An In terior P oin t Algorithm for Nonlinear

Programming

Neculai Andrei

Researc h Institute for Informatics

Adv anced Mo deling and Optimization Lab oratory

8-10, Maresal Alexandru Av erescu Av en ue

Buc harest 1, Romania

E-mail: nandrei@u3.ici.ro

August 3, 1998

Abstract

This pap er describ es an in terior p oin t algorithm for solving nonlinear

programming problems. The approac h w e consider here is a classical one

consisting of transforming the original problem in one with only equalit y

constrain ts, the inequalities b eing placed in to the ob jectiv e through a log-

arithmic barrier function. The KKT optimalit y conditions are solv ed b y

the Newton metho d. The direction of mo ving is giv en b y a linear algebraic

system, whic h m ust b e solv ed at eac h iteration. The step length compu-

tation, whic h is the critical p oin t of the algorithm, is based on a merit

function whic h determine the v alues of the barrier parameter whic h ensure

the descendence c haracter of the searc h direction. The conditions for step

length computation include: the b oundary of v ariables, the p ositivit y of

the slac k and dual v ariables, the cen tralit y of iterations, the corelation b e-

t w een the sp eed of deacreasing of the pure optimalit y conditions and the

transv ersalit y conditions, as w ell as the W olfe conditions.

A crude implemen tation of the algorithm sho ws the p erformance of this

approac h on a n um b er of nonlinear problems from the Ho c k-Sc hittk o wski

set of problems. Comparisons with a mo dified p enalt y-barrier algorithm

implemn ted as SPENBAR pac k age sho w that the metho d is efficien t on at

least some classes of nonlinear mo dels.

1. In tro duction.

In terior p oin t metho ds for nonlinear programming is one of the most activ e re-

searc h area in mathematical programming. This is motiv ated b y the impressiv e high qualit y theoretical results and computational p erformance of these metho ds

for linear and quadratic programming, as w ell as for linear constrained optimiza-

tion. W e can men tion here, for example, the pap ers: [Andersen and Andersen,

1997], [Andrei, 1998b], [Carp en ter, Lustig, Mulv ey and Shanno, 1993], [Gondzio,

1996], [Lustig, Marsten and Shanno, 1990, 1991, 1992, 1994], [V anderb ei,1990,

1997], [Y e, 1997].

Ha ving in view these remark able results, it is natural that the researc hes

using in terior p oin t ideas ha v e b een directed to the nonlinear programming area,

[Kortanek, P otra and Y e, 1991], [Goldfarb, Liu and W ang, 1991], [W righ t, 1992,

1998].

W e are in terested in solving the follo wing nonlinear programming problem:

minf ( x )

subj ect to : (1.1)

g ( x ) = 0 ,

h ( x ) ≥ 0 ,

l ≤ x ≤ u,

where f : R n

→ R , g : R me

→ R and h : R m

→ R are supp osed to b e t wice con tin-

uous differen tiable. The b ounds l and u ma y ha v e an y v alues with l < u , in prac-

tice these could b e ±∞ . F or solving this general nonlinear programming problem

w e ha v e a n um b er of metho ds and algorithms whic h could b e classified as: Direct

Metho ds, Metho ds based on KKT Optimalit y Conditions, P enalt y Metho ds, and

In terior P oin t Metho ds. The in terior p oin t metho ds ha v e recen tly b een the sub-

ject of a n um b er of pap ers. The form ulation and theory of the Newton in terior

p oin t metho d for nonlinear programming is giv en in [El-Bakry , T apia, Tsuc hiy a

and Zhang, 1996]. Ga y , Ov erton and W righ t [1997] consider a primal-dual metho d

for noncon v ex programming in whic h the inequalit y constrain ts are in tro duced

in to the ob jectiv e function b y means of the classical logarithmic barrier function,

and the equalit y constrain ts are considered in to a sequen tial quadratic program-

ming mec hanism. V anderb ei and Shanno [1997] transform the original inequalit y

problem to a equalit y one b y adding slac k to eac h of the inequalit y constrain ts,

for whic h the first order conditions for a minim um are solv ed b y means of a New-

ton strategy . A sp ecial metho d for c ho osing the step length along the Newton

direction is in tro duced. This is based on a merit function. An extension of LOQO

pac k age to consider the nonlinear function, in terfaced with AMPL [F ourer, Ga y

and Kernighan, 1993] and GAMS [Bro ok e, Kendric k and Meeraus, 1992], is illus-

trated on the Ho c k and Sc hittk o wski suite, Mittelmann’s quadratic programming

set, as w ell as on a n um b er of 8 large-scale real-w orld problems. Some com-

parisons and p erformances of LOQO with MINOS [Murtagh and Saunders, 1995]

and LANCELOT [Conn, Gould and T oin t, 1992] are presen ted. Byrd, Hribar and

No cedal [1997] incorp orates within the in terior p oin t metho d t w o p o w erful to ols

for solving nonlinear problems: the sequen tial quadratic programming and the trust region tec hniques. The NITR O pac k age is presen ted and its p erformance on

some n umerical examples is illustrated. Some other primal-dual in terior meth-

o ds for noncon v ex nonlinear optimization problems are discussed in [Argaez and

T apia, 1997], [Byrd, Gilb ert and No cedal, 1996], [Conn, Gould and T oin t, 1996],

[F orsgren and Gill, 1996], etc.

The algorithms are based on the classical approac h: a minimizing direction

is computed and than a step length on this direction is considered. When the

problem is a c onvex pr o gr am the step length can b e determined b y standard line

searc h metho ds, whic h are direct extensions of in terior p oin t metho ds for linear

programming. In this case the step generated b y the solution of the primal-dual

equations is a descen t direction for differen t merit functions, th us ensuring the

con v ergence of the corresp onding algorithms. F or non-c onvex pr o gr amming , the

metho d for computing the step length at eac h iteration is more complex. In

fact, the notably differences b et w een algorithms is the w a y in whic h the step

length is computed. Th us, for examples, V anderb ei and Shanno [1997] in tro duce

in to the merit function a parameter whic h is up dated as so on as the computed

direction is not a descen t direction. On the other hand, Ga y , Ov erton and W righ t

[1997] describ e a heuristical pro cedure com bined with a simple Armijo-lik e rule

to determine the step length.

In this pap er w e shall presen t an in terior p oin t predictor corrector algorithm

for solving (1.1) whic h is based on the theoretical dev elopmen ts giv en in [El-Bakry ,

T apia, Tsuc hiy a and Zhang, 1996]. Basically , for the considered problem w e write

do wn the KKT optimalit y conditions. Using the Newton metho d w e solv e these

optimalit y conditions with resp ect of the mo ving direction. Considering a suitable

merit function the up dating conditions for the barrier parameter are established.

The mec hanism for step length determination is based on the W olfe conditions

com bined with the in terior p oin t cen tralit y condition and the limitation of the

con v ergence to zero of the transv ersalit y conditions against the ”pure primal-

dual” optimalit y condition. The pap er is organized as follo ws. Section 2 is

dev oted to presen t the KKT optimalit y conditions. The Newton system and

the Newton direction are considered in the sections 3 and 4, resp ectiv ely . The

merit function is in tro duced in section 5. Section 6 is dev oted to compute the

step length on the Newton direction. The next sections presen t the primal-dual

algorithm and some n umerical examples.

2. KKT Optimalit y Conditions.

Considering the slac k v ariables s ∈ R m

, asso ciated to the functional inequalit y

constrain ts and w , v ∈ R n

asso ciated to the simple b ounds of the v ariable x, the

problem (1.1) can b e reform ulated as:

min f ( x ) subj ect to : (2.1)

g ( x ) = 0 ,

h ( x ) − s = 0 ,

x − w = l ,

x + v = u,

s ≥ 0 , w ≥ 0 , v ≥ 0 .

No w, w e eliminate the inequalit y constrain ts in (2.1) b y placing them in to a

barrier term, obtaining the problem:

min f ( x ) − μ m

∑

i =1 log s

i

− μ n

∑

j =1 log w

j

− μ n

∑

j =1 log v

j

subj ect to : (2.2)

g ( x ) = 0 ,

h ( x ) − s = 0 ,

x − w − l = 0 ,

x + v − u = 0 ,

where the ob jectiv e function in (2.2) is the classical Fiacco-McCormic k [1968]

logarithmic barrier function.

The Lagrangian for this problem is:

L ( x, s, w , v , y , z , p, q , μ ) =

f ( x ) − μ m

∑

i =1 log s

i

− μ n

∑

j =1 log w

i

− μ n

∑

j =1 log v

i

− (2.3)

y

T

g ( x ) − z

T

( h ( x ) − s ) − p

T

( x − w − l ) + q

T

( x + v − u ) ,

where y , z , p and q are the dual v ariables of the corresp onding dimensions. With

these, the first order optimalit y conditions are:

∇ f ( x ) − ∇ g ( x )

T

y − ∇ h ( x )

T

z − p + q = 0 ,

g ( x ) = 0 ,

h ( x ) − s = 0 ,

x − w − l = 0 ,

x + v − u = 0 , (2.4)

S Z e − μe = 0 ,

W P e − μe = 0 ,

V Qe − μe = 0 , where the matrices S , Z , W , P , V and Q are diagonal with elemen ts s

i

, z

i

, w

i

, p

i

, v

i

and q

i resp ectiv ely , e is the v ector of all ones. ∇ f ( x ) is the gradien t of the ob jec-

tiv e function f ( x ) . ∇ g ( x ) and ∇ h ( x ) are the Jacobian matrices of the constrain ts

v ectors g ( x ) and h ( x ) resp ectiv ely .

Note that the ab o v e optimalit y conditions (kno wn as KKT conditions) con-

tain the constrain ts of the original problem, an equalit y reseam bling of the dual

problem, as w ell as three equalities relating the primal slac k v ariables to the dual

v ariables. If μ is set to zero in (2.4), then w e see that the last three equations

are exactly the complemen tarit y conditions. Usualy , these last three equations

are called μ − c omplementarity conditions. The KKT optimalit y conditions is a

nonlinear algebraic system with 5 n + 2 m + me equations and a similar n um b er of

unkno wns, parametrized b y the barrier parameter μ. The basis of the n umerical

algorithm for solving the nonlinear system (2.4) is the Newton’s metho d, whic h

is kno wn to b e v ery efficien t for linear and con v ex quadratic programming. As-

suming that the system (2.4) has a solution, then for eac h μ > 0 w e get a solution

( x

μ

, s

μ

, w

μ

, v

μ

, y

μ

, z

μ

, p

μ

, q

μ

). The path { ( x

μ

, s

μ

, w

μ

, v

μ

, y

μ

, z

μ

, p

μ

, q

μ

) : μ > 0 } is

called the primal-dual c entr al p ath . This path pla ys a fundamen tal role in in terior-

p oin t metho ds for mathematical programming. The in terior-p oin t metho d whic h

will b e presen ted in the next sections is an iterativ e pro cedure that at eac h iter-

ation attempts to mo v e to w ard a p oin t on the cen tral path that is closer to the

optimal p oin t than the curren t p oin t.

If the barrier parameter μ is set to zero, the KKT optimalit y conditions (2.4)

can b e partitioned in t w o classes as:

C O ( t ) =

∇ f ( x ) − ∇ g ( x )

T

y − ∇ h ( x )

T

z − p + q

g ( x )

h ( x ) − s

x − w − l

x + v − u

(2.5)

and

C T ( s, z , w , p, v , q ) =

S Z e

W P e

V Qe

(2.6)

The realtions (2.5) con tain the primal and the dual constrain ts of the prob-

lem (1.1). On the other hand, the (2.6) relations con tain the complemen tar-

it y conditions. F or this reason, the last three equations in (2.4) are called the

μ − c omplementarity c onditions . It is quite clear that if w e could ha v e a p oin t

t = [ x, y , z , p, q , s, w , v ] satisfying the relation:

F ( t ) =

[

C O ( t )

C T ( s, z , w , p, v , q )

]

= 0 (2.7) than the comp onen t x of this p oin t is the solution of the problem (1.1). F or

solving the system (2.7) the Newton’s metho d will b e considered. Starting with

an initial p oin t, this implies the determination of a direction of mo ving and a

step length along this direction. The next sections are dedicaed to this sub jects.

The separation of the optimalit y conditions in to these t w o classes is crucial for

the elab oration of an efficien t algorithm for (1.1), and for pro ving the con v ergence

of this algorithm.

Remark . F or linear programming problems the system (2.4) is m uc h more

simple. The only nonlinear expressions in (2.4) are simple m ultiplications of

slac k and dual v ariables, and the presence of these simple nonlinearit y mak es the

sub ject of linear programming non trivial. More than this, for linear programming

case, if the primal and the dual feasible regions ha v e nonempt y in terior, than

there exists a critical p oin t for the corresp onding optimalit y conditions. (See, for

example, V andereb ei [1996].) F or the nonlinear programming case to pro v e the

existence of a solution for the system (2.4) is more complicated.

3. The Newton System.

As ab o v e, denoting b y t = [ x, y , z , p, q , s, w , v ]

T

than the Newton metho d applied

to the system (2.7) consists of the determination of the dir e ction Δ t = [Δ x Δ y

Δ z Δ p Δ q Δ s Δ w Δ v ]

T

as solution of the follo wing p erturb ed linear algebraic

system:

F

′

( t )Δ t = − F ( t ) + μ

∧

e , (3.1)

where

∧

e ∈ R

5 n +2 m + me

with zero comp onen ts excepting the last 2 n + m ones whic h

are all equal with one, F

′

( t ) is the Jacobian of the function F ( t ) computed in the

curren t p oin t t , and the computation of the new p oin t

t

+

= t + α Δ t, (3.2)

where the parameter α is the size of the step length.

