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Abstract. An accelerated adaptive class of nonlinear conjugate gradient algorithms is suggested.
The search direction in these algorithms is given by symmetrization of the scaled Perry conjugate
gradient direction [A. Perry, A modified conjugate gradient algorithm. Operations Research, 26
(1978) 1073-1078], which depends by a positive parameter. The value of this parameter is
determined by minimizing the distance between the symmetrical scaled Perry conjugate gradient
search direction matrix and the self-scaling memoryless BFGS update by Oren in the Frobenius
norm. Two variants of the parameter in the search direction are presented as those given by: Oren
and Luenberger [S.S. Oren, D. G. Luenberger, Self-scaling variable metric (SSVM) algorithms. I.
Criteria and sufficient conditions for scaling a class of algorithms. Management Sci., 20 (1973/74)
845-862] and Oren and Spedicato [S.S. Oren, E. Spedicato, Optimal conditioning of self-scaling
variable metric algorithms. Math. Program., 10 (1976) 70-90]. The corresponding algorithm,
ACGSSV, is equipped with a very well known acceleration scheme of conjugate gradient
algorithms. The global convergence of the algorithm is given both for uniformly convex and
general nonlinear functions under the exact or the Wolfe line search. Using a set of 800
unconstrained optimization test problems, of different structure and complexity, we prove that
selection of the scaling parameter in self-scaling memoryless BFGS update leads to algorithms
which substantially outperform the CG-DESCENT, SCALCG, and CONMIN conjugate gradient
algorithms, being more efficient and more robust. However, the conjugate gradient algorithm
ADCG based on clustering the eigenvalues of the iteration matrix defined by the search direction is
more efficient and slightly more robust than our ACGSSV algorithm. By solving five applications

from the MINPACK-2 test problem collection with 10° variables, we show that the adaptive Perry
conjugate gradient algorithms based on the self-scaling memoryless BFGS update, endowed with
the acceleration scheme, is top performer versus CG_DESCENT.
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1. Introduction
For solving large-scale unconstrained optimization problems

min{f (x): xeR"}, (1.1
where f:R" — R is a continuously differentiable function, bounded from below, one of the

most elegant, simple and powerful method is the conjugate gradient method. This method is
characterized by low memory requirements and strong local and global convergence properties.

Starting from an initial guess x,eR" a nonlinear conjugate gradient method generates a
sequence {x,} as:
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Xy = X + 4 dy, (1.2)
where ¢, >0 is obtained by line search and the directions d, are generated as:
s =—GatBSe do=—0,. (1.3)
In (1.3) g, is known as the conjugate gradient parameter and g, = Vf(x,). Notice that the
standard formulation of conjugate gradient method uses the search direction defined as
d,, =-9, +A.4d,. However, in our paper we consider the search direction d, , given asin (1.3),
where s, =X, — X, =¢d,. Since S is any scalar, this simple modification of the standard
conjugate gradient method does not change the significance of the parameter g, in (1.3).
Usually, the stepsize ¢, is computed to satisfy some line search conditions [4]. In the
convergence analyses and implementation of conjugate gradient algorithms the standard Wolfe
conditions [5, 6]
f(x +ad,) < f(xk)+pakgl-l<—dk’ (1.4)
Oknly 2 ogcdy, (1.5)

where d, is a descent direction and 0< p <o <1, often have been considered. Also, the strong
Wolfe line search conditions consisting of (1.4) and

\ngdk‘ <-og.dy, (1.6)
can be used.

The search direction d,, assumed to be a descent one plays the main role in these
methods. Different conjugate gradient algorithms correspond to different choices for the scalar
conjugate gradient parameter S, [7]. On the other hand the stepsize ¢, guarantees the global
convergence in some cases and is very important in efficiency.

In an attempt to use quasi-Newton techniques in conjugate gradient algorithms essentially

Perry [1] derived the conjugate gradient parameter £, in (1.3) by equating the conjugate gradient

search direction —g,,,+/4s, to the quasi-Newton direction -B,’,g,,, where B, is an
approximation of the Hessian, i.e.

