDÒLLOH /DJUDQJH VXQW XUPmWRDUHOH�

�

�	

�

�

�

�

�

�
�

∂
∂

∂
∂

∂
∂� �

�






 − + =

ÑLQkQG VHDPD GH H[SUHVLLOH /DJUDQJHDQXOXL �L D SXWHULL GLVLSDWH UH]XOWm HFXDÒLLOH /DJUDQJH�
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�

� �

�
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�θ θ
θ θ

νθ τ
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−
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�

DGLFm�
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�
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��� ��
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���

�� ��

� � ��
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� ���

�θ θ θ
θ θ

νθ τ+







 −

−
−






+








 =





�

'H XQGH UH]XOWm Fm�

��
� � 	
� �

�θ
θ θ νθ τ

= − − − +


� �

�

�

�

� �� ��
�� � ��� �� � �= −θ θ�

&X DFHVWHD PRGHOXO PDWHPDWLF DO PL�FmULL VIHUHL SH EDUm HVWH�

�

�	
θ θ= ��

�

�	

�

� ��

�

� ��
�

�
�

	
�
�θ

ν
θ

θ τ
= − +



 


 − +


� �

�

�	
� �= ��

�

�	
� � �� � ��� �= −θ θ�

���� 0RGHOXO XQRU PDVH FXSODWH SULQ OHJmWXUL HODVWLFH

6m FRQVLGHUmP VLVWHPXO PHFDQLF IRUPDW GLQ GRXm PDVH �
�
�L �

�
� FXSODWH FD vQ ILJXUD �� SULQ

LQWHUPHGLXO OHJmWXULORU HODVWLFH FX FRHILFLHQÒLL  
�
�L UHVSHFWLY  

�
�

 
�

�
�

�
�

 
�

�
�

�
�

)LJ� �� 0DVH FXSODWH SULQ OHJmWXUL HODVWLFH

6LVWHPXO DUH GRXm JUDGH GH OLEHUWDWH �
�

�L �
�
� (QHUJLD FLQHWLFm D VLVWHPXOXL HVWH�


 � � � � �= + +
�



�

� �

�

� � �

�
� � � � � �
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(QHUJLD SRWHQÒLDOm HVWH�

 � �� � � � �  �  �= − − + + +
� � � � � � �

�

� �

�
�



�


� � �

&X DFHVWHD HFXDÒLLOH GH PL�FDUH D VLVWHPXOXL VXQW XUPmWRDUHOH�

�

�	

�

�

�

�

∂
∂

∂
∂�

� �









 − = � � � � � � � � �  �

� � � � � � � � �
�� � �� �� �+ + − − + =

� ��� �� � � �� � � � �  � � � �
� � � � � � � � �

�+ + + − + =

�

�	

�

�

�

�

∂
∂

∂
∂�

� �









 − = � � � � �  �

� � � � � �
� �� �� �+ − + =

� � � �  � � �
� � � � � � �

��� �� �+ + − =

'HFL PRGHOXO PDWHPDWLF DO VLVWHPXOXL GH FRUSXUL FX OHJmWXUL HODVWLFH GH PDL VXV HVWH�

�� �� ��
�

� �
�

 

� �
� �

�

�

� �

�

�

� �

�
+

+
+

+
=

�� �� �� �
 

�
� �

� �

�

�

�
+ + =

���� (FXDÒLLOH GH PL�FDUH DOH XQXL WUHQ�
&RQVLGHUmP XQ WUHQ IRUPDW GLQWU�R PD�LQm �L XQ YDJRQ FX PDVHOH �

�
� UHVSHFWLY �

�
� 0D�LQD

HVWH FXSODWm FX YDJRQXO SULQWU�R OHJmWXUm HODVWLFm �DUF� FX FRHILFLHQWXO  � )LH ) IRUÒD

DSOLFDWm PD�LQLL �L µ FRHILFLHQWXO GH IUHFDUH GH URVWRJROLUH� 6LVWHPXO� vPSUHXQm FX IRUÒHOH

FDUH DFÒLRQHD]m DVXSUD OXL� VH SRDWH UHSUH]HQWD FD vQ ILJXUD ��

�
�

�
�

 � �� �
� �
−

) �
�

�
�

− − � �� �
� �

                                     µ� ��
� �
�                                                  µ� ��

� �
�

)LJ� �� 5HSUH]HQWDUHD IRUÒHORU FDUH OXFUHD]m DVXSUD VLVWHPXOXL GH FRUSXUL�

$SOLFkQG OHJHD D GRXD D OXL 1HZWRQ REÒLQHP HFXDÒLLOH GH PL�FDUH DOH WUHQXOXL�

� � �  � � � ��
� � � � � �
�� � � � �= − − − µ

� �  � � � ��
� � � � � �
�� � � � �= − − µ

$FHVWH HFXDÒLL VH SRW H[SULPD VXE IRUPD HFXDÒLLORU GH VWDUH� »QWU�DGHYmU� DOHJkQG �
�

�L �
�

FD

YDULDELOH GH VWDUH� DWXQFL SXWHP VFULH�

�� �
� �
=
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= − + − +µ
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=
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�
�
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� ��

�

�
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�
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= − − µ

$OHJkQG DFXP YLWH]D VLVWHPXOXL FD PmULPH GH LH�LUH� DWXQFL IRUPD PDWULFHDOm D PRGHOXOXL
PL�FmULL WUHQXOXL HVWH XUPmWRDUHD�
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µ
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�

�

�

�

�

���� 0RGHOXO PDWHPDWLF DO VXVSHQVLHL XQXL YHKLFXO�

3URLHFWDUHD VXVSHQVLHL XQXL YHKLFXO HVWH R SUREOHPm LQWHUHVDQWm� )LH VLVWHPXO GLQ ILJXUD ��� vQ

FDUH VH UHSUH]LQWm YHKLFXOXO GH PDVm �
�
� VLVWHPXO GH VXVSHQVLH GH PDVm �

�
� vPSUHXQm FX

HOHPHQWHOH FDUH UHDOL]HD]m VXVSHQVLD�  
�

FRHILFLHQWXO GH HODVWLFLWDWH DO VXVSHQVLHL�  
�

FRHILFLHQWXO GH HODVWLFLWDWH DO URÒLL� �
�

FRHILFLHQWXO GH DPRUWL]DUH DO VLVWHPXOXL GH VXVSHQVLH�

�
�
FRHILFLHQWXO GH DPRUWL]DUH DO URÒLL� ! SHUWXUEDÒLD FX FDUH GUXPXO DFÒLRQHD]m DVXSUD

VXVSHQVLHL �L � IRUÒD H[WHUQm �GH SURLHFWDW��

�
�

�
�

 
�

� �
�

�
�

�
�

                                                   
�

                                �
�

                           !

)LJ� ��� 5HSUH]HQWDUHD VXVSHQVLHL XQXL YHKLFXO�



♦ 0RGHOH PDWHPDWLFH vQ 0HFDQLFm ♦ 23

2 VXVSHQVLH GH FDOLWDWH WUHEXLH Vm UHDOL]H]H R FRPSRUWDUH EXQm D YHKLFXOXOXL �L XQ
FRQIRUW vQ FHHD FH SULYH�WH LQWHUDFÒLXQHD FX GHQLYHOmULOH GUXPXOXL� &kQG YHKLFXOXO HVWH
VROLFLWDW GH GHQLYHOmULOH GUXPXOXL� DWXQFL DFHVWD QX WUHEXLH Vm DLEm RVFLODÒLL SUHD PDUL� �L vQ
FD]XO DSDULÒLHL ORU DFHVWHD WUHEXLH Vm VH VWLQJm UHSHGH� 'HRDUHFH GLVWDQÒD � !

�
− HVWH JUHX GH

PmVXUDW �L GHIRUPDUHD FDXFLXFXULORU URÒLORU � !
�
− HVWH QHJOLMDELOm� UH]XOWm Fm YRP XWLOL]D

GLVWDQÒD � �
� �
− D PmULPH GH LH�LUH vQ UDSRUW FX FDUH YRP IDFH DQDOL]D FRPSRUWmULL

VXVSHQVLHL�
'LQ FHD GHD GRXD OHJH D OXL 1HZWRQ REÒLQHP HFXDÒLLOH GH PL�FDUH�

� � � � �  � � �
� � � � � � � �
�� � � � � � �= − − − − +

� � � � �  � � � ! �  ! � �
� � � � � � � � � � � �
�� � � � � � � � � � � � � �= − + − + − + − −

3HQWUX D REÒLQH R UHSUH]HQWDUH vQ VSDÒLXO VWmULORU WUHEXLH Vm VHOHFWmP YDULDELOHOH GH VWDUH� 3H
PRPHQW QX FXQRD�WHP FDUH HVWH FHD PDL EXQm DOHJHUH DOH DFHVWRU YDULDELOH� 'H DFHHD� YRP
vQFHSH SULQ D VFULH�

�� � � � � � ��
�

�
� �

 

�
� �

�

��

�

�

� �

�

�

� �

�

= − − − − +

�� � � � � � � � � � � � � ��
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�
� �
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�
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! �
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! �

�
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�

�

� �

�

�

� �

�

�

�

�

�

�

�

= − + − + − + − −

$OHJHP SULPD YDULDELOm GH VWDUH FD ILLQG SR]LÒLD �
�
� 'HRDUHFH GHULYDWD LQWUmULL QX DSDUH vQ

HFXDÒLD OXL ���
�
YRP DOHJH D GRXD YDULDELOm GH VWDUH FD � ��

�
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