Tw o problems are critical with this algorithm: the c hoice of α at eac h iteration

and the p ossible mo dification of the system (3.1) in order to find a lo cal mini-

mizer of (1.1). F or linear and con v ex quadratic programming , the mo dification

of the linear system (3.1) is nev er required, excepting the situations of n umerical

difficulties, and the step length at eac h iteration is computed b y a simple ratio

test, [Lustig, Marsten and Shanno, 1990, 1991, 1992, 1994], [V anderb ei, 1990,

1994, 1996,], [Y e, 1997],[W righ t, 1998 ]. F or general con v ex nonlinear program-

ming problems, it is w ell kno wn that for a p o or initial estimate the Newton’s

metho d ma y div erge, so again the linear system (3.1) need not b e mo dified, but the tec hnique for c ho osing the v alue of the parameter α at eac h iteration is more

complex. In order to ac hiev e con v ergence to a solution to the system (2.4), El-

Bakry , T apia, Tsuc hiy a and Zhang [1996] in tro duced a merit function and sho w ed

that for a prop er c hoice of the barrier parameter μ, there exists an α at eac h iter-

ation suc h that the algoritrhm (3.2) con v erge to a solution of (1.1), pro viding the

Jacobian F

′

( t ) in (3.1) remains nonsingular. An implemen tation of this v arian t

of the algorithm has b een tested b y Shanno, Breitfeld and Siman tiraki [1996],

and Shanno and Siman tiraki [1997]. On the Ho c h and Sc hittk o wski [1981] set

of test problems they found that while the algorithm w as often efficien t giving

the optimal solution, it also often con v erged to lo cal maxima or saddle p oin ts,

all of whic h satisfying the first order necessary optimalit y conditions. More than

this, for some problems, the Jacobian F

′

( t ) sometimes b ecomes singular, causing

troubles to the algorithm. A mo dification of the merit function of El-Bakry et

al . has b een considered b y V anderb ei and Shanno [1997] where the l

2 norm of

the constrain ts m ultiplied b y a parameter β is in tro duced. They pro o v ed that

there exists a v alue of β suc h that the direction giv en b y the Newton system is a

descen t direction for this merit function. The corresp onding algorithm has b een

implemen ted as a nonlinear v ersion of LOQO [V anderb ei, 1994] and tested on

the Ho c h and Sc hittk o wski set of problems, 8 large-scale nonlinear programming

problems, and the Hans Mittelmann’s quadratic programming set of problems,

[Mittelmann. 1997]. Comparisons with MINOS [Murtagh and Saunders, 1995]

and LANCELOT [Conn, Gould and T oin t, 1992] sho w ed ho w robust and efficien t

this in terior p oin t approac h has pro v ed to b e.

4. The Newton Direction Determination.

The Newton system for the direction determination in v olv es the computation of

the Jacobian matrix of the function F ( t ) in (2.7). F rom (2.4) w e get the follo wing

linear algebraic system:

K ( x, y , z ) − G ( x )

T

− H ( x )

T

− I I

G ( x )

H ( x ) − I

I − I

I I

S Z

W P

V Q

Δ x

Δ y

Δ z

Δ p

Δ q

Δ s

Δ w

Δ v

= χ

− g ( x )

− h ( x ) + s

l + w − x

u − v − x

− S Z e + μe

− W P e + μe

− V Qe + μe

(4.1)

This system is not symmetric, but it can b e v ery easy symmetrized b y m ultiply-

ing the second and the third equation b y − 1 , and the last three equations b y

S

− 1

, W

− 1

and V

− 1

resp ectiv ely . After this v ery simple algebraic op eration, and eliminating the v ariables Δ s, Δ w and Δ v as:

Δ s = μZ

− 1

e − S e − Z

− 1

S Δ z ,

Δ w = μP

− 1

e − W e − P

− 1

W Δ p, (4.2)

Δ v = μQ

− 1

e − V e − Q

− 1

V Δ q ,

the follo wing r e duc e d Newton system is obtained:

K ( x, y , z ) − G ( x )

T

− H ( x )

T

− I I

− G ( x )

− H ( x ) − Z

− 1

S

− I − P

− 1

W

I − Q

− 1

V

Δ x

Δ y

Δ z

Δ p

Δ q

= χ

g ( x )

h ( x ) − μZ

− 1

e

x − l − μP

− 1

e

u − x − μQ

− 1

e

(4.3)

where:

K ( x, y , z ) = ∇

2

f ( x ) − me

∑

i =1 y

i

∇

2

g

i

( x ) − m

∑

i =1 z

i

∇

2

h

i

( x ) , (4.4)

G ( x ) = ∇ g ( x ) ,

H ( x ) = ∇ h ( x ) , (4.5)

χ = −∇ f ( x ) + G ( x )

T

y + H ( x )

T

z + p − q .

Notice that the matrix of the reduced Newton system (4.3) is symmetric, unde-

fined and (3 n + m + me ) − dimensional. Solving this system, or a reduction of it,

together with (4.2) w e get the direction Δ t = [Δ x Δ y Δ z Δ p Δ q Δ s Δ w Δ v ]

T

. The existence of a solution for (4.3) implies the existence of the in v erse of the

diagonal matrices Z , P and Q, th us a condition of initialization of the algorithm

is assumed to b e satisfied.

The standard Newton’s metho d assumptions for the problem (1.1) are as

follo ws [Dennis and Sc hnab el, 1983]:

(A1) There exists a solution for the problem (1.1) as w ell as the asso ciated dual

v ariables, satisfying the KKT conditions giv en b y (2.4).

(A2) The Hessian matrices ∇

2

f ( x ) , ∇

2

g

i

( x ) , ∇

2

h

i

( x ) for all i exist and are lo cally

Lipsc hitz con tin uous at x

∗

.

(A3) The set of v ectors {∇ g

1

( x

∗

) , ..., ∇ g

me

( x

∗

) } ∪ {∇ h

i

( x

∗

) : i ∈ A ( x

∗

) } is linearly

indep enden t, where A ( x

∗

) is the set of inequalit y constrain ts activ e in x

∗

.

(A4) F or ev ery v ector d ≠ 0 satisfying ∇ g

i

( x

∗

)

T

d = 0 , i = 1 , ..., me and ∇ h

i

( x

∗

)

T

d =

0 , i ∈ A ( x

∗

) w e ha v e d

T

K ( x

∗

, y

∗

, z

∗

) d > 0 .

(A5) F or i = 1 , ..., m, z

i h

i

( x

∗

) > 0 , and for j = 1 , ..., n, p

j

( x

∗

j

− l

j

) > 0 , q

∗

j

( u

j

−

x

∗

j

) > 0 .

Prop osition 1 . Supp osing that the c onditions (A1)-(A5) ar e satisfie d and

s

∗

= h ( x

∗

) , w

∗

= x

∗

− l , v

∗

= u − x

∗

, than the Jac obian matrix F

′

( t

∗

) of F ( t )

given by the matrix fr om (4.1) is nonsingular.

Pr o of. This follo ws immediately . Let the reduced problem b e, in whic h only

the inequalit y constrain ts activ e in the optim p oin t are considered. Than, from

the theory of equalit y constrained optimization, it follo ws that the matriceal

blo c k giv en b y the first fiv e ro ws and columns of the matrix from (4.1) is nonsin-

gular. Hence, the nonsingularit y of (4.1) follo ws from the strict complemen tarit y

condition (A5) and the nonsingularit y of the ab o v e matriceal blo c k from (4.1). □

Generally , in curren t implemen tations, the reduced Newton system (4.3) is not

considered in form in whic h it is presen ted. Usually , w e con tin ue to reduce it b y

simple algebraic manipulations. Considering (4.3) and eliminating the v ariables

Δ z , Δ p and Δ q as:

Δ z = μS

− 1

e − S

− 1

Z h ( x ) − S

− 1

Z H ( x )Δ x,

Δ p = μW

− 1

e − W

− 1

P ( x − l ) − W

− 1

P Δ x, (4.6)

Δ q = μV

− 1

e − V

− 1

Q ( u − x ) + V

− 1

Q Δ x,

the system (4.3) is reduced at the follo wing linear symmetric system:

−

K

− G ( x )

T

G ( x )

[

Δ x

Δ y

]

=

[

r + μ

−

r

g ( x )

]

, (4.7)

where:

−

K

= K ( x, y , z ) + H ( x )

T

S

− 1

Z H ( x ) + W

− 1

P + V

− 1

Q,

r = χ − H ( x )

T

S

− 1

Z h ( x ) − W

− 1

P ( x − l ) + V

− 1

Q ( u − x ) , (4.8)

−

r = H ( x )

T

S

− 1

e + W

− 1

e − V

− 1

e.

Solving the system (4.7) w e get the v ariables Δ x and Δ y with whic h from (4.6)

and (4.2) the rest of v ariables of the system, (4.1) can b e computed. Notice that,

as in the case of linear programming, w e m ust solv e a symmetric, undefined,

algebraic system, but in this case this is m uc h more complicated, the Jacobian

and Hessian matrices of the functions of the problems b eing in v olv ed.

5. The Merit F unction.

Solving the system (4.7), and considering (4.6) and (4.2) resp ectiv ely , w e get a

direction Δ t p oin ting to w ards the cen tral path. The problem w e m ust solv e no w

is to determine the step length along this direction. This is ac hiev ed b y means

of a merit function asso ciated to the optimalit y conditions (2.4). The idea of a

merit function is to ensure a progress to w ard a lo cal minim um of the problem

b y conserving the feasibilit y of the solution. The merit function used for the line

searc h is the squared l

2

− norm of the KKT conditions (2.4), i.e.,

Φ( t ) = ‖ F ( t ) ‖

2

2

= F ( t )

T

F ( t ) . (5.1)

Denote b y Φ

k

= Φ( t

k

) as the v alue of the merit function at the itration t

k

,

and Φ

k

( α ) = Φ( t

k

+ α Δ t

k

) whic h illustrates the dep endence of the merit function

b y the step length α . Clearly , Φ

k

(0) = Φ( t

k

) = Φ

k

. Hence,

Φ

k

( α ) = F ( t

k

+ α Δ t

k

)

T

F ( t

k

+ α Δ t

k

) . (5.2)

The follo wing prop osition sho ws that the direction giv en b y the p erturb ed

Newton’s system (3.1):

Δ t

k

=

[

F

′

( t

k

)

]

− 1

[

− F ( t

k

) + μ

∧

e

]

(5.3)

is a descen t direction for the merit function Φ( t ) .

Prop osition 2 . The dir e ction Δ t

k given by (5.3), solution of the p erturb e d

Newton system (3.1) is a desc ent dir e ction for the merit function (5.1).

Pr o of. Considering the deriv ativ e of Φ

k

( α ) at α = 0 w e get:

Φ

′

(0) = 2 F ( t

k

)

T

F

′

( t

k

)Δ t

k

=

2 F ( t

k

)

T

F

′

( t

k

)

[

F

′

( t

k

)

]

− 1

[

− F ( t

k

) + μ

∧

e

]

=

2 F ( t

k

)

T

[

− F ( t

k

) + μ

∧

e

]

=

− 2 ‖ F ( t

k

) ‖

2

2

+2 μF ( t

k

)

T

∧

e ,

hence, Φ

′

(0) < 0 if and only if 2 μF ( t

k

)

T

∧

e ≤ 2 ‖ F ( t

k

) ‖

2

2

. This suggests the

follo wing estimation of the barrier parameter used in to the logarithmic barrier

function (2.2):

μ ≤

‖ F ( t

k

) ‖

2

2

F ( t

k

)

T

∧

e

=

‖ F ( t

k

) ‖

2

2

s

T

z + w

T

p + v

T

q

. (5.4)

So, at ev ery iteration, c ho osing the v alue of the barrier parameter μ as in (5.4),

the direction Δ t

k giv en b y (5.3) is indeed a descen t direction for the merit function

Φ( t

k

) . □

The realation (5.4) is a v ery imp ortan t estimation of the barrier parameter μ.

W e will see that the n umerical exp erimen ts recommend a m uc h smaller v alue for

it.

6. The Step Length Determination.

The step length computation in algorithm (3.2) is a v ery imp ortan t ingredien t.

F or the unconstrained optimization the v alue of α is determined b y means of the

Wolfe c onditions , [W olfe, 1969, 1971], [Zoutendijk, 1970], [Dennis and Sc hnab el,

1983] , [No cedal, 1992]. F or linear programming or linear constrained optimiza-

tion the step length is determined b y a simple ratio test. F or nonlinear program-

ming the strategy for c ho osing α at eac h iteration b ecomes more complex. In

this case it is necessary to imp ose some additional constrain ts to ensure that the

curren t iterations are generated as close as p ossible to the cen tral path.

As w e ha v e learned from linear programming, also for problem (1.1), the

distance from cen tralit y is giv en b y:

ξ

k

= min { s

i z

i

, w

i p

i

, v

i q

i

}

s

T

z + w

T

p + v

T

q

2 n + m

. (6.1)

Clearly , 0 < ξ

k

≤ 1 , and ξ

k

= 1 if and only if s

i z

i

, w

i p

i

, v

i q

i are equal with a

constan t for all v alues of i. T o sp ecit y a v alue of α , firstly the follo wing function

is in tro duced:

Θ

I

( α ) = min { s

i

( α ) z

i

( α ) , w

i

( α ) p

i

( α ) , v

i

( α ) q

i

( α ) }

s

T

( α ) z ( α )+ w

T

( α ) p ( α )+ v

T

( α ) q ( α )

2 n + m

− γ τ

1

(6.2)

where τ

1 is the initial distance from cen tralit y:

τ

1

= min { s

0

i z

0

i

, w

0

i p

0

i

, v

0

i q

0

i

}

s

0 T

z

0

+ w

0 T

p

0

+ v

0 T

q

0

2 n + m

, (6.3)

and γ ∈ (0 , 1) is a constan t with whic h w e can mo dify the distance from cen tralit y .

Notice that for t = t

0 and γ = 1 , it follo ws that Θ

I

(0) = 0 . More than this, Θ

I

( α )

is a piecewise quadratic function. T o c ho ose the step length α

k at eac h iteration

w e will require that α

k to satisfy Θ

I

( α ) ≥ 0 for all α ∈ [0 , α

k

] , i.e.

min { s

i

( α ) z

i

( α ) , w

i

( α ) p

i

( α ) , v

i

( α ) q

i

( α ) }

s

T

( α ) z ( α )+ w

T

( α ) p ( α )+ v

T

( α ) q ( α )

2 n + m

≥ γ

k τ

1

(6.4) where the v ariables of the problem are considered at the k − th iteration and

γ

k

∈ (0 , 1) . Since Θ

I

( α ) is a piecewise quadratic function, from (6.4) it follo ws

that α

k can b e easily computed.

