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QRQOLQHDU RSWLPL]DWLRQ \LHOGV WR WKH VFDOHG +HVWHQHV DQG 6WLHIHO PHWKRG ZKLFK LV LQ WKH FRQWH[W

RI WKH OLQHDU FRQMXJDWH JUDGLHQW PHWKRGV�

�� $OJRULWKP &*06(�'&� $VVXPH WKDW β
N

≥ � DQG WKH FXUUHQW VHDUFK GLUHFWLRQ �
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k k k k kg s yβ θ + += >�@�

"�	���������	�������	���	���#�������
,Q WKLV VHFWLRQ ZH SUHVHQW WKH QXPHULFDO SHUIRUPDQFHV RI WKH DERYH DOJRULWKPV� $OO FRGHV DUH

ZULWWHQ LQ )RUWUDQ XVLQJ WKH VDPH VW\OH RI SURJUDPPLQJ DQG FRPSLOHG ZLWK I�� �GHIDXOW

FRPSLOHU VHWWLQJV� RQ DQ ,QWHO 3HQWLXP �� ���*+] ZRUNVWDWLRQ� 7KH WHVW SUREOHPV DUH WKH

XQFRQVWUDLQHG SUREOHPV LQ WKH &87( >�@ OLEUDU\� DORQJ ZLWK RWKHU ODUJH�VFDOH RSWLPL]DWLRQ WHVW

SUREOHPV� :H VHOHFWHG �� ODUJH�VFDOH XQFRQVWUDLQHG RSWLPL]DWLRQ WHVW SUREOHPV LQ H[WHQGHG RU

JHQHUDOL]HG IRUP� )RU HDFK WHVW IXQFWLRQ ZH KDYH FRQVLGHUHG �� QXPHULFDO H[SHULPHQWV ZLWK

QXPEHU RI YDULDEOHV Q =���� ���� ������ � � ��

,Q DOO DOJRULWKPV WKH :ROIH OLQH VHDUFK FRQGLWLRQV DUH LPSOHPHQWHG ZLWK σ
�

� ����= �

DQG σ
�

� �= � � ,Q RXU LPSOHPHQWDWLRQ ZH KDYH FRQVLGHUHG WKH RQH�GLPHQVLRQDO OLQH VHDUFK XVHG

LQ &210,1 E\ 6KDQQR DQG 3KXD >��@ RU 6&* E\ %ULJLQ DQG 0DUWtQH] >�@� 7KH LQLWLDO JXHVV RI

WKH VWHS OHQJWK DW WKH ILUVW LWHUDWLRQ LV α
� �

�= � �� $W WKH IROORZLQJ LWHUDWLRQ� LQ DOO

DOJRULWKPV� WKH VWDUWLQJ JXHVV IRU WKH VWHS α N LV FRPSXWHG DV α N N N� �− −� � � �
� � ,Q DOO

H[SHULPHQWV ZH VWRSSHG WKH LWHUDWLRQV ZKHQHYHU

� N J∞
≤ ε RU α εN N

7

N I N� � � �≤ +� � �
�

����

LV VDWLVILHG� ZKHUH � ∞ GHQRWHV WKH PD[LPXP DEVROXWH FRPSRQHQW RI D YHFWRU DQG ε J = −
�� �

DQG ε I = −
�� �� �

7DEOHV � DQG � FRQWDLQ WKH JOREDO FKDUDFWHULVWLFV RI FRQMXJDWH JUDGLHQW PHWKRGV� ,Q WKLV

VWXG\ ZH FODVVLILHG DOO WKHVH PHWKRGV LQ WKUHH FODVVHV� 7KH ILUVW RQH FRQWDLQV WKH FRQMXJDWH

JUDGLHQW PHWKRGV XVLQJ WKH PRGLILHG VHFDQW HTXDWLRQ� WKH VHFRQG RQH LQFOXGH WKH VFDOHG 3HUU\�

WKH VFDOHG 3RODN DQG 5LELqUH DQG WKH VFDOHG )OHWFKHU DQG 5HHYHV PHWKRGV� 7KH ODVW RQH FRQWDLQV

WKH FODVVLFDO PHWKRGV� ,Q DOO WKHVH PHWKRGV ZH KDYH FRQVLGHUHG WKH 3RZHOO UHVWDUW FULWHULRQ �����
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:KHQ WKLV FULWHULRQ LV VDWLVILHG� WKHQ WKH VFDOHG GHVFHQW GLUHFWLRQ LV FRQVLGHUHG�

� �
N N N+ + += −

� � �
θ � ZKHUH θ

N+� LV FRPSXWHG LQ D VSHFWUDO RU DQ DQWLFLSDWLYH PDQQHU�

7DEOH �� *OREDO FKDUDFWHULVWLFV RI WKH DOJRULWKPV� ��� SUREOHPV�

θ
N+� VSHFWUDO� 3RZHOO UHVWDUW ZLWK WKH GLUHFWLRQ � �

N N N+ + += −
� � �

θ �

$OJRULWKP � LWHUDWLRQV � IJ FSX WLPH �VHF�

&*06(�8&� ������ ������ �������

&*06(�8&� ������ ������ �������

&*06(�*) ������ ������ �������

&*06(�&& ������ ������ �������

&*06(�'& ������ ������ �������

VFDOHG 3HUU\ ������ ������ �������

VFDOHG 3RODN�5LELqUH ������ ������ �������

VFDOHG )OHWFKHU�5HHYHV ������ ������ �������

3RODN� 5LELqUH ������ ������ �������

3RODN� 5LELqUH � ������ ������ �������

)OHWFKHU�5HHYHV ������ ������ �������

+HVWHQHV�6WLHIHO ������ ������ �������

'DL�<XDQ ������ ������ �������

'DL�/LDR �W �� ������ ������ �������

7DEOH �� *OREDO FKDUDFWHULVWLFV RI WKH DOJRULWKPV� ��� SUREOHPV�

θ
N+� DQWLFLSDWLYH� 3RZHOO UHVWDUW ZLWK WKH GLUHFWLRQ � �

N N N+ + += −
� � �

θ �

$OJRULWKP � LWHUDWLRQV � IJ FSX WLPH �VHF�

&*06(�8&� ������ ������ �������

&*06(�8&� ������ ������ �������

&*06(�*) ������ ������ �������

&*06(�&& ������ ������ �������

&*06(�'& ������ ������ �������

VFDOHG 3HUU\ ������ ������ �������

VFDOHG 3RODN�5LELqUH ������ ������ �������

VFDOHG )OHWFKHU�5HHYHV ������ ������ �������

3RODN� 5LELqUH ������ ������ �������

3RODN� 5LELqUH � ������ ������ �������

)OHWFKHU�5HHYHV ������ ������ �������

+HVWHQHV�6WLHIHO ������ ������ �������

'DL�<XDQ ������ ������ �������

'DL�/LDR �W �� ������ ������ �������

,Q 7DEOH � ZH KDYH WKH FRPSXWDWLRQDO HYLGHQFH WKDW IRU θ
N+� VSHFWUDO WKH PRVW HIILFLHQW

DOJRULWKP LV &*06(�8&�� 7KH PRVW LQHIILFLHQW ZDV )OHWFKHU�5HHYHV� ,Q IDFW� VXEMHFW WR WKH

QXPEHU RI IXQFWLRQ HYDOXDWLRQV� &*06(�8&� ZDV DERXW � WLPHV PRUH HIILFLHQW WKDQ )OHWFKHU�

5HHYHV� DQG DERXW ��� IDVWHU� )URP 7DEOH � ZH FDQ VHH WKDW IRU θ
N+� DQWLFLSDWLYH WKH VFDOHG

3RODN�5LELèUH DOJRULWKP LV WKH PRVW HIILFLHQW� +RZHYHU� LW LV QRW PXFK EHWWHU WKDQ &*06(�&&�

VLQFH WKH GLIIHUHQFH LV RQO\ DERXW �� VHFRQGV IRU VROYLQJ WKH VHW RI ��� SUREOHPV�

,Q WKH VHFRQG VHW RI QXPHULFDO H[SHULPHQWV ZH FRPSDUH WKH EHVW DOJRULWKP &*06(�

8&� ZLWK &210,1� 7KH &210,1 SDFNDJH E\ 6KDQQR DQG 3KXD >��@ VROYHG DOO WKHVH ���

XQFRQVWUDLQHG RSWLPL]DWLRQ WHVW SUREOHPV LQ ����� LWHUDWLRQV� ������ IXQFWLRQ HYDOXDWLRQV DQG

������� VHFRQGV� 6XEMHFW WR WKH QXPEHU RI IXQFWLRQ HYDOXDWLRQV� ZH VHH WKDW IRU WKLV VHW RI ���

WHVW SUREOHPV� &*06(�8&� ZLWK θ
N+� VSHFWUDO LV DERXW � WLPHV PRUH SHUIRUPDQW� 2Q WKH RWKHU

KDQG LW LV DERXW � WLPHV IDVWHU WKDQ &210,1� )LJXUHV � DQG � VKRZ WKH 'RODQ DQG 0RUé >�@

SHUIRUPDQFH SURILOH RI &*06(�8&� YHUVXV &210,1 UHIHUULQJ WR WKH QXPEHU RI IXQFWLRQ

HYDOXDWLRQV DQG FSX WLPH PHWULFV� UHVSHFWLYHO\� )RU HDFK DOJRULWKP ZH SORW WKH IUDFWLRQ RI
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SUREOHPV IRU ZKLFK WKH DOJRULWKP LV ZLWKLQ D IDFWRU RI WKH EHVW RI WKH QXPEHU RI IXQFWLRQ