~ea + B8 =BG (1.7)

After some simple algebraic manipulation from (1.7) we get the Perry’s choice for £, and the
corresponding search direction as:

T T
B = Yk gk+}1/T_SSk G , (1.8)
k Sk
Syl S5
dk+l = _|:I _yk‘r_ysk+ ylfl'sk :|gk+l = _QkP+lgk+l' (19)
k Sk k Sk

Observe that the formal equality (1.7) is only a technical argument to get a value for the conjugate
parameter f,.

If in (1.2) an exact line search direction is performed, then (1.8) is identical to the
Hestenes and Stiefel [8] conjugate gradient algorithm. Observe that Q;, is not symmetric and
does not satisfy the quasi-Newton (secant) condition. However, the corresponding Perry’s
direction (1.9) satisfies the Dai and Liao [9] conjugacy condition, d,.,y, =-u(g,,,S.),With u=1.
Now, it is worth saying that if the quasi-Newton direction —B,},g,., is contained into the cone



generated by —g,., and s,, then g, cannot alone ensure the equality (1.7). It is clear that the

above condition (1.7) guarantees that —g, ,, + /3.s, and the quasi-Newton direction —-B_,g,,, are
,coincident” and not just collinear [10]. In order to skip over this limitation we introduce an
appropriate scaling of the quasi-Newton direction and consider the equality:

~Oea + BSc =BG (1.10)
where 7, is a positive scalar parameter. As above, from (1.10) equality, after simple algebraic

operations we get the scaled Perry conjugate gradient parameter and the corresponding search
direction as:

T T
B = Y Ok T77ksk Ok , (1.11)
Y Sk
SVe L SSe _ 5
dk+1 =- I _m—i_ 77k y;sk gk+1 = _Pk+lgk+l' (112)

Observe that P, in (1.12) is not symmetric and so the known quasi-Newton condition is not
satisfied. Therefore, strictly speaking P, is not a memoryless quasi-Newton update. Now, by

adding in P, from (1.12) the term —(y,s; /y,s,)9.,, We force the symmetry, thus obtaining a
new search direction as:

dk+l = _Pk+1gk+l’ (113)
known as the symmetrical scaled Perry conjugate gradient direction, where

T T T
P —|— S ¥ * YiSk + Sk Sk

k+1 — T k T '
Y S Yi S

(1.14)

Observe that B, ,, is a symmetric matrix, but it does not satisfy the quasi-Newton condition.

In an effort to get efficient conjugate gradient algorithms by forcing the quasi-Newton
condition to hold, Shanno [11] and Andrei [12] obtained high performances memoryless BFGS
updates and scaled memoryless BFGS preconditioned updates, respectively. The Shanno
computational scheme, analyzed in [13], has global convergence for convex functions and inexact
line search [14], but in general, it may not converge, even when the line search is exact [15].
However, the Shanno algorithm is convergent if the restarts are used, but the speed of
convergence can decrease. On the other hand the computational scheme by Andrei [12], further
analyzed in [16], ensures the sufficient descent property for uniformly convex functions and
global convergence for general functions under the exact line search. Both algorithms of Shanno
and Andrei have good numerical performances being able to solve large-scale unconstrained
optimization problems of different structure and complexity. It is worth mentioning here another
way of developments for a class of new spectral conjugate gradient methods, which is a
modification of the spectral Perry's conjugate gradient method such that it possesses sufficient
descent property for any (inexact) line search, presented by Yu in [17] and by Yu, Guan and Chen
in [18].

In this paper, we consider another way of developments by not forcing the quasi-Newton
condition to hold. Instead, we suggest some adaptive choices for the parameter 7, in (1.14) in

such a way to reduce the distance between the search direction matrix P, and the self-scaled
memoryless BFGS update, one of the best variant of the memoryless quasi-Newton methods.