Considering no w the merit function (5.1), the W olfe’s conditions for its mini-

mization are:

Φ( t

k +1

) ≤ Φ( t

k

) + β α

k

∇ Φ( t

k

)

T

Δ t

k

, (6.5)

∇ Φ( t

k +1

)

T

Δ t

k

≥ δ ∇ Φ( t

k

)

T

Δ t

k

, (6.6)

where 0 < β < δ < 1 are parameters fixing the reduction of the merit function,

as w ell as the rate of decreasing of this function along the direction Δ t

k

. Ha ving

in view that Φ( t

k +1

) = Φ

k

( α ) , the first W olfe’s condition (6.5) is equiv alen t to:

Φ

k

( α ) ≤ Φ

k

(0) + β α

k

Φ

′

k

(0) . (6.7)

Prop osition 3 . F or the merit function (5.1), taking

μ

k

= σ

k s

T

k z

k

+ w

T

k p

k

+ v

T

k q

k

2 n + m

(6.8)

wher e σ

k

∈ (0 , 1) we have:

Φ

′

k

( 0 ) = − 2

[

Φ

k

(0) − σ

2 n + m

( s

T

z + w

T

p + v

T

q )

2

]

. (6.9)

Pr o of. By direct computation w e get:

Φ

′

k

(0) = − 2Φ

k

(0) + 2 μF ( t

k

)

T

∧

e = − 2Φ

k

(0) + 2 μ [ s

T

z + w

T

p + v

T

q ] =

− 2Φ

k

(0) + 2 σ s

T

z + w

T

p + v

T

q

2 n + m

[ s

T

z + w

T

p + v

T

q ] =

− 2

[

Φ

k

(0) − σ

2 n + m

( s

T

z + w

T

p + v

T

q )

2

]

. □

Prop osition 4. A t every iter ation:

( s

T

z + w

T

p + v

T

q )

2

2 n + m

≤ Φ

k

(0) . (6.10)

Pr o of . By simple algebraic manipulation w e get:

( s

T

z + w

T

p + v

T

q )

2

2 n + m

≤‖ S Z e ‖

2

2

+ ‖ W P e ‖

2

2

+ ‖ V Qe ‖

2

2

≤

‖ S Z e ‖

2

2

+ ‖ W P e ‖

2

2

+ ‖ V Qe ‖

2

2

+ ‖ C O ( t

k

) ‖

2

2

= Φ

k

(0) . □

It is easy to sho w that the estimation of the barrier parameter μ

k giv en b y

(6.8) with σ

k

∈ (0 , 1) , is smaller than the estimation recommended b y (5.4).

Hence, the μ

k giv en b y (6.8) ensures the descen t c haracter of the direction Δ t

k

.

Moreo v er, the follo wing prop osition giv es an estimation of the reduction of the

v alues of the merit function.

Prop osition 5. The dir e ction Δ t

k solution of the p erturb e d Newton system

(3.1) with μ given by (6.8) is a desc ent dir e ction for the merit function Φ( t ) at

every t

k

. Mor e over, if the first Wolfe c ondition (6.5) is satisfie d, then

Φ

k

( α

k

) ≤ [1 − 2 α

k β (1 − σ

k

)]Φ

k

( 0 ) . (6.11)

Pr o of. As w e kno w Φ

′

k

(0) = − 2 ‖ F ( t

k

) ‖

2

2

+2 μ

k

( s

T

z + w

T

p + v

T

q ) . Considering

μ

k as in (6.8) it follo ws that:

Φ

′

k

(0) = − 2Φ

k

(0) + 2 σ

k

( s

T

z + w

T

p + v

T

q )

2

2 n + m

≤

− 2Φ

k

(0) + 2 σ

k

Φ

k

(0) = − 2Φ

k

(0)(1 − σ

k

) < 0 ,

pro o ving the descen t c haracter of the direction giv en b y the p erturb ed Newton

system. Moreo v er, from (6.7) and taking in to accoun t the ab o v e prop ositions 3

and 4 w e ha v e:

Φ

k

( α ) ≤ Φ

k

(0) + β α

k

Φ

′

k

(0) =

Φ

k

(0) + β α

k

[

− 2

(

Φ

k

(0) − σ

k

( s

T

z + w

T

p + v

T

q )

2

2 n + m

) ]

≤

Φ

k

(0) − 2 β α

k

Φ

k

(0) + 2 β α

k σ

k

Φ

k

(0) =

[ 1 − 2 α

k β ( 1 − σ

k

) ] Φ

k

(0) ,

whic h pro v es the prop osition. □

This prop osition sho ws that the sequence { Φ

k

} is monotone and nonincreas-

ing, therefore for all k : Φ

k

≤ Φ

0

. Moreo v er, if the sequence of step length { α

k

}

is b ounded a w a y from zero and the parameter σ

k is b ounded a w a y from one at

ev ery iteration, it follo ws that the merit function is linear con v ergen t to zero.

Hence, the ab o v e (6.11) inequalit y is equiv alen t to:

‖ F ( t

k +1

) ‖

2

‖ F ( t

k

) ‖

2

≤ [ 1 − 2 α

k β (1 − σ

k

) ]

1 / 2

. (6.12)

Some n umerical examples illustrate that a problem that ma y lead to the

noncon v ergence of the algorithm is that the sequence {‖ C T ( s

k

, z

k

, w

k

, p

k

, v

k

, q

k

) ‖

} con v erges to zero faster than the sequence { Φ( t

k

) } . In these cases the sequence of

the steplengths { α

k

} is decreasing to zero, th us determining the noncon v ergence of the algorithm. In order to a v oid this situation let us in tro duce the follo wing

function:

Θ

I I

( α ) = s ( α )

T

z ( α ) + w ( α )

T

p ( α ) + v ( α )

T

q ( α ) −

γ τ

2

‖ C O ( t ( α )) ‖

2

(6.13)

where

τ

2

= s

T

0 z

0

+ w

T

0 p

0

+ v

T

0 q

0

‖ C O ( t

0

) ‖

2

, (6.14)

and γ ∈ (0 , 1) is a constan t, the same as in (6.2). Notice that for t = t

0 and

γ = 1; Θ

I I

(0) = 0 . Θ

I I

( α ) is generally nonlinear. F or c ho osing the steplength α

k

at ev ery iteration, w e will require that α

k to satisfy :

Θ

I I

( α

k

) ≥ 0 . (6.15)

Prop osition 6. L et { t

k

} b e a se quenc e gener ate d by (3.1). Then

min { 1 , 0 . 5 τ

2

} Φ( t

k

) ≤ ( s

T

k z

k

+ w

T

k p

k

+ v

T

k p

k

)

2

≤ (2 n + m )Φ( t

k

) . (6.16)

Pr o of . The second inequalit y folo ws from prop osition 4. So, w e will need to

pro v e only the first one. Since Θ i

( α

k

) ≥ 0 , for i = 1 , 2 , from (6.13) with γ

k

≥ 1 / 2 ,

w e ha v e:

( s

T

k z

k

+ w

T

k p

k

+ v

T

k p

k

) ≥ (1 / 2) τ

2

‖ C O ( t

k

) ‖

2

.

It follo ws that

( s

T

k z

k

+ w

T

k p

k

+ v

T

k p

k

) ≥

1

2

[ ‖ S Z e ‖

2

+ ‖ W P e ‖

2

+ ‖ V Qe ‖

2

+0 . 5 τ

2

‖ C O ( t

k

) ‖

2

] ≥

1

2 min { 1 , 0 . 5 τ

2

} ‖ F ( t

k

) ‖

2

,

whic h completes the pro of. □

This prop osition sho ws that the transv ersalit y conditions are b ounded, and

γ

k m ust b e selected as a decreasing sequence with 1 / 2 ≤ γ

k

≤ γ

k − 1

. Ha ving in

view all these dev elopmen ts, at eac h iteration, the steplength α

k is computed as

a solution of the follo wing system of algebraic inequalities:

a ) l ≤ x

k

+ α

k

Δ x

k

≤ u,

b ) s ( α

k

) , z ( α

k

) , w ( α

k

) , p ( α

k

) , v ( α

k

) , q ( α

k

) > 0 ,

c ) Θ

I

( α ) ≥ 0 , α ∈ [0 , α

k

] , (6.17)

d ) Θ

I I

( α

k

) ≥ 0 ,

e ) Φ

k

( α

k

) ≤ Φ

k

(0) + α

k β Φ

′

k

(0) ,

f ) ∇ Φ( α

k

)

T

Δ t

k

≥ δ ∇ Φ(0)

T

Δ t

k

.

where 0 < β < δ < 1 .

In order to determine a v alue α

k for the steplength satisfying (6.17) w e shall

consider a strategy of interval r e ducing . Clearly , the first t w o relations (6,17a) and

(6,17b) are v ery simple to b e implemen ted. Exactly as in the linear programming

case the coresp onding ratio test is p erformed th us obtaining a v alue α

m whic h

main tain the p ositivit y of the v ariables as w ell as simple b ounds on the v ariables

of the problem. Then, a v alue α

k

∈ (0 , α

m

] whic h satisfy the conditions (6.17c -

6.17f ) is selected.

7. The Primal-Dual In terior-P oin t Algorithm

The in terior p oin t algorithm for solving (1.1), based on the ab o v e dev elopmen ts,

has three main parts whic h refer to the computing of: the direction of mo ving,

the barrier parameter, and the steplength.

Algorithm PCNC

Step 1 . Initialization. Cho ose the initial p oin t t

0

= [ x

0 y

0 z

0 p

0 q

0 s

0 w

0 v

0

]

suc h that l ≤ x

0

≤ u, ( s

0

, z

0

) > 0 , ( w

0

, p

0

) > 0 , ( v

0

, q

0

) > 0 , as w ell as the v alues

of the parameters: β ∈ (0 , 1 / 2] , γ

k − 1

= 1 , and ρ ∈ (0 , 1) . Set k = 0 .

Step 2 . T est of c onver genc e . Compute the v alue of the merit function:

Φ( t

k

) = F ( t

k

)

T

F ( t

k

) . If Φ( t

k

) ≤ ε, stop, else con tin ue with step 3.

Step 3 . Evaluation of the b arier p ar ameter . Cho ose σ

k

∈ (0 , 1) . Using (6.8)

compute the v alue of the barrier parameter μ

k

.

Step 4 . Computing the dir e ction of moving . Compute the p erturb ed Newton

direction Δ t

k b y solving the reduced Newton system (4.7) and using the relations

(4.6) and (4.2).

Step 5 . Steplength determination .

a) Cho ose

1

2

≤ γ

k

≤ γ

k − 1

.

b) Compute α

m as the maxim um v alue of α

k whic h satisfy the conditions

(6.17a) and (6.17b).

c) Determine α

I

k

∈ (0 , α

m

] as the smallest p ositiv e ro ot suc h that Θ

I

( α ) ≥ 0

for all α ∈ (0 , α

I

k

] .

d) Determine α

I I

k

∈ (0 , α

I

k

] suc h that Θ

I I

( α

I I

k

) ≥ 0 .

e) Set

−

α

k

= min ( α

I

k

, α

I I

k

) .

f ) Let α

k

= ρ j

−

α

k

, where j is the smallest nonnegativ e in teger suc h that α

k

satisfies the condition (6.17e)

Step 6 . Up dating of the variables . Set t

k +1

= t

k

+ α

k

Δ t

k

, k = k + 1 and go

to step 2.

Some remarks are in order:

1. The initial p oint . Generally , nonlinear programming requires that an initial

starting p oin t b e giv en as part of the problem data. F or an in terior-p oin t algo-

rithm b esides the sp ecification of the initial v alues for x

j

, the initial v alues for the

v ariables y

i

, z

i

, p

i

, etc. m ust b e determined b y the program. F or slac k v ariables

w

i and v

i w e can consider simply the initial v alues as: w

i

= x

i

− l

i and v

i

= u

i

− x

i

,

for i = 1 , ..., n, resp ectiv ely . F or slac k v ariables s

i w e can compute h ( x

0

) and set

s

i

= h

i

( x

0

) , for i = 1 , ..., m. There are t w o problems with this approac h for com-

puting the initial v alues for the s

i v ariables. Firstly , if x

0 is not feasible, than s

i

computed as ab o v e giv es an initial negativ e v alue to some comp onen ts. Secondly ,

ev en if x

0 is feasible, it ma y lie on the b oundary of the feasible region of the prob-

lem or so close to it that some initial v alues of s

i are v ery close to zero precluding

the algorithm to mak e an y progress. T o o v ercome this difficult y , as V anderb ei

and Shanno [1997] suggested, it is necessary to sp ecify a v alue for a parameter

ϑ > 0 so that all initial v alues of v ariables constrained to b e nonnegativ e are at

least as large as ϑ. Hence s

i is initially set as: s

i

= max { h

i

( x

0

) , ϑ } . (In our tests

w e ha v e considered ϑ = 1 . ) The initial v alues of the v ariables y

i

, i = 1 , ..., me,

are computed as solution of the follo wing linear system:

[ ∇ g ( x

0

) ∇ g ( x

0

)

T

] y = ∇ g ( x

0

)[ ∇ f ( x

0

) − ∇ h ( x

0

)

T

z

0

− p

0

+ q

0

] . (7.1)

Prop osition 7 . Supp ose that the functions of the pr oblem f ( x ) , g ( x ) and

h ( x ) ar e twic e c ontinuously differ entiable and the derivative of C O ( t ) given by

(2.5) is Lipschitz c ontinuous. If the c olumns of ∇ g ( x ) ar e line arly indep endent,

than the variable y given by (7.1) is wel l define d and b ounde d.

Pr o of. F rom the first relation of (2.5) it follo ws that:

y = [ ∇ g ( x ) ∇ g ( x )

T

]

− 1

∇ g ( x )[ ∇ f ( x ) − ∇ h ( x )

T

z − p + q ] . (7.2)

Ha ving in view that x is in a compact set and the Jacobian ∇ g ( x ) is of full rank

on ro ws, than the in v erse of the matrix in (7.2) exists, i.e. y is w ell defined. The

b oundness of y follo ws from the conditions of the prop osition. □

2. The se ar ch dir e ction . In prop osition 2 ab o v e w e sho w ed that the step direction Δ t giv en b y (5.3) ha v e desirable descen t prop erties for the merit function

pro vided that the v alue of the barrier parameter is selected as in (5.4).

T o determine the searc h direction the reduced Newton system (4.7) is solv ed

b y Cholesky factorization. After Δ x and Δ y ha v e b een determined using (4.6)

and (4.2) the rest of v ariables are v ery easy computed.

Prop osition 8 . Supp ose that the functions of the pr oblem f ( x ) , g ( x ) and

h ( x ) ar e twic e c ontinously differ entiable, the derivative of C O ( t ) given by (2.5) is

Lipschitz c ontinuous and the set of gr adients {∇ g

1

( x

k

) , ..., ∇ g

me

( x

k

) } ∪ {∇ h

i

( x

k

) ,

i ∈ A ( x

∗

) } is line arly indep endent for k sufficiently lar ge, wher e A ( x

∗

) is the set of

active ine quality c onstr aints in x

∗

. Then the se quenc e of se ar ch dir e ctions { Δ t

k

}

gener ate d by the algorithm PCNC is b ounde d.