HYDOXDWLRQV DQG FSX WLPH PHWULFV� UHVSHFWLYHO\� 7KH OHIW VLGH RI WKHVH )LJXUHV JLYHV WKH

SHUFHQWDJH RI WKH WHVW SUREOHPV� RXW RI ���� IRU ZKLFK DQ DOJRULWKP LV PRUH SHUIRUPDQW� 7KH

ULJKW VLGH JLYHV WKH SHUFHQWDJH RI WKH WHVW SUREOHPV WKDW ZHUH VXFFHVVIXOO\ VROYHG E\ HDFK RI WKH

DOJRULWKPV� 0DLQO\� WKH ULJKW VLGH UHSUHVHQWV D PHDVXUH RI WKH DOJRULWKP©V UREXVWQHVV� 7KH WRS

FXUYH FRUUHVSRQGV WR WKH DOJRULWKP WKDW VROYHG WKH PRVW SUREOHPV LQ D QXPEHU RI IXQFWLRQ

HYDOXDWLRQV �)LJXUH �� RU LQ D FSX WLPH �)LJXUH �� WKDW ZDV ZLWKLQ D JLYHQ IDFWRU τ RI WKH EHVW

QXPEHU RI IXQFWLRQ HYDOXDWLRQV RU FSX WLPH� UHVSHFWLYHO\� 6LQFH WKH WRS FXUYH LQ )LJXUHV � DQG �

FRUUHVSRQGV WR &*06(�8&�� WKLV DOJRULWKP LV FOHDUO\ EHWWHU WKDQ &210,1�

)LJ� �� &*06(�8&� ZLWK θ
N+� VSHFWUDO YHUVXV

&210,1� )XQFWLRQ HYDOXDWLRQV PHWULF�

)LJ� �� &*06(�8&� ZLWK θ
N+� VSHFWUDO YHUVXV

&210,1� FSX WLPH PHWULF�

$�	
����������
,Q WKLV SDSHU ZH KDYH SUHVHQWHG D FODVV RI FRQMXJDWH JUDGLHQW DOJRULWKPV E\ FRPELQLQJ WKH

1HZWRQ GLUHFWLRQ ZLWK WKH FODVVLFDO FRQMXJDWH JUDGLHQW GLUHFWLRQ DQG E\ XVLQJ WKH PRGLILHG

VHFDQW FRQGLWLRQ JLYHQ E\ =KDQJ� 'HQJ DQG &KHQ >��@ DQG =KDQJ DQG ;X >��@� 8QGHU FRPPRQ

DVVXPSWLRQV WKH DOJRULWKPV DUH JOREDOO\ FRQYHUJHQW� 7KH PRGLILHG VHFDQW FRQGLWLRQ LQ WKH

IUDPH RI FRQMXJDWH JUDGLHQW DOJRULWKPV KDV EHHQ DOVR FRQVLGHUHG E\ <DEH DQG 7DNDQR >��@� EXW

XVLQJ WKH FRQMXJDF\ FRQGLWLRQ RI 'DL DQG /LDR >�@� 7KH DOJRULWKP RI <DEH DQG 7DNDQR GHSHQGV

RQ WZR SDUDPHWHUV ρ DQG t � )RU GLIIHUHQW FKRLFHV RI WKHVH SDUDPHWHUV� WKH SHUIRUPDQFH RI WKHLU

DOJRULWKP� DV LOOXVWUDWHG RQ � XQFRQVWUDLQHG RSWLPL]DWLRQ SUREOHPV� FDQ EH TXLWH GLIIHUHQW� ,Q

WKLV SDSHU ZH XVH WKH PRGLILHG VHFDQW FRQGLWLRQ LQ D PRUH QDWXUDO FRQWH[W DQG VXJJHVW VRPH

IRUPXODV IRU SDUDPHWHU ρ FRPSXWDWLRQ� 7KH QXPHULFDO VWXG\ LQGLFDWHV WKDW RXU FRQMXJDWH

JUDGLHQW DOJRULWKPV ZLWK PRGLILHG VHFDQW FRQGLWLRQ DQG VSHFWUDO VHOHFWLRQ RI VFDOLQJ SDUDPHWHU

θ
N+� DUH PRUH SHUIRUPDQW DQG PRUH UREXVW WKDQ WKH FODVVLFDO FRQMXJDWH JUDGLHQW DOJRULWKPV�
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