The structure of the paper is as follows. In Section 2 we present a short review of the self-
scaled memoryless BFGS update by Oren [19], with Oren and Luenberger [2] and Oren and
Spedicato [3] formulae for scaling parameter computation. Section 3 presents accelerated
adaptive symmetrical scaled Perry conjugate gradient algorithms based on minimizing the
difference between the matrix B, and the self-scaling memoryless BFGS update matrix. In

Section 4 the global convergence of the algorithm is proved, both for uniformly convex and
general nonlinear functions. Section 5 presents numerical results and comparisons of the
suggested algorithms versus CG-DESCENT by Hager and Zhang [20], accelerated SCALCG by
Andrei [12], CONMIN by Shanno and Phua [21] and ADCG by Andrei [22]. It is proved that this
class of algorithms based on a symmetrization of the scaled Perry conjugate gradient direction
and on minimizing the distance between this symmetrical scaled Perry conjugate gradient
direction matrix and the self-scaling memoryless BFGS update is more efficient and more robust
than the conjugate gradient algorithms considered in these studies, at least for this set of
numerical experiments.

2. Scaled memoryless BFGS update
As we know the quasi-Newton methods are one of the best methods for solving unconstrained
optimization problems. They do not require explicit second order derivatives and they have very

good local and global convergence properties [23]. Having an approximation H, ~V*f(x,)™" of

the inverse Hessian, these methods determine a new approximation H,, ~V*f(x,,,)™" which

satisfies the so called secant equation which includes the second order information. The best
guasi-Newton method with strong theoretical properties and very favorable numerical
performances is BFGS update [4]. This update is given by:

H —H _SkleHk"‘HkykS: 14 Ve Hii Sksl;r' (2.1)
k+1 k yTS yTs yTs
k 9k k 9k k 9k

In order to improve the performances of this method, the so called scaled quasi-Newton updates
have been developed [4]. The purpose of these methods is to improve the condition number of the
successive approximations to the inverse Hessian by replacing H, in (2.1) with tH,, where
t. >0 is known as the scaling parameter. Two very well known and effective formulae for t,
computation are those given by Oren and Luenberger [2]:

s;H's
o=tk (2.2)
Yi S
or by Oren and Spedicato [3]:
= S (23)
Y He Vi

The scaled BFGS update with one of the above parameters (2.2) or (2.3) is called self-scaling
BFGS update [19].

In order to get an efficient method for solving large-scale problems, at every iteration, the
matrix H, is replaced by the identity matrix thus avoiding saving the matrix H,. Therefore the

self-scaling memoryless BFGS update is obtained as:

S Yy + Y. ||yk||2 s, S
Hey =t ] —t 2T g p I |k (2.4)
Yy S« Y Sk ) Y S«



able to solve large-scale unconstrained optimization problems of different structures and
complexities. In this context, the memoryless versions of the scaling parameters (2.2) and (2.3)
can be written, respectively as:

t—$w (2.5)
yk Sy

iy (2.6)
A

where || stands for the Euclidian norm. The self-scaling memoryles BFGS update is given by

(2.4), where the scaling parameter t, is computed as in (2.5) or (2.6). Using another way of
developments as those given by Shanno [11] and Andrei [12] in the following we consider an
adaptive choice of the parameter 7, in (1.14) based on the self-scaling memoryless BFGS
update.

3. Accelerated adaptive Perry conjugate gradient algorithms

Search direction. In this section we deal with an adaptive choice for the parameter 7, in the
Perry symmetrical, scaled memoryless iteration matrix P ., given by (1.14). Having in view that
the self-scaling memoryless BFGS update is one of the best quasi-Newton methods and observing
the similarity between the structures of the search direction matrix P, , (1.14) and the self-scaling
memoryless BFGS update (2.4), we suggest computing the parameter 7, as solution of the
following minimization problem:

R 2
Min D (3.1)
where D, =R, —H}, and |_ is the Frobenius matrix norm. Since ||Dk+1|| =tr(D;,,D,,,), it
follows that the minimization problem (3.1) is equivalent to:
min(tr(D(.4D.,))- (3.2)
From (1.14) and (2.4) we have
S Sy
Dia=m—1— k AL
k k
where
T T T T T
A =1 SV Yl}sk 0+t Sy Yk ;Lyksk 14t ||ka|| SkTSk _
YeSk Y Sk Yk Sk Y Sk ) Y Sk
Therefore,
T T
S,S S,S
D|<T+1Dk+1 :(Uk kT k+ Aij[ﬂk kT X +A<j
Y Sk Yk Sk

T T
2 SSk Sksk Sk 7SSk T
=Tk A+ 15 +AA.
Vis)” Ty, Vi Si
Since Al A is independent by 7, , after some simple algebraic manipulations we get:

2 4
w(o1,0,) 5L o B o 8L, IS o Iaf

T

Yy Sk (ykTSk) (Ve Y k) yksk



Since the coefficient of 7? is always positive, it follows that the second degree function defining
tr(Dkﬂle)is always convex. Therefore, the unique solution of the minimization problem (3.2)
iS given by:

T T
7 =1+t l:”yk" Yk Sk ]+ |Yk sl; _ (3.3)

2
Yesc [ | sl
Observe that if the line search satisfies the Wolfe conditions (1.4) and (1.5), then for any
k>0, y/s, >0. From the Wolfe conditions and the inequality yy s /[s|* <|vi["/ yese, it
follows that ||sk||2 ||yk||2 /1(y}s.)?>1. Since t, >0 forany k >0, from (3.3) we have that 7, >1.
Therefore, from (1.13) and (1.14) our algorithm is given by (1.2) where

y:gk+1 SI gk+1 SI gk+1
d - S, + , 3.4
k+l — gk+1 |: y;’ Sk nk y;’ Sk :| k y;’ Sk yk ( )

and 7, is computed as in (3.3). Observe that this is a three term search direction. For an exact
line search, g, is orthogonal to s,, i.e. the search direction (3.4) reduces to the Hestenes and
Stiefel direction [8].

The parameter 7, given by (3.3) defines a class of algorithms according to the choices of
the scaling parameter t, in (3.3). Selecting t, =1 we get:

||yk||
Ve Sk
On the other hand, selecting t, as in (2.5) (Oren-Luenberger) or (2.6) (Oren-Spedicato)
respectively we get:

7 =1+ (3.5)

s, vise
Vs’ s
T

771?8 — 2 (yk Sk) yk Sk . (37)

N

Observe that 7} >1. Since, as we said, [s.]"[vi[*/(yis)?>1, it follows that 7" >1 and
17° > 1. Notice that for t_ =1, from (1.14) and (2.4), P, = H,.,, i.e. for this value of the scaling
parameter the symmetrical scaled Perry search direction matrix P, is exactly the self-scaling
memoryless BFGS update. Besides, for 7, =7, the search direction (3.4) satisfies the Dai and
Liao [9] conjugacy condition, i.e. y,d,,,=—(S{d.,,). An interesting result is given by the
following proposition, showing an optimal property of 7.

(3.6)

||yk||

k k

Proposition 3.1. If t =1, then 7 =1+"5"- is the unique minimizer of |D,,].

Proof. For t, =1,



||yk REN
D .= .
o [m yk Sy y; S

Therefore, having in view the definition of the induced matrix norm [24] we have:

1 [yl
D, ..[l=max|D, . x| = -1- S, [[max|s, X,
" k+1|| s " K+l ” ‘y Sk‘ [Uk yTs, k XEQ‘k ‘
where Q={xeR":|x|=1}. But, argmax‘sk x‘ _" ” Therefore,
||yk|| sl
Dl =|| 72—
o O
Hence, we can see that 7, =argmin|D,,]. [ |

As we have already seen the value of 7, given by (3.3) ensures that the scaled Perry
symmetric iteration matrix P, is as close as possible to the self-scaling memoryless BFGS
update H,. The search directions of the self-scaling memoryless BFGS algorithm satisfies the

descent condition g;d, <0, Wk=>0, [4]. Unlike the quasi-Newton methods, in conjugate

gradient algorithms the descent condition has a crucial role. Therefore, in the following theorem a
value of 7, is determined in such a way that additionally to minimize the Frobenius norm of the

D,.,, matrix it ensures the descent condition of the search direction (3.4).

2
Iy
T

k “k

Theorem 3.1. If 75 >2 , then the search direction (3.4) satisfies the descent condition, i.e.
Gt <0, Vk20.