Pr o of. Symmetrizing the matrix F

′

( t

k

) and rearranging the order of its ro ws

and columns, w e ha v e

F

′

( t

k

) =

[

A B

B

T

C

]

where

A =

K ( x

k

, y

k

, z

k

) − G ( x

k

)

T

− H ( x

k

)

T

− G ( x

k

)

− H ( x

k

)

and the matrices B and C can b e v ery easy iden tified from F

′

( t ) . By assumptions

of the prop osition the matrix A is in v ertible and ‖ A

− 1

‖ is uniformly b ounded.

A straigh tforw ard computation sho ws that:

[

A B

B

T

C

]

− 1

=

[

A

− 1

+ A

− 1

B ( C − B

T

A

− 1

B )

− 1

B

T

A

− 1

− A

− 1

B ( C − B

T

A

− 1

B )

− 1

− ( C − B

T

A

− 1

B )

− 1

B

T

A

− 1

( C − B

T

A

− 1

B )

− 1

]

whic h is b ounded, since ev ery matrix in v olv ed is b ounded. Hence,

[

F

′

( t

k

)

]

− 1

is

uniformly b ounded, whic h pro v es the prop osition. □

3. Me asur es of pr o gr ess . W e assume that the functions of the problem f ( x ) ,

g ( x ) and h ( x ) are t wice con tin uously differen tiable and the deriv ativ e of C O ( t ) in

(2.5) is Lipsc hitz con tin uous. F rom (6.17a) w e notice that the iteration sequence

{ x

k

} is b ounded. More than this, the descen t c haracter of the Newton direction

and the sp ecific c hoice of the steplength α ensure that Δ t → 0 along the iterations.

The follo wing prop ositions sho w the progress of the algorithm in one iteration

regarding the primal and the dual feasibilit y as w ell as the complemen tarit y .

Prop osition 9 . L et us define:

e

1

( x, s ) = s − h ( x ) ,

e

2

( x, w ) = l + w − x, (7.3)

e

3

( x, v ) = u − v − x.

Then

e

1

(

−

x ,

−

s ) = (1 − α ) e

1

( x, s ) + o ( α )

e

2

(

−

x ,

−

w ) = (1 − α ) e

2

( x, w ) (7.4)

e

3

(

−

x ,

−

v ) = (1 − α ) e

3

( x, v )

Pr o of . By direct computation w e ha v e:

e

1

(

−

x ,

−

s ) =

−

s − h (

−

x ) = s + α Δ s − h ( x + α Δ x ) =

s + α Δ s − h ( x ) − α ∇ h ( x )Δ x + o ( α ) =

s − h ( x ) + α [Δ s − ∇ h ( x )Δ x ] + o ( α ) =

(1 − α ) e

1

( x, s ) + o ( α ) ,

where the last equalit y follo ws from the third blo c k of equations in (4.1). The

analysis is similar for e

2 and e

3

. □

Prop osition 10 . Define

−

χ as the value of χ fr om (4.5) c ompute d in

−

t = t +

α Δ t . Then

−

χ

≤ (1 − α ) χ. (7.5)

Pr o of. By direct computation w e get:

−

χ = −∇ f (

−

x ) + G (

−

x )

T

−

y

+ H (

−

x )

T

−

z +

−

p

−

−

q

=

χ + α [ − K ( x, y , z )Δ x + G ( x )

T

Δ y + H ( x )

T

Δ z + Δ p − Δ q ]+

α

2

[ me

∑

i =1

Δ y

i

∇

2

g

i

( x )+ m

∑

i =1

Δ z

i

∇

2

h

i

( x )]Δ x.

Using the first equalit y from (4.1) it follo ws that

−

χ = (1 − α ) χ + α

2

[ me

∑

i =1

Δ y

i

∇

2

g

i

( x )+ m

∑

i =1

Δ z

i

∇

2

h

i

( x )]Δ x.

No w ha ving in view that the deriv ativ e of C O ( t ) from (2.5) is Lipsc hitz con tin uous

it follo ws that

−

χ

≤ (1 − α ) χ. □

Prop osition 11 . Assume that ‖ s ‖

∞

, ‖ w ‖

∞

, ‖ v ‖

∞ ar e b ounde d by a lar ge

r e al numb er M , and α define d by (6.17) is such that α ≤ 1 . L et us define:

ω = s

T

z + w

T

p + v

T

q . (7.6)

Then

−

ω ≤ ω [1 − α (1 − σ )] + M [ ‖ Δ z ‖

1

+ ‖ Δ p ‖

1

+ ‖ Δ q ‖

1

] (7.7)

Pr o of . By simple algebraic manipulations w e get:

−

ω =

−

s

T

−

z +

−

w

T

−

p

+

−

v

T

−

q

=

( s + α Δ s )

T

( z + α Δ z ) + ( w + α Δ w )

T

( p + α Δ p ) + ( v + α Δ v )

T

( q + α Δ q ) =

ω + α [( s

T

Δ z + z

T

Δ s ) + ( w

T

Δ p + p

T

Δ w ) + ( v

T

Δ q + q

T

Δ v )]+

α

2

[Δ s

T

Δ z + Δ w

T

Δ p + Δ v

T

Δ q ] .

But,

s

T

Δ z + z

T

Δ s = e

T

( S Δ z + Z Δ s ) = e

T

( μe − S Z e ) = μm − s

T

z ,

w

T

Δ p + p

T

Δ w = e

T

( W Δ p + P Δ w ) = e

T

( μe − W P e ) = μn − w

T

p,

v

T

Δ q + q

T

Δ v = e

T

( V Δ q + Q Δ v ) = e

T

( μe − V Qe ) = μn − v

T

q ,

where the last t w o equalities are from (4.1). So,

−

ω = ω + α [( m + 2 n ) μ − ω ] + α

2

[Δ s

T

Δ z + Δ w

T

Δ p + Δ v

T

Δ q ] ,

and from (6.8) it follo ws that:

−

ω = ω [1 − α (1 − σ )] + α

2

[Δ s

T

Δ z + Δ w

T

Δ p + Δ v

T

Δ q ] .

No w w e shall estimate the term in α

2

as follo ws:

α

2

| Δ s

T

Δ z + Δ w

T

Δ p + Δ v

T

Δ q |≤ α

2

[ | Δ s

T

Δ z | + | Δ w

T

Δ p | + | Δ v

T

Δ q | ] ,

But,

α

2

| Δ s

T

Δ z | = α

2

|

∑

i

Δ s

i

Δ z

i

|≤ α

2

∑

|

i

Δ s

i

|| Δ z

i

|≤

α

2

( max

i

| Δ s

i

| )(

∑

i

| Δ z

i

| ) = α

2

‖ Δ s ‖

∞

‖ Δ z ‖

1

=

α ‖ α Δ s ‖

∞

‖ Δ z ‖

1

, where the last inequalit y is a trivial case of the H¨ older’s inequalit y . Clearly , sim-

ilar estimates can b e obtained for α

2

| Δ w

T

Δ p | and α

2

| Δ v

T

Δ q | . Substituting

these expressions in to the last expression for

−

ω , w e get:

−

ω ≤ ω [1 − α (1 − σ )]+

α [ ‖ α Δ s ‖

∞

‖ Δ z ‖

1

+ ‖ α Δ w ‖

∞

‖ Δ p ‖

1

+ ‖ α Δ v ‖

∞

‖ Δ q ‖

1

] .

No w, w e use the sp ecific c hoice of the steplength α to get a b ound on ‖ α Δ s ‖

∞

,

‖ α Δ w ‖

∞ and ‖ α Δ v ‖

∞

. Indeed, (6.17a and b) implies that

α ≤ s

i

| Δ s

i

|

, for all i = 1 , ..., m, hence, ‖ α Δ s ‖

∞

≤‖ s ‖

∞

.

Similarly , ‖ α Δ w ‖

∞

≤‖ w ‖

∞ and ‖ α Δ v ‖

∞

≤‖ v ‖

∞

. Ha ving in view that

‖ s ‖

∞

, ‖ w ‖

∞ and ‖ v ‖

∞ are b ounded b y the real n um b er M , the follo wing

estimate of the complemen tarit y is obtained:

−

ω ≤ ω [1 − α (1 − σ )] + M [ ‖ Δ z ‖

1

+ ‖ Δ p ‖

1

+ ‖ Δ q ‖

1

] . □

Another estimation of the complemen tarit y can b e giv en as in

Prop osition 12 . Assume that ‖ z ‖

∞

, ‖ p ‖

∞

, ‖ q ‖

∞ ar e b ounde d by a lar ge

r e al numb er M , and α define d by (6.17) is such that α ≤ 1 . Then

−

ω = ≤ ω [1 − α (1 − σ )] + M [ ‖ e

1

‖

1

+ ‖ e

2

‖

1

+ ‖ e

3

‖

1

] . (7.8)

Pr o of. As in prop osition 11 ab o v e w e can write:

−

ω = ω [1 − α (1 − σ )] + α

2

[Δ s

T

Δ z + Δ w

T

Δ p + Δ v

T

Δ q ] .

No w, from (4.1) w e get: Δ s = H ( x )Δ x − e

1

, Δ w = Δ x − e

2 and Δ v = e

3

− Δ x.

Substituting these expressions of Δ s, Δ w and Δ v in to the expresion of

−

ω w e get

−

ω = ω [1 − α (1 − σ )] + α

2

[Δ x

T

( H

T

Δ z + Δ p − Δ q ) − e

T

1

Δ z − e

T

2

Δ p + e

T

3

Δ q ] .

But from the first equalit y in (4.1) H

T

Δ z + Δ p − Δ q = K Δ x − G

T

Δ y − χ. Hence

−

ω = ω [1 − α (1 − σ )] + α

2

[Δ x

T

K Δ x − Δ x

T

G

T

Δ y − Δ x

T

χ − e

T

1

Δ z − e

T

2

Δ p + e

T

3

Δ q ] .

Ha ving in view that the functions of the problem are t wice con tin uously differen-

tiable and the deriv ativ e of C O ( t ) giv en b y (2.5) is Lipsc hitz con tin uos, it follo ws

that

−

ω ≤ ω [1 − α (1 − σ )] + α

2

[ | e

T

1

Δ z | + | e

T

2

Δ p | + | e

T

3

Δ q | ] .

As ab o v e, using a v arian t of the H¨ older inequalit y w e obtain

−

ω ≤ ω [1 − α (1 − σ )] + α [ ‖ e

1

‖

1

‖ α Δ z ‖

∞

+ ‖ e

2

‖

1

‖ α Δ p ‖

∞

+ ‖ e

3

‖

1

‖ α Δ q ‖

∞

] .

But, from the sp ecific c hoice of α w e can write: ‖ α Δ z ‖

∞

≤‖ z ‖

∞

≤ M , ‖

α Δ p ‖

∞

≤‖ p ‖

∞

≤ M and ‖ α Δ q ‖

∞

≤‖ q ‖

∞

≤ M whic h in tro duced in to the last

inequalit y w e can estimate the new complemen tarit y as:

−

ω ≤ ω [1 − α (1 − σ )] + M [ ‖ e

1

‖

1

+ ‖ e

2

‖

1

+ ‖ e

3

‖

1

] . □

As w e kno w from the dualit y theory , three criteria m ust b e met in order

that a primal-dual solution b e optimal: primal feasibilit y , dual feasibilit y and

complemen tarit y . The follo wing theorems sho w the progress of the algorithm

o v er sev eral iterations with resp ect to the primal and dual feasabilit y , as w ell as

the complemen tarit y .

Theorem 1 . L et e k

1

( x, s ) , e k

2

( x, w ) and e k

3

( x, v ) denote the values of these

quantities at the k-th iter ation. Then:

e k

1

( x, s ) ≤ (1 − α ) k

e

0

1

( x, s ) ,

e k

2

( x, w ) = (1 − α ) k

e

0

2

( x, w ) , (7.9)

e k

3

( x, v ) = (1 − α ) k

e

0

3

( x, v ) .

Pr o of. F rom prop osition 9 w e ha v e e k

1

( x, s ) ≤ (1 − α ) e k − 1

1

( x, s ) ≤ ... ≤

(1 − α ) k

e

0

1

( x, s ) , whic h pro v es the first inequalit y of the prop osition. Simi-

larly , e k

2

( x, w ) = (1 − α ) e k − 1

2

( x, w ) = ... (1 − α ) k

e

0

2

( x, w ) , and e k

3

( x, v ) = (1 −

α ) e k − 1

3

( x, v ) = ... = (1 − α ) k

e

0

3

( x, v ) . □

Theorem 2 . L et χ k

denote the value of χ at the k-th iter ation. Then:

χ k

≤ ( 1 − α ) k

χ

0

. (7.10)

Pr o of . F rom prop osition 10 ab o v e w e can write: χ k

≤ (1 − α ) χ k − 1

≤ ... ≤

(1 − α ) k

χ

0

, whic h pro v es the theorem. □

Theorem 3. L et ω k

denote the value of ω at the k-th iter ation. Assume that

‖ z ‖

∞

, ‖ p ‖

∞

, ‖ q ‖

∞ ar e b ounde d by a lar ge r e al numb er M < ∞ , and α define d

by (6.17) is such that α ≤ 1 . Then ther e exists a c onstant

∼

M

< ∞ such that:

ω k

≤ (1 −

−

α ) k

∼

M

(7.11)

where

−

α = α (1 − σ ) .

Pr o of . F rom prop osition 12 and the previous estimations giv en b y theorem 1,

w e see that

ω k

≤ (1 − α (1 − σ )) ω k − 1

+ M (1 − α ) k − 1

[ ‖ e

1

‖

1

+ ‖ e

2

‖

1

+ ‖ e

3

‖

1

] =

(1 −

−

α ) ω k − 1

+

−

M

(1 − α ) k − 1

,

where

−

α = α (1 − σ ) and

−

M

= M [ ‖ e

1

‖

1

+ ‖ e

2

‖

1

+ ‖ e

3

‖

1

] . Since an analogous

inequalit y relates ω k − 1

to ω k − 2

, w e can substitute the corresp onding inequalit y

to get

ω k

≤ (1 −

−

α )[(1 −

−

α ) ω k − 2

+

−

M

(1 − α ) k − 2

]+

−

M

(1 − α ) k − 1

=

(1 −

−

α )

2

ω k − 2

+

−

M

(1 − α ) k − 1

[

1 −

−

α

1 − α

+ 1

]

.

Con tin uing in this manner, w e can write

ω k

≤ (1 −

−

α )

2

[(1 −

−

α ) ω k − 3

+

−

M

(1 − α ) k − 3

]+

−

M

(1 − α ) k − 1

[

1 −

−

α

1 − α

+ 1

]

=

(1 −

−

α )

3

ω k − 3

+

−

M

(1 − α ) k − 1

[

(

1 −

−

α

1 − α

)

2

+

1 −

−

α

1 − α

+ 1

]

≤ ... ≤

(1 −

−

α ) k

ω

0

+

−

M

(1 − α ) k − 1

[

(

1 −

−

α

1 − α

)

k − 1

+ ... +

1 −

−

α

1 − α

+ 1

]

.

But

(1 − α ) k − 1

[

(

1 −

−

α

1 − α

)

k − 1

+ ... +

1 −

−

α

1 − α

+ 1

]

=

(

1 −

−

α

)

k

− ( 1 − α ) k

α −

−

α

=

(

1 −

−

α

)

k

− ( 1 − α ) k

ασ

≤

(

1 −

−

α

)

k

ασ

.

Considering this last inequalit y , w e see that

ω k

≤ (1 −

−

α ) k

ω

0

+

−

M

(

1 −

−

α

)

k

ασ

= (1 −

−

α ) k

[

ω

0

+

−

M

ασ

]

.

Denoting

[

ω

0

+

−

M

ασ

]

=

∼

M

, w e see that ω k

≤ (1 −

−

α ) k

∼

M

. □

The ab o v e theorems are only a partial con v ergence result b ecause all of them

dep end on the assumption that the steplengths remain b ounded a w a y from zero.

Remark. Note that the primal and dual infeasibilities go do wn b y a factor of

(1 − α ) at eac h iteration, whereas the complemen tarit y go es do wn b y the factor

(1 −

−

α ) > (1 − α ) .

4. The step length . A crucial p oin t of the algorithm is the steplength deter-

mination. The follo wing prop osition sho ws that the sequence of

−

{ α

k

} generated

b y step 5e of the algorithm PCNC is b ounded a w a y from zero.

Prop osition 13 . Supp ose that the functions of the pr oblem f ( x ) , g ( x ) and

h ( x ) ar e twic e c ontinuously differ entiable and the derivative of C O ( t ) given by

(2.5) is Lipschitz c ontinuous with a c onstant L. If { σ

k

} is b ounde d away fr om

zer o, then the se quenc e of

−

{ α

k

} gener ate d by the PCNC algorithm is b ounde d

away fr om zer o.

Pr o of . Since

−

α

k

= min ( α

I

k

, α

I I

k

) it sufices to sho w that the sequences { α

I

k

} and

{ α

I I

k

} are b ounded a w a y from zero. Let us suppress the subscript k . F ollo wing El-

Bakry , T apia, Tsuc hiy a and Zhang [1996] let us define the v ectors: a ( α ) = [ s ( α )

w ( α ) v ( α )]

T

∈ R m +2 n

and b ( α ) = [ z ( α ) p ( α ) q ( α )]

T

∈ R m +2 n

. Hence, the function

Θ

I

( α ) from (6.2) it is written as:

Θ

I

( α ) = min { a

i

( α ) b

i

( α ) }

a

T

( α ) b ( α )

2 n + m

− γ τ

1

.

F rom the definition of α

I

(step 5c) w e see that α is the largest n um b er in

[0 , α

m

] suc h that

a

i

( α ) b

i

( α ) − γ τ

1 a

T

( α ) b ( α ) / (2 n + m ) ≥ 0 ,

for ev ery i = 1 , ..., 2 n + m and α ∈ [0 , α

I

] .

Let η

i

= | Δ a

i

Δ b

i

− γ τ

1

Δ a

T

Δ b

2 n + m

| . F rom prop osition 8 it follo ws that Δ t is b ounded,

then there is a p ositiv e constan t M suc h that η

i

≤ M . A straigh tforw ard compu-

tation sho ws that, for α ∈ [0 , α

I

] ,

a

i

( α ) b

i

( α ) − γ τ

1 a

T

( α ) b ( α )

2 n + m

=

[

a

i b

i

− γ τ

1 a

T

b

2 n + m

]

+ α

[

a

i

Δ b

i

+ b

i

Δ a

i

− γ τ

1 a

T

Δ b + b

T

Δ a

2 n + m

]

+ α

2

[

Δ a

i

Δ b

i

− γ τ

1

Δ a

T

Δ b

2 n + m

]

≥ α (1 − γ τ

1

) μ − α

2

| Δ a

i

Δ b

i

− γ τ

1

Δ a

T

Δ b

2 n + m

|

= α (1 − γ τ

1

) μ − η

i α

2

≥ α (1 − γ τ

1

) μ − M α

2

≥ 0 .

Hence,

α

I

≥ (1 − γ τ

1

) μ/ M .

But, as w e kno w, μ = σ a

T

b

2 n + m and for σ b ounded a w a y from zero it follo ws that μ

is b ounded b elo w. Hence, α

I

is b ounded a w a y from zero.

No w, let us sho w that { α

I I

k

} generated b y the step 5 of the algorithm PCNC is

b ounded a w a y from zero. By the mean-v alue theorem for v ector-v alued function

[Dennis and Sc hnab el, 1983, Chap. 4] w e ha v e:

C O ( t + α Δ t ) = C O ( t ) + α

[

1

∫

0

∇ C O ( t + ξ α Δ t ) dξ

]

Δ t

= C O ( t ) + α ∇ C O ( t )Δ t + α

[

1

∫

0

( ∇ C O ( t + ξ α Δ t ) − ∇ C O ( t ) ) dξ

]

Δ t

= (1 − α ) C O ( t ) + α

[

1

∫

0

( ∇ C O ( t + ξ α Δ t ) − ∇ C O ( t ) ) dξ

]

Δ t,

where the last equalit y is from (3.1). No w, ha ving in view that the deriv ativ e of

C O ( t ) is Lipsc hitz con tinous with the constan t L , w e obtain:

‖ C O ( t + α Δ t ) ‖≤‖ C O ( t ) ‖| 1 − α | + Lα

2

‖ Δ t ‖

2

.

Using this inequalit y w e ha v e:

Θ

I I

( α ) = a

T

( α ) b ( α ) − γ τ

2

‖ C O ( t + α Δ t ) ‖

= a

T

b + α

[

a

T

Δ b + b

T

Δ a

]

+ α

2

Δ a

T

Δ b − γ τ

2

‖ C O ( t + α Δ t ) ‖

≥| 1 − α | a

T

b + α σ a

T

b + α

2

Δ a

T

Δ b − γ τ

2

( ‖ C O ( t ) ‖| 1 − α | + Lα

2

‖ Δ t ‖

2

)

= | 1 − α |

(

a

T

b − γ τ

2

‖ C O ( t ) ‖

)

+ α σ a

T

b + α

2

(

Δ a

T

Δ b − γ τ

2

L ‖ Δ t ‖

2

)

≥ α

[

σ a

T

b − α | Δ a

T

Δ b − γ τ

2

L ‖ Δ t ‖

2

|

]

.

F rom prop osition 8 there is a constan t N > 0 suc h that

| Δ a

T

Δ b − γ τ

2

L ‖ Δ t ‖

2

|≤ N .

Hence,

Θ

I I

( α ) ≥ α

[

σ a

T

b − α N

]

.

F rom condition (6.15) it follo ws that

α

I I

≥ σ a

T

b/ N .

Since { σ

k

} is b ounded a w a y from zero, then the sequence { α

I I

k

} is b ounded a w a y

from zero. □

Theorem 4. Supp ose that the functions of the pr oblem f ( x ) , g ( x ) and h ( x )

ar e twic e c ontinuously differ entiable and the derivative of C O ( t ) given by (2.5)

is Lipschitz c ontinuous. L et { t

k

} b e gener ate d by the algorithm PCNC, wher e

{ σ

k

} ⊂ (0 , 1) is b ounde d away fr om zer o and one. Then the se quenc e { F ( t

k

) }

c onver ges to zer o, and for any limit p oint t

∗

= [ x

∗

, y

∗

, z

∗

, p

∗

, q

∗

, s

∗

, w

∗

, v

∗

]

T

, x

∗

is a KKT p oint of the pr oblem (1).

Pr o of. Firstly , note that the sequence {‖ F ( t

k

) ‖} is monotone decreasing,

hence it is con v ergen t. By con tradiction, supp ose that {‖ F ( t

k

) ‖} is not con v er-

gen t to zero. But, from prop osition 5 w e ha v e

Φ

k

( α

k

) / Φ

k

(0) ≤ 1 − 2 α

k β (1 − σ

k

)

Then, from prop osition 13 it follo ws that the sequence { Φ

k

} con v erges linearly

to zero. This giv es a con tradiction.

On the other hand, from prop osition 2 w e ha v e:

∇ Φ( t

k

)Δ t

k

= − 2 F ( t

k

)

T

F ( t

k

) + 2 μ

k

F ( t

k

)

∧

e .

Since the sequence { α

k

} is b ounded a w a y from zero, then the bac ktrac king line

searc h used in step 5 of the algorithm PCNC pro duces:

∇ Φ( t

k

)Δ t

k

‖ Δ t

k

‖

=

− 2[ F ( t

k

)

T

F ( t

k

) − μ

k

F ( t

k

)

∧

e ]

‖ Δ t

k

‖

→ 0 .

F rom prop osition 8, Δ t

k is b ounded a w a y from zero, then

Φ( t

k

) − μ

k

[ s

T

k z

k

+ w

T

k p

k

+ v

T

k q

k

] → 0 .

Ho w ev er,

Φ( t

k

) − μ

k

[ s

T

k z

k

+ w

T

k p

k

+ v

T

k q

k

] ≥ (1 − σ

k

)Φ( t

k

) .

Therefore, it m ust hold that Φ( t

k

) → 0 , b ecause the sequence { σ

k

} is b ounded

a w a y from one. This again leads to a con tradiction. Hence, the sequence {‖

F ( t

k

) ‖} m ust con v erge to zero. Since the KKT conditions for the problem (1)

are satisfied b y t

∗

, it follo ws that x

∗

is a KKT p oin t of the problem (1). □

8. Numerical Examples

In this section w e shall presen t some n umerical results obtained with a crude

exp erimen tal co de whic h is still in progress of dev elopmen t. Ha ving in view

that the conditions (6.17d) and (6.17f ) are difficult to b e implemen ted, for step

length determination, w e shall consider a v arian t of the algorithm in whic h only

the conditions (6.17a, b, c and e) are implemen ted. Firstly w e presen t details

of the running of the algorithm for a n um b er of three problems. After that,

some c haracteristics of the optimization pro cess with PCNC for some problems

from the Ho c k and Sc hittk o wski’s and Sc hittk o wski’s sets of test problems are

presen ted.

Example 1 . Let us consider the problem: [Ho c k and Sc hittk o wski, 1981,

problem 71, pp.92]

min x

1 x

4

( x

1

+ x

2

+ x

3

) + x

3

sub ject to:

x

1 x

2 x

3 x

4

− 25 ≥ 0 ,

x

2

1

+ x

2

2

+ x

2

3

+ x

2

4

− 40 = 0 ,

1 ≤ x

i

≤ 5 , i = 1 , 2 , 3 , 4 .

The ev olution of some elemen ts of the algorithm PCNC is giv en in tables 1

and 2.

T able 1 . The ev olution of the functions ( ε = 10

− 8

):

f ( x

k

) = value of the obje ctive

Φ( t

k

) = value of the merit function

‖ C O ( t

k

) ‖

2

= norm of the optimality c onditions

‖ C T ( . ) ‖

2

= norm of the tr ansversality c onditions

k f ( x

k

) Φ( t

k

) ‖ C O ( t

k

) ‖

2

‖ C T ( . ) ‖

2

0 .160000E+02 .534076E+03 .465076E+03 .690000E+02

1 .169494E+02 .112666E+02 .897539E+01 .229126E+01

2 .171584E+02 .253076E+00 .897539E+01 .135262E+00

3 .169951E+02 .202962E-01 .141485E+01 .614777E-02

4 .170168E+02 .455528E-03 .188750E-03 .266778E-03

5 .170158E+02 .110764E-04 .526546E-06 .105499E-04

6 .170144E+02 .424528E-06 .561720E-09 .423877E-06

7 .170141E+02 .162452E-07 .651720E-09 .162445E-07

8 .170140E+02 .243738E-10 .199940E-14 .243718E-10

T able 2. The ev olution of the parameters ( ε = 10

− 8

):

γ

k

= value of p ar ameter γ in function Θ

I

( α )

σ

k

= value of p ar ameter σ for b arrier p ar ameter μ

α

max

= maximum value of the steplength

α

k

= value of steplength

μ

k

= value of the b arrier p ar ameter

k γ

k σ

k α

max α

k μ

k

0 0.750000 0.1 1.090858 1.039720 .233333E+00

1 0.625000 0.2 0.992283 0.926926 .906640E-01

2 0.562500 0.2 1.170237 1.0 .226439E-01

3 0.531250 0.2 1.210422 1.0 .488023E-02

4 0.515625 0.2 1.165723 1.0 .105805E-02

5 0.507812 0.2 1.220644 1.0 .216128E-03

6 0.503906 0.19530 1.238018 1.0 .423836E-04

7 0.501953 0.03823 1.039720 1.0 .162444E-05

Some remarks are in order:

1. The parameter γ

k is up dated as: γ

k +1

= 0 . 5 + ( γ

k

− 0 . 5) / 2 . Clearly , w e can

imagine some other up dating form ulas for γ

k

∈ [0 . 5 , γ

k − 1

] .

2. The parameter σ

k is up dated as:

σ

k

=

{

η

1

, if σ

k

≤ η

2

( s

T

z + w

T

p + v

T

q ) ,

η

2

( s

T

z + w

T

p + v

T

q ) , if σ

k

> η

2

( s

T

z + w

T

p + v

T

q )

where η

1

= 0 . 1 and η

2

= 100 .

3. Ev en that the (6.17d) condition: Θ

I I

( α

k

) ≥ 0 has not b een implemen ted

w e see that in the last part of the optimization pro cess: ‖ C O ( t

k

) ‖

2

< ‖ C T ( . ) ‖

2

,

this ensuring the con v ergence of the algorithm.

4. Note that the steplength α

k

→ 1 , exactly as in the ”pure” Newton metho d.

5. It is in teresting to see the ev olution of the barrier parameter μ

k giv en b y

(5.4) or b y (6.8). T able 3 illustrates this b eha viour.

T able 3 . The ev olution of the barrier papameter μ

k

( ε = 10

− 8

) k μ

k giv en b y (6.8) μ

k giv en b y (5.4)

0 .233333E+00 .254322E+02

1 .906640E-01 .276151E+01

2 .226439E-01 .248363E+00

3 .488023E-02 .924194E-01

4 .105805E-02 .956741E-02

5 .216128E-03 .113888E-02

6 .423836E-04 .217363E-03

7 .162444E-05 .424866E-04

6. The solution of this problem is x = [1 5 5 1]

T

. The v alue of the ob jectiv e

function is 17 . 0140173 . The v alue of the equalit y constrain ts is .7638083E-08, and

of the inequalit y constrain ts is .2935759E-05.

7. The SPENBAR pac k age [Andrei, 1996a-d] giv es a solution for this problem

in v olving 8 ma jor iterations, 143 minor iterations (truncated Newton iterations)

and 591 ev aluations of the functions of the problem.

Example 2 . Let us consider the problem [Ho c k and Sc hittk o wski, 1981,

problem 43, pp.66, (Rosen -Suzuki)]:

min x

2

1

+ x

2

2

+ 2 x

2

3

+ x

2

4

− 5 x

1

− 5 x

2

− 21 x

3

+ 7 x

4

sub ject to:

8 − x

2

1

− x

2

2

− x

2

3

− x

2

4

− x

1

+ x

2

− x

3

+ x

4

≥ 0 ,

10 − x

2

1

− 2 x

2

2

− x

2

3

− 2 x

2

4

+ x

1

+ x

4

≥ 0 ,

5 − 2 x

2

1

− x

2

2

− x

2

3

− 2 x

1

+ x

2

+ x

4

≥ 0 ,

− 2 ≤ x

i

≤ 5 , i = 1 , 2 , 3 , 4 .

The algorithm PCNC giv es the follo wing solution in table 4:

T able 4 . Solution of the problem ( ε = 10

− 8

)

# l x

∗

u

1 -2.0 .992394E-12 5.0

2 -2.0 1.0 5.0

3 -2.0 2.0 5.0

4 -2.0 -1.0 5.0

The ev olution of some elemen ts of the algorithm PCNC is giv en in tables 5

and 6.

T able 5 . The ev olution of the functions ( ε = 10

− 8

):

f ( x

k

) = value of the obje ctive

Φ( t

k

) = value of the merit function

‖ C O ( t

k

) ‖

2

= norm of the optimality c onditions

‖ C T ( . ) ‖

2

= norm of the tr ansversality c onditions

k f ( x

k

) Φ( t

k

) ‖ C O ( t

k

) ‖

2

‖ C T ( . ) ‖

2

0 .000000E+00 .737000E+03 .536000E+03 .201000E+03

1 -.977641E+01 .549977E+03 .401579E+03 .148398E+03

2 -.371578E+02 .100816E+03 .528640E+02 .479521E+02

3 -.445550E+02 .783561E+01 .259689E+01 .523872E+01

4 -.437880E+02 .341158E+00 .413957E-01 .299762E+00

5 -.439719E+02 .322406E-01 .100845E-02 .312322E-01

6 -.439805E+02 .136610E-02 .150560E-03 .121554E-02

7 -.439962E+02 .480056E-04 .819310E-07 .479236E-04

8 -.439991E+02 .191398E-05 .441733E-10 .191394E-05

9 -.439998E+02 .768899E-07 .259717E-13 .768898E-07

10 -.439999E+02 .656910E-09 .612515E-16 .656910E-09

11 -.440000E+02 .531802E-13 .681308E-20 .531802E-13

T able 6. The ev olution of the parameters ( ε = 10

− 8

):

γ

k

= value of p ar ameter γ in function Θ

I

( α )

σ

k

= value of p ar ameter σ for b arrier p ar ameter μ

α

max

= maximum value of the steplength

α

k

= value of steplength

μ

k

= value of the b arrier p ar ameter k γ

k σ

k α

max α

k μ

k

0 .750000 .3 0.173623 0.173620 .106363E+01

1 .625000 .2 0.610374 0.610371 .615770E+00

2 .562500 .2 0.776175 0.776172 .350629E+00

3 .531250 .2 1.099367 1.000000 .116627E+00

4 .515625 .2 0.888802 0.888801 .284905E-01

5 .507812 .2 1.170841 1.0 .888200E-02

6 .503906 .2 1.164319 1.0 .203728E-02

7 .501953 .2 1.193870 1.0 .415577E-03

8 .500976 .2 1.243771 1.0 .834214E-04

9 .500488 .91966E-01 1.101126 1.0 .768897E-05

10 .500244 .85005E-02 1.008572 1.0 .656909E-07

11 .500122 .76484E-04 1.000076 1.0 .531801E-11

The SPENBAR pac k age giv es the same solution in v olving 5 ma jor iterations,

85 minor iterations and 347 functions ev aluations.

Example 3. Let us consider the problem [Ho c k and Sc hittk o wski, 1981,

problem 113, pp.122, (W ong No. 2)]:

min x

2

1

+ x

2

2

+ x

1 x

2

− 14 x

1

− 16 x

2

+ ( x

3

− 10)

2

+ 4( x

4

− 5)

2

+

( x

5

− 3)

2

+ 2( x

6

− 1)

2

+ 5 x

2

7

+ 7( x

8

− 11)

2

+ 2( x

9

− 10)

2

+

( x

10

− 7)

2

+ 45

sub ject to:

105 − 4 x

1

− 5 x

2

+ 3 x

7

− 9 x

8

≥ 0 ,

− 10 x

1

+ 8 x

2

+ 17 x

7

− 2 x

8

≥ 0 ,

8 x

1

− 2 x

2

− 5 x

9

+ 2 x

10

+ 12 ≥ 0 ,

− 3( x

1

− 2)

2

− 4( x

2

− 3)

2

− 2 x

2

3

+ 7 x

4

+ 120 ≥ 0 ,

− 5 x

2

1

− 8 x

2

− ( x

3

− 6)

2

+ 2 x

4

+ 40 ≥ 0 ,

− 3 x

2

5

− 0 . 5( x

1

− 8)

2

− 2( x

2

− 4)

2

+ x

6

+ 30 ≥ 0 ,

− x

2

1

− 2( x

2

− 2)

2

+ 2 x

1 x

2

− 14 x

5

+ 6 x

6

≥ 0 ,

3 x

1

− 6 x

2

− 12( x

9

− 8)

2

+ 7 x

10

≥ 0 ,

0 ≤ x

i

≤ 10 , i = 1 , ..., 10 .

The algorithm PCNC giv es the follo wing solution in table 7:

T able 7 . Solution of the problem ( ε = 10

− 8

)

# l x

0

x

∗

u

1 0.0 2.0 .2171996E+01 10.0

2 0.0 3.0 .2363683E+01 10.0

3 0.0 5.0 .8773926E+01 10.0

4 0.0 5.0 .5095984E+01 10.0

5 0.0 1.0 .9906548E+01 10.0

6 0.0 2.0 .1430574E+01 10.0

7 0.0 7.0 .1321644E+01 10.0

8 0.0 3.0 .9828726E+01 10.0

9 0.0 6.0 .8280092E+01 10.0

10 0.0 10.0 .8375927E+01 10.0

T able 8 . The v alue of the constrain ts ( ε = 10

− 8

)

i h

i

( x

∗

)

1 .3936866E-09

2 .1424133E-08

3 .4911662E-09

4 .3292851E-07

5 .2165631E-08

6 .6148503E+01

7 .2354256E-08

8 .5002396E+02

The v alue of the ob jectiv e function is: 24 . 30621.

The ev olution of some elemen ts of the algorithm PCNC is giv en in tables 9

and 10.

T able 9 . The ev olution of the functions ( ε = 10

− 8

):

f ( x

k

) = value of the obje ctive

Φ( t

k

) = value of the merit function

‖ C O ( t

k

) ‖

2

= norm of the optimality c onditions

‖ C T ( . ) ‖

2

= norm of the tr ansversality c onditions k f ( x

k

) Φ( t

k

) ‖ C O ( t

k

) ‖

2

‖ C T ( . ) ‖

2

0 .753000E+03 .451040E+05 .442410E+05 .863000E+03

1 .576916E+03 .318551E+05 .312051E+05 .649950E+03

2 .221882E+03 .760135E+04 .740377E+04 .197577E+03

3 .790325E+02 .915963E+03 .878209E+03 .377534E+02

4 .447106E+02 .342317E+03 .331333E+03 .109840E+02

5 .265738E+02 .270729E+02 .261570E+02 .915983E+00

6 .245296E+02 .592638E-01 .162438E-01 .430200E-01

7 .243544E+02 .186719E-02 .340773E-04 .183312E-02

8 .243160E+02 .742385E-04 .109610E-06 .741289E-04

9 .243081E+02 .298381E-05 .102978E-09 .298371E-05

10 .243066E+02 .119888E-06 .106694E-12 .119888E-06

11 .243062E+02 .404292E-08 .171373E-15 .404292E-08

12 .243062E+02 .470981E-11 .376155E-18 .470981E-11

T able 10. The ev olution of the parameters ( ε = 10

− 8

):

γ

k

= value of p ar ameter γ in function Θ

I

( α )

σ

k

= value of p ar ameter σ for b arrier p ar ameter μ

α

max

= maximum value of the steplength

α

k

= value of steplength

μ

k

= value of the b arrier p ar ameter

k γ

k σ

k α

max α

k μ

k

0 .750000 .3 0.158304 0.158304 .140357E+01

1 .625000 .2 0.502918 0.502918 .809315E+00

2 .562500 .2 0.657969 0.657969 .435822E+00

3 .531250 .2 0.535589 0.535589 .200213E+00

4 .515625 .2 0.890842 0.890842 .113156E+00

5 .503906 .2 1.127216 1.0 .341684E-01

6 .503906 .2 1.209376 1.0 .764177E-02

7 .501953 .2 1.170946 1.0 .160451E-02

8 .500976 .2 1.222116 1.0 .325237E-03

9 .500488 .2 1.244544 1.0 .652865E-04

10 .500244 .18321 1.223653 1.0 .119888E-04

11 .500122 .33645 1.034818 1.0 .404292E-06

12 .500061 .11483 1.001150 1.0 .470981E-09

In this case SPENBAR pac k age requires 4 ma jor iterations, 149 minor (trun-

cated Newton) iterations and 970 ev aluations of functions.

In the follo wing w e shall consider the running of the PCNC pac k age on a

n um b er of problems from the Ho c k - Sc hittk o wski [1981] set of problems, as

w ell as from Sc hittk o wski’s [1987] collection of problems. T able 11 sho ws the

c haracteristics of the optimization pro cess with PCNC refering to differen t initial

p oin ts, n um b er of iterations, n um b er of functions ev aluations, the v alue of the

norm of the optimalit y conditions, the v alue of the barrier parameter and of the

steplength, etc.

T able 11 . Characteristics of the optimization pro cess with PCNC ( ε = 10

− 8

):

I P = Initial Point (S = Standar d Point)

nit = # of iter ations

nf = # of functions evaluations

‖ C O ( t

k

) ‖

2

= Norm of optimality c onditions

‖ C T ( . ) ‖

2

= Norm of c entr ality c onditions

f = V alue of the obje ctive function

ξ = Distanc e fr om c entr ality

μ = V alue of the b arrier p ar ameter

α = V alue of the steplength

α

max

= Maximum value of the steplength

N ame I P nit nf ‖ C O ( t

k

) ‖

2

‖ C T ( . ) ‖

2 f ξ μ α α

max

HS32

S 6 8 .281190E-09 .890623E-5 1.0 .673457 .747336E-03 0.999500 1.287417

I1 6 8 .827097E-08 .906026E-04 1.0 .631756 .281243E-02 0.999500 1.219009

I2 35 37 .238509E-09 .706660E-05 1.0 ..622537 .626097E-02 0.999500 1.266965

I3 36 38 .542306E-08 .512380E-04 1.0 .704269 .184727E-02 0.999500 1.229708

HS33

S 61 63 .723080E-08 .346289E-11 1.798992 .00022 .374461E-08 0.717951 0.718310

I1 57 59 .238560E-08 .186609E-12 1.798992 .0.00047 .141810E-08 0.893644 0.894091

HS37

I1 14 16 .206426E-27 .228163E-20 -3456.0 0.999999 .585360E-12 0.999397 1.000

HS42

S 10 12 .476987E-26 .106282E-16 13.85786 0.99995 .688951E-09 0.9995 1.00074

I1 9 11 .263809E-24 .572985E-15 13.85786 0.999949 .698862E-08 0.9995 1.00237

I2 10 12 .232637E-28 .325052E-19 13.85786 0.99995 .943834E-11 0.9995 1.00008

I3 9 11 .137112E-24 .297692E-15 13.85786 0.999949 .486897E-08 0.9995 1.00197

HS43

S 13 15 .277706E-09 .302020E-09 -44.0 .282086 .668179E-08 0.135259 1.00829

I1 12 14 .134241E-09 .139405E-09 -44.0 0.166757 .879352E-08 0.630348 1.014314

I2 12 14 .246198E-09 .256468E-09 -44.0 0.177464 .531238E-08 0.212828 1.012284

I3 13 15 .121085E-09 .127335E-09 -44.0 0.203728 .212161E-08 0.086971 1.006461

HS44

I1 12 14 .789613E-29 .906522E-19 -15.0 .999473 .202883E-10 0.999500 1.000169

I2 12 14 .342044E-28 .539278E-18 -15.0 .999473 .781634E-10 0.999500 1.000331

HS47

I1 55 57 .867998E-08 .883014E-41 0.0 .04927 .546914E-17 0.938531 0.999661

I2 54 56 .307564E-04 .267626E-18 .133442E-03 0.05 .221299E-16 .312620E-03 0.991663

HS48

S 4 6 .981479E-13 .380432E-01 0.0 .999169 .615545E-04 0.999500 1.223207

I1 4 6 .935982E-13 .376255E-01 0.0 .999211 .612159E-04 0.999500 1.222694

I2 4 6 .328648E-10 .460264E-01 0.0 .990773 .213457E-03 0.999500 1.140494

HS49

S 15 17 .914903E-08 .240757E-11 0.0 .0495064 .180460E-10 0.093525 0.997787

I1 26 28 .277362E-08 .171366E-19 0.0 .150 .222354E-16 0.765397 0.997641

T able 11 . Characteristics of the optimization pro cess with PCNC ( ε = 10

− 8

) -

con tin ued

N ame I P nit nf ‖ C O ( t

k

) ‖

2

‖ C T ( . ) ‖

2 f ξ μ α α

max

HS50

S 10 12 .207630E-09 .231393E-06 0.0 .999374 .151811E-03 0.999500 1.245079

I1 9 11 .180172E-11 .123154E-05 0.0 .999917 .350233E-03 0.999500 1.247689

I2 14 16 .275918E-13 .567711E-20 0.0 .883577 .190954E-11 0.999500 1.000040

I3 6 8 .114298E-09 .968789E+00 .487294E-07 .999076 .310624E+00 0.999500 1.210478

I4 6 8 .644158E-08 .250051E+00 .205908E-06 .997404 .498941E+00 0.999500 1.183567

HS51

S 4 6 .385563E-12 .115810E-01 .331885E-05 .948848 .334951E-01 0.999500 1.149867

I1 4 6 .551270E-11 .283667E-01 .113598E-04 .934210 .522127E-01 0.999500 1.162979

I2 4 6 .175057E-11 .196812E-01 .348339E-06 .959153 .441287E-01 0.999500 1.150994

HS52

S 2 4 .347500E-09 .161794E+03 5.326641 .999659 .401433E+01 0.999500 1.219962

I1 3 5 .195840E-08 .423945E+02 5.326636 .999791 .205487E+01 0.999500 1.229861

I2 3 5 .223451E-08 .426037E+02 5.326659 .999790 .205994E+01 0.999500 1.229707

I3 8 10 .116096E-13 .311722E+01 5.326648 .999996 .557206E+00 0.999500 1.249595

HS53

S 3 5 .155242E-10 .395810E+00 4.093025 .996253 .198503E+00 0.999500 1.160760

I1 4 6 .135780E-08 .223385E+01 4.093031 .996831 .471426E+00 0.999500 1.164569

I2 4 6 .247691E-08 .257194E+01 4.093054 .992703 .505691E+00 0.999500 1.169289

I3 3 5 .134293E-11 .729796E-01 4.093024 .998795 .852519E-01 0.9995000 1.232501

HS61

I1 9 11 .255905E-10 .485008E-08 -143.64614 .999699 .283372E-04 0.999500 1.144733

HS63

S 6 8 .307336E-10 .155108E-04 961.7152 .992672 .160669E-02 0.999500 1.231509

I1 6 8 .707607E-08 .124090E-04 961.7151 .934392 .145152E-02 0.999500 1.174307

I2 9 11 .511842E-11 .744801E-05 961.7152 .999600 .111198E-02 0.999500 1.239978

HS65

S 7 9 .276898E-09 .102787E-04 .9547013 .966343 .120727E-02 0.999500 1.215245

I1 7 9 .673553E-11 .123496E-05 .9539442 .988519 .418477E-03 0.999500 1.208355

I2 5 7 .648425E-08 .283699E-04 .9554332 .946089 .198347E-02 0.999500 1.187995

HS71

S 6 8 .651720E-09 .423877E-06 17.01444 .984698 .216128E-03 0.999500 1.220644

I1 7 9 .435015E-08 .884619E-06 17.01462 .975000 .311775E-03 0.999500 1.214727

HS73

S 8 10 .176433E-10 .173662E-05 29.89562 .964530 .416176E-03 0.999500 1.097279

I1 10 12 .513410E-09 .120897E-08 29.89441 .995412 .109476E-04 0.999500 1.115710

I2 9 11 .339001E-08 .442336E-06 29.89500 .970094 .209943E-03 0.999500 1.143323

I3 10 12 .712451E-09 .290912E-06 29.89489 .994730 .170205E-03 0.999500 1.136257

HS76

S 10 12 .140067E-29 .343496E-16 -4.681818 .998205 .123711E-08 0.999500 1.001168

I1 10 12 .578975E-29 .752265E-15 -4.681818 .998201 .700899E-08 0.999500 1.002785

I2 11 13 .108198E-29 .104317E-20 -4.681818 .998200 .384940E-12 0.999500 1.000021

I3 12 14 .188957E-29 .814056E-17 -4.681818 .998207 .517577E-09 0.999500 1.000755

HS113

S 13 15 .366188E-25 .487388E-18 24.30621 .999871 .592351E-10 0.999500 1.000407

I1 17 19 .167600E-22 .204212E-15 24.30621 .999870 .225305E-08 0.999500 1.002518

I2 12 14 .176304E-23 .224720E-16 24.30621 .999870 .654417E-09 0.999500 1.001356

I3 18 20 .248136E-25 .269701E-18 24.30621 .999871 .390857 0.999500 1.000331

S217

S 13 15 .749654E-24 .615541E-19 -0.8 .997026 .174759E-10 0.999500 1.000094

I1 9 11 .112356E-23 .923683E-19 -0.8 .997027 .247263E-10 0.999500 1.000111

S218

S 14 16 .268757E-10 .314477E-07 .774652E-07 .0220820 .105397E-08 0.225725 1.031481

S219

I1 14 16 .388070E-10 .163815E-09 -0.999999 .100000 .570597E-08 0.089401 1.021684

T able 12 sho ws the comparativ e results of the PCNC and SPENBAR results

of the set of problems considered in this exp erimen t. In PCNC co de the Newton

metho d is used as the basic iterativ e pro cedure. In SPENBAR w e used the

truncated Newton metho d [Nash, 1985], [Nash, P oly ak and Sofer, 1994]. In the

mo dified p enalt y-barrier co de SPENBAR, the n um b er of ma jor iterations (o-it)

is the n um b er of times μ (the barrier parameter) w as decreased and the Lagrange

m ultipliers adjusted. The n um b er of minor iterations (in-it) is the total n um b er

of truncated Newton steps. F or the PCNC, the n um b er of iterations is the total

n um b er of Newton steps. In b oth co des , nf is the total n um b er the functions of the problem ha v e b een ev aluated.

T able 12 : Comparison b et w een SPENBAR and PCNC

Problem n m me SPENBAR PCNC

o-it in-it nf it nf

HS32

3 1 1 10 136 348 6 8

HS33

3 2 0 10 66 187 61 63

HS37

3 2 0 4 26 76 14 16

HS42

4 0 2 5 23 84 10 12

HS43

4 3 0 5 85 347 13 15

HS44

4 6 0 9 107 498 12 14

HS47

5 0 3 8 28 278 55 57

HS48

5 0 2 4 50 179 4 6

HS49

5 0 2 3 126 459 15 17

HS50

5 0 3 4 106 388 10 12

HS51

5 0 3 5 91 324 4 6

HS52

5 0 3 6 81 280 2 4

HS53

5 0 3 6 74 284 3 5

HS61

3 0 2 4 37 96 9 11

HS63

3 0 2 4 51 153 6 8

HS65

3 1 0 5 203 659 7 9

HS71

4 1 1 8 143 591 6 8

HS73

4 2 1 7 285 1128 8 10

HS76

4 3 0 9 96 364 10 12

HS113

10 8 0 4 149 970 13 15

S217

2 1 1 5 33 83 13 15

S218

2 1 0 9 50 234 14 16

S219

4 0 2 6 106 401 14 16

TOT AL

140 2152 8411 309 355

Computational exp erience with this approac h is v ery limited. Using the same

primal-dual in terior-p oin t approac h, El-Bakry , T apia, Tsuc hiy a and Zhang [1996]

rep ort some preliminary computational results on alimited n um b er of test prob-

lems of small dimensions from the Ho c k and Sc hittk o wski collection. Lasdon,

Plummer and Y u [1995] rep ort results on a somewhat larger test set, of a v ari-

an t of algorithm using a trust region approac h. V anderb ei and Shanno [1997]

presen t results on the Ho c k - Sc hittk o wski problems as w ell as on a n um b er of

8 large-scale nonlinear problems in comparison with MINOS and LANCELOT.

Ga y , Ov erton and W righ t [1997] also rep ort results on the Ho c k - Sc hittk o wski

problems and three problems from the CUTE [1995] collection. W e ha v e con-

sidered here some n umerical exp erience with a v arian t of the algorithm whic h

is a sligh t simplification, i.e. w e did not enforced conditions (6.17d and f ) for

steplength determination in order to a v oid the complications regarding the non-

linear function Θ

I I

( α ) . A robust implemen tation m ust consider these conditions

in the line searc h pro cedure from set 5 of the algorithm. The algorithm con tains a

n um b er of parameters, and its p erformance is v ery dep enden t up on their c hoice.

T o c ho ose prop er v alues of these parameters require v ery in tensiv e n umerical

tests.

9. Conclusion

In this pap er w e ha v e presen ted an in terior p oin t algorithm for solving general

nonlinear programming problems. It is based on the p erturb ed Karush-Kuhn-

T uc k er conditions asso ciated to the logarithmic barrier function form ulation of

the problem.

The algorithm has t w o main comp onen ts: determination of the descen t direc-

tion and the computation of the steplength. The searc h direction is computed as

solution of a reduced p erturb ed Newton system. V anderb ei and Shanno [1997]

sho w that for noncon v ex nonlinear problems this system m ust b e mo dified b y

adding a diagonal matrix. W e did not considered this p erturbation in our imple-

men tation. The critical feature of the algorithm is the c hoices of the steplengths

α

k at eac h iteration in order to find the lo cal minimizer of (1). F or this, a n um b er

of criteria m ust b e implemen ted (see (6.17)), the main of whic h is that refering

to the sp eed of reduction to zero of the pure optimalit y conditions v ersus the

transv ersalit y conditions. The con v ergence is assured when b oth these condi-

tions con v erge to zero, but in suc h a prop ortion that the transv eralit y conditions

are greater that the pure optimalit y conditions. In our exp erimen tal co de w e did

not implemen ted this condition.

Mainly , the algorithm do es not mimic the primal-dual in terior-p oin t metho ds

for linear programming. Rather, some sp ecial elemen ts ha v e b een in tro duced

as: form ulation of the optimalit y conditions, definition of the p erturb ed reduced

Newton system, definition of a merit function, c hoice of the barrier parameter.

Some other p oin ts remain to b e clarified: detection and treatmen t of the in-

definitness in the Newton system, selection of prop er v alues of the parameters β ,

γ

k

, σ

k and ρ, treatmen t of an infeasible starting p oin t, practical implemen tation

of the conditions (6.17) for steplength determination. All of these issues deserv e

further researc h and exp erimen tation.

The results of this preliminary computational exp erimen tation indicate that

the primal-dual approac h is more efficien t than the p enalt y-barrier approac h.

Ho w ev er, the primal-dual algorithm requires second partial deriv ativ es of the functions of the problem. Th us, for that problems for whic h the second deriv ativ e

information is difficult to obtain, the p enalt y-barrier metho d should b e prefer-

able. An adv an tage of the primal-dual approac h is that the Lagrange m ultipliers

are computed directly b y the Newton’s metho d rather than using the first or-

der estimates. This is v ery app ealing impro ving b oth accuracy and the rate of

con v ergence of the algorithm.

In summary , the reconsideration of the barrier metho ds for nonlinear pro-

gramming is one of the v ery activ e area of researc h. Muc h remains to b e done

b oth from theoretical view p oin t and computational, in order to build up a viable

algorithm and an efficien t implemen tation able to resist at the n umerical com-

parisons with the state-of-the-art pac k ages lik e: MINOS, LANCELOT, SNOPT,

NLPQL, SPENBAR, CONOPT, etc.

10. Ac kno wledgemen ts

I gratefully ac kno wledge the Alexander v on Hum b old F oundation for the constan t

moral, financial and material supp ort generously giv en to me for more than 2

y ears sp en t in Duisburg and Ba yreuth Univ ersities - German y .

Sp ecial thanks are due to Prof. Klaus Sc hittk o wski (Ba yreuth Univ ersit y) for

his stim ulating discussions and a v ailabilit y during m y sta y in Ba yreuth, to Prof.

Mic hael Saunders (Stanford Univ ersit y) for giving me the MINOS co de, as w ell

as some other practical hin ts for its usage, and to Dr. Marc Breitfeld and Prof.

Da vid Shanno (Rutgers Univ ersit y) for PENBAR pac k age and some pap ers on

p enalt y-barrier algorithms for nonlinear programming.

This researc h has b een supp orted b y the Romanian Academ y through gran t

No. GAR-11 / 16.07.1998. Sp ecial thanks are also extended.

11. References

Adler, I., Karmark ar, N., Resende, M.G.C., V eiga, G., (1989a) Data structur es

and pr o gr amming te chniques for the implementation of Karmarkar’s algorithm.

ORSA Journal on Computing, v ol.1, 1989, pp.84-106.

Adler, I., Karmark ar, N., Resende, M.G.C., V eiga, G., (1989b) A n imple-

mentation of Karmarkar’s algorithm for line ar pr o gr amming. Mathematical Pro-

gramming, v ol.44, 1989, pp.297-335.

Andersen, E.D., Andresen, K.D., (1997) The APOS line ar pr o gr amming solver:

an implementation of the homo gene ous algorithm. T ec hnical Rep ort, April 28,

1997, Departmen t of Managemen t, Odense Univ ersit y DK-5230 Odense, and

CORE, Univ ersite Catholique De Louv ain, Belgium.

Andersen, E.D., Gondzio, J., Meszaros, C., Xu, X., (1996) Implementation of

interior-p oint metho ds for lar ge sc ale line ar pr o gr ams . in T erlaky , T., (Ed.) Inte-

rior Point Metho ds of Mathematic al Pr o gr amming. Klu w er Academic Publishers,

Dordrec h t, 1996, pp.189-252.

Andrei, N., (1996a) Computational exp erienc e with a mo difie d p enalty-b arrier

metho d for lar ge-sc ale nonline ar c onstr aine d optimization . ICI W orking P ap er

No. AMOL-96-1, F ebruary 6, 1996.

Andrei, N., (1996b) Computational exp erienc e with a mo difie d p enalty-b arrier

metho d for lar ge-sc ale nonline ar e quality and ine quality c onstr aine d optimization.

ICI T ec hnical P ap er, No. AMOL-96-2, F ebruary 12, 1996.

Andrei, N., (1996c) Computational exp erienc e with SPENBAR - a sp arse vari-

ant of a mo difie d p enalty-b arrier metho d for lar ge-sc ale nonline ar e quality and in-

e quality c onstr aine d optimization. ICI W orking P ap er, No. AMOL-96-3, Marc h

10, 1996.

Andrei, N., (1996d) Numeric al examples with SPENBAR for lar ge-sc ale non-

line ar, e quality and ine quality, c onstr aine d optimization with zer o c olumns in Ja-

c obian matric es. ICI T ec hnical P ap er No. AMOL-96-5, Marc h 29, 1996.

Andrei, N., (1997a) PCIP - Pr e dictor Corr e ctor Interior Point algorithm for

lar ge-sc ale line ar pr o gr amming. T ec hnical P ap er No. AMOL-97-1, Researc h In-

stitute for Informatics, Buc harest, Marc h 1997.

Andrei, N., (1997b) PCIPLC - Pr e dictor Corr e ctor Interior Point algorithm

for lar ge-sc ale Line ar Constr aine d optimization pr oblems . T ec hnical P ap er No.

AMOL-97-2, Researc h Institute for Informatics, Buc harest, Ma y 1997.

Andrei, N., (1998a) Penalty-Barrier A lgorithms for Nonline ar Optimization.

Pr eliminary Computational R esults. Studies in Informatics and Con trol, v ol.7,

No.1, Marc h 1998, pp. 15-36.

Andrei, N., (1998b) Pr e dictor-Corr e ctor Interior-Point Metho d for Line ar

Constr aine d Optimization. Studies in Informatics and Con trol, v ol.7, No. 2,

June 1998, pp.155-177.

Argaez, M., T apia, R.A., (1997) On the glob al c onver genc e of a mo difie d aug-

mente d L agr angian linese ar ch interior p oint Newton metho d for nonline ar pr o-

gr amming. Rep ort 95-38 (mo dified F ebruary 1997), Departmen t of Computa-

tional and Applied Mathematics, Rice Univ ersit y , Houston, T exas, 1997.

Bongartz, I., Conn, A.R., Gould, N.I.M., T oin t, Ph.L., (1995) CUTE: Con-

str aine d and unc onstr aine d testing envir onment. A CM T rans. Math. Soft w are,

v ol.21, 1995, pp.123-160.

Bro ok e, A., Kendric k, D., Meeraus, A., (1992) GAMS - A user’s guide . Re-

lease 2.25, The Scien tific Press, South San F rancisco, CA, 1992.

Byrd, R.H., Gilb ert, J.C., No cedal, J., (1996) A trust r e gion metho d b ase d

on interior p oint te chniques for nonline ar pr o gr amming . T ec hnical Rep ort OTC

96/02, Argonne National Lab oratory , Argonne, Illinois, 1996.

Byrd, R.H., Hribar, M.E., No cedal, J., (1997) A n interior p oint algorithm

for lar ge sc ale nonline ar pr o gr amming. T ec hnical Rep ort OTC 97/05, Argonne

National Lab oratory .

Carp en ter, T.J., Lustig, I.J., Mulv ey , J.M., Shanno, D.F., (1993) Higher-or der

pr e dictor-c orr e ctor interior p oint metho ds with applic ation to quadr atic obje ctives .

SIAM Journal on Optimization, v ol.3, no.4, No v em b er 1993, pp.696-725.

Choi, I.C., Monma, C.L., Shanno, D.F., (1990) F urther development of a

primal dual interior p oint metho d . ORSA Journal on Computing, v ol.2, 1990,

pp.304-311.

Conn, A.R., Gould, N.I.M., T oin t, Ph.L., (1992) LANCELOT - A F ortr an

Package for L ar ge-Sc ale Nonline ar Optimization (R ele ase A), Springer V erlag,

Berlin, 1992.

Conn, A.R., Gould, N.I.M, T oin t, Ph.L., (1996) A primal-dual algorithm for

minimizing a nonc onvex function subje ct to b ound and line ar e quality c onstr aints .

Rep ort R C 20639, IBM T.J. W atson Researc h Cen ter, Y orkto wn Heigh ts, NEw

Y ork, 1996.

Dennis, J.E., Jr., Sc hnab el, R.B., (1983) Numeric al Metho ds for Unc on-

str aine d Optimization. Pren tice-Hall, Englew o og Cliffs, NJ, 1983.

Drud, A., CONOPT - A system for lar ge sc ale nonline ar optimization, R ef-

er enc e Manual for CONOPT subr outine libr ary . ARKI Consulting and Dev elop-

men t A/S, Bagsv ared, Denmark, 1996.

El-Bakry , A.S., T apia, R.A., Tsuc hiy a, T., Zhang, Y., (1996) On the formula-

tion and the ory of the Newton interior p oint metho d for nonline ar pr o gr amming.

Journal of Optimization Theory and Applications, v ol.89, no.3, 1996, pp.507-541.

Fiacco, A.V., McCormic k, G.P ., (1968) Nonline ar Pr o gr amming. Se quential

Unc onstr aine d Minimization T e chniques. John Wiley & Sons, New Y ork, 1968.

F orsgren, A., Gill, P .E., (1996) Primal-dual interior metho ds for nonc onvex

nonline ar pr o gr amming. Rep ort NA 96-3, Departmen t of Mathematics, Univ er-

sit y of California, San Diego, 1996.

F ourer, R., Ga y , D.M., Kernighan, B.W., (1993) AMPL: A Mo deling L anguage

for Mathematic al Pr o gr amming . The Scien tific Press, 1993.

Ga y , D.M., Ov erton, M.L., W righ t, M.H., (1997) A Primal-Dual Interior -

Metho d for Nonc onvex Nonline ar Pr o gr amming. T ec hnical Rep ort 97-4-08, Bell

Lab oratories, Murra y Hill, New Jersey 07974, July 29, 1997

Gill, Ph.E., Murra y , W., P onceleon, D.B., Saunders, M.A., (1995) Primal-

dual metho ds for line ar pr o gr amming . Mathematical Programming, v ol.70, 1995,

pp.251-277.

Gill, Ph.E., Murra y , W., Saunders, M.A., (1997) User Guide for SQOPT

5.3: A F OR TRAN Package for L ar ge-Sc ale Line ar and Quadr atic Pr o gr amming.

T ec hnical Rep ort, Systems Optimization Lab oratory , Departmen t of EESOR,

Stanford Univ ersit y , Stanford, California, 94305-4023, Octob er 1997.

Gill, Ph.E., Murra y , W., Saunders, M.A., (1998) User’s Guide for SNOPT

5.3: A F OR TRAN Package for L ar ge-Sc ale Nonline ar Pr o gr amming . T ec hni-

cal Rep ort, Systems Optimization Lab oratory , Departmen t of EESOR, Stanford

Univ ersit y , Stanford, California, 94305-4023, Marc h 4, 1998.

Goldfarb, D., Liu, S., W ang, S., (1991) A lo garithmic b arrier function algo-

rithm for quadr atic al ly c onstr aine d c onvex quadr atic pr o gr amming . SIAM Journal

on Optimization, v ol.1, no.2, 1991, pp.252-267.

Gondzio, J., (1996) Multiple c entr ality c orr e ctions in a primal-dual metho d for

line ar pr o gr amming . Computational Optimization and Applications, v ol.6, no.2,

Septem b er 1996, pp.137-156

Ho c k, W., Sc hittk o wski, K., (1981) T est Examples for Nonline ar Pr o gr amming

Co des . Springer V erlag, Berlin, Heidelb erg, New Y ork 1981.

Kortanek, K.O., P otra, F.A., Y e, Y., (1991) On some efficient interior p oint

metho ds for nonline ar c onvex pr e gr amming. Linear Algebra and its Applications,

v ol.152, 1991, pp.169-189.

Lasdon, L.S., Plummer, J., Y u, G., (1995) Primal-dual and primal interior

p oint algorithms for gener al nonline ar pr o gr ams. ORSA Journal on Computing,

v ol.7, 1995, pp.321-332.

Lustig, I.J., Marsten, R.E., Shanno, D.F., (1990) The primal-dual interior

p oint metho d on the Cr ay sup er c omputer . in: Coleman, T.F., Li, Y., (Eds.)

Large-Scale Numerical Optimization. SIAM, Philadelphia, 1990, pp.70-80.

Lustig, I.J., Marsten, R.E., Shanno, D.F., (1991) Computational exp erienc e

with a primal-dual interior p oint metho d for line ar pr o gr amming . Linear Algebra

and its Applications, v ol.152, 1991, pp.191-222.

Lustig, I.J., Marsten, R.E., Shanno, D.F., (1992) On implementing Mehr otr a’s

pr e dictor-c orr e ctor interior-p oint metho d for line ar pr o gr amming. SIAM Journal

on Optimization, v ol.2, no.3, August 1992, pp.435-449.

Lustig, I.J., Marsten, R.E., Shanno, D.F., (1994) Computational exp erienc e

with a glob al ly c onver gent primal-dual pr e dictor-c orr e ctor algorithm for line ar pr o-

gr amming. Mathematical Programming, v ol.66, 1994, pp.123-135.

Meszaros, C., (1994) F ast Cholesky factorization for interior p oint metho ds

of line ar pr o gr amming. T ec hnical Rep ort, Computer and Automation Institute,

Budap est 1994.

Mittelmann, H., (1997) Benchmarks for optimization softwar e . 1997.

h ttp://plato.la.asu.edu/b enc h.h tml.

Murtagh, B.A., Saunders, M.A., (1995) MINOS 5.4 User’s Guide . T ec h-

nical Rep ort SOL 83-20R, Decem b er 1983. Revised Jan 1987, Mar 1993, F eb

1995. Systems Optimization Lab oratory , Stanford Univ ersit y , Stanford, Califor-

nia 94305-4022, 1995.

Nash, S.G., (1985) Pr e c onditioning of trunc ate d Newton metho ds. SIAM Jour-

nal of Science and Statistical Computations, v ol.6, 1985, pp.599-616.

Nash, S.G., P oly ak, R., Sofer, A., (1994) A numeric al c omp arison of b arrier

and mo difie d-b arier metho ds for lar ge-sc ale b ound-c onstr aine d optimization . in

W.W. Hager, D.W., Hearn, and P .M., P ardalos, (Eds.), Large Scale Optimiza-

tion: State of the Art. Klu w er Academic Publishers, 1994, pp.319-338.

No cedal, J., (1992) The ory of algorithms for unc onstr aine d optimization . Acta

Numerica, 1992.

Ross, C., T erlaky , T., Vial, J.Ph., (1997) The ory and A lgorithms for Line ar

Optimization. John Wiley , 1997.

Sc hittk o wski, K., (1987) Mor e test examples for nonline ar pr o gr amming c o des .

Springer V erlag, New Y ork, 1987.

Shanno, D.F., Breitfeld, M.G., Siman tiraki, E.M., (1996) Implementing Bar-

rier Metho ds for Nonline ar Pr o gr amming. in T.T erlaky (Ed.), Interior Point

Metho ds of Mathematic al Pr o gr amming, Klu w er Academic Publishers, Dordrec h t,

1996, pp.399-414.

Shanno, D.F., Siman tiraki, E.M., (1997) Interior-p oint metho ds for line ar and

nonline ar pr o gr amming. in I.S. Duff and G.A. W atson (Eds.), The State of the

A rt in Numeric al A nalysis, Oxford Univ ersit y Press, New Y ork, 1997, pp.339-362.

T apia, R., Zhang, Y., Saltzman, M., W eiser, A., (1996) The Mehr otr a pr e dictor-

c orr e ctor interior p oint metho d as a p erturb e d c omp osite Newton metho d. SIAM

Journal on Optimization, v ol.6, no.1, l996, pp.47-56.

V anderb ei, R.J., (1990) ALPO: A nother line ar pr o gr am optimizer. T ec hnical

Rep ort, A T&T Bell Lab oratories, 1990.

V anderb ei, R.J., (1994) LOQO: A n interior p oint c o de for quadr atic pr o gr am-

ming. T ec hnical Rep ort SOR 94-15, Princeton Univ ersit y , 1994.

V anderb ei, R.J., (1996) Line ar Pr o gr amming. F oundations and Extensions,

Klu w er Academic Publishers, Boston, 1996.

V anderb ei, R.J., Shanno, D.E., (1997) A n interior-p oint algorithm for nonc on-

vex nonline ar pr o gr amming. T ec hnical Rep ort SOR 97-21, Princeton Univ ersit y ,

1997.

W olfe, P ., (1969) Conver genc e c onditions for asc ent metho ds. SIAM Review,

v ol.11, 1969, pp.226-235

W olfe, P ., (1971) Conver genc e c onditions for asc ent metho ds II: Some c orr e c-

tions. SIAM Review, v ol.13, 1971, pp.185-188.

W righ t, M.H., (1992) Interior metho ds for c onstr aine d optimization. in A.

Iserles (Ed.), Acta Numerica 1992, Cam bridge Univ ersit y Press, New Y ork, 1992,

pp.341-407.

W righ t, M.H., (1998) The interior-p oint r evolution in c onstr aine d optimiza-

tion. T ec hnical Rep ort 98-4-09, Bell Lab oratories, Murra y Hill, New Jersey

07974, June 30, 1998.

W righ t, S.J., (1997) Primal-Dual Interior-Point Metho ds. So ciet y for Indus-

trial and Applied Mathematics, Philadelphia, 1997.

Y e, Y., (1997) Interior Point A lgorithms. The ory and A nalysis, John Wiley

& Sons, New Y ork, 1997.

Zoutendijk, G., (1970) Nonline ar Pr o gr amming, Computational Metho ds. in

J.Abadie (Ed.), Inte ger and Nonline ar Pr o gr amming , North-Holland, Amster-

dam, 1970, pp.37-86.

APPENDIX

The starting p oin ts indicated in table 11 are the follo wing:

P r obl em I nitial − P oints

HS32

I1=[1,7,2];I2=[9,9,2];I3=[9,9,9]

HS33

I1=[0,1,1]

HS37

I1=[30,30,30]

HS42

I1=[2,2,2,2];I2=[3,3,3,3];I3=[3,3,1,1]

HS43

I1=[1,0,0,0];I2=[1,1,0,0,];I3=[1,1,1,1]

HS44

I1=[1,2.5,0.5,3.5];I2=[1,4.5,0.5,3.5]

HS47

I1=[0.5,0.5,0.5,0.5,0.5];I2=[1,0.5,1,0.5,1]

HS48

I1=[3,5,-3,2,-1];I2=[1,7,2,-3,5]

HS49

I1=[9,8,1,-4,0.5]

HS50

I1=[10,-30,11,15,-15];I2=[30,-30,35,15,-35];

I3=[35,35,35,35,35];I4=[-35,-35,-35,-35,-35]

HS51

I1=[3,2.5,2,-1,2.5];I2=[-2,2.5,-2,-1,3]

HS52

I1=[20,20,20,20,20];I2=[-20,-20,-20,-20,-20]

I3=[200,-200,200,-200,200]

HS53

I1=[10,10,10,10,10];I2=[-10,-10,-10,-10,-10]

I3=[0,0,0,0,0]

HS61

I1=[3,-5,1]

HS63

I1=[3,3,3];I2=[1,1,1]

HS65

I1=[-5,4,0];I2=[5,4,0]

HS71

I1=[2,5,5,2]

HS73

I1=[2,1,1,0.5];I2=[2,2,2,0.5];I3=[2,2,2,2]

HS76

I1=[1,1,1,1];I2=[2,2,2,2];I3=[5,5,5,5]

HS113

I1=[10,3,1,1,1,2,4,3,6,10];

I2=[2,2,9,6,1,2,2,10,10,10];

I3=[20,20,20,20,20,20,20,20,20,20]

S217

I1=[1,1]

S219

I1=[1,1,1,1]