Proof. From (3.4) we have:

| +2 (yk gk+1)(sk gk+1) (Sk gk+1) (38)

gl-<r+ldk+l = _||gk+l| yk 5, k yk 5,

Now, using the classical inequality u'v<= [||u|| +|v] J where u,veR" are arbitrary vectors

and considering:

1
u :f(yzsk)gkﬂ’ V:\E(Sggkﬂ)yk’ (3-9)
we get:
(Ve 9e)(89s) _ (Vi) Ve S)(8 Ge) _ L/ V2(¥i) 9 [V2(50 8) Vil
Vi Sk (Yes.) (Yes)?
111
2 SO ol 20 I
< — =g+ 8l e
(yk Sk) 4 (yk sk
Hence,



1 N . 2 y 2
g;+1dk+1 < _E”gkunz _%[m _2%}- (3.10)

Therefore, if 7, > 2||yk||2 ly.s., then g, .d, ., <0, ie. the search direction satisfies the descent
condition. [ |

Therefore, using the Theorem 3.1 the following simple adaptive strategy for computing
the search direction in our algorithm can be presented. Using (3.3) compute:

ﬁk =1+tk|:”yk"2 _ yIS; ]+ y:Sl; (3 11)
o : .
Vs [sl™ ] sl
where t, =1 or it is given by (2.5) or (2.6).
The value of 7, is computed in an adaptive manner as follows:
_ s if ﬁk>2”yk”2/yl—<rsk’
T = 2, T .
2|yl ! vese otherwise.

(3.12)

Stepsize computation and acceleration scheme. In ACGSSV the stepsize «, is computed using

the Wolfe line search conditions (1.4) and (1.5). Conjugate gradient algorithms are characterized
by the fact that the stepsize may differ from 1 by two order of magnitude in a very unpredictable
manner [25]. They can be larger or smaller than 1 depending on how the problem is scaled. This
behavior of the stepsize in conjugate gradient algorithms is in sharp contrast to the Newton,
guasi-Newton, or the limited memory quasi-Newton methods, which accept the unit stepsize for
most of the final iterations. Therefore, in conjugate gradient algorithms there is more room to
change the stepsize given by the Wolfe line search conditions. This is done by the so called the
acceleration scheme. A description of the acceleration scheme for the conjugate gradient
algorithms is presented in [26]. The idea is as follows. In order to improve the reduction of the
function values along the iterations, the acceleration scheme modifies in a multiplicative manner

the stepsize «, computed by the Wolfe line search conditions (1.4) and (1.5). In accelerated
algorithm instead of (1.2) the new estimation of the minimum point of (1.1) is computed as

X1 = % & dy (3.13)
where
a,
& =——+F, (3.14)
b,

a =a0,d, b =-/(9,-9,)'d,, 9,=Vf(z) and z=X_+a,d,. Therefore, if b, =0,
then the new estimation of the solution is computed as X, =X, +& . d,, otherwise
X1 =X+, d, . In[26] itis proved that the acceleration scheme is linear convergent.

With these, using the definitions of g,, s,, Y, and the above developments we can

present the following class of conjugate gradient algorithms based on the self-scaling memoryless
BFGS update.



Algorithm ACGSSV

Step1.  Select the initial starting point X, and compute: f, = f(X,) and g, =Vf(x,). Set
d, =—0, and k =0. Select a value for the parameter & .
Step2.  Test a criterion for stopping the iterations. For example, if [g,|| <&, then stop;

otherwise continue with step 3.
Step 3. Using the Wolfe line search conditions (1.4) and (1.5) determine the stepsize «,.

Step4.  Compute: z=X, +d,, 9, =Vf(z) and y, =9, — 0,.

Step5.  Compute: a, =, 0,d,,and b, =—a, Y, d,.

Step6. If b =0, then compute & =-a, /b, and update the variables as
X1 =X +&.,d,, otherwise update the variables as X, = X, +¢,d,. Compute
f ., and g,,,. Compute y, =9,.,, —9g, and S, =X, —X,.

Step 7. Select a variant of the algorithm, i.e. compute the value of the parameter t, as: t, =1
or t, =||sk||2 ly.s ort =vy.s, /||yk||2.

Step 8. Compute 7, asin (3.12), where 7, is computed as in (3.11).

Step 9. Compute the search direction d, , asin (3.4).

Step 10.  Restart criterion. If the restart criterion of Powell ‘glﬂgk‘ >0.2]|g,.| is satisfied,
thenset d,,, =—0,.;-

Step 11. Compute the initial guess o, = ak_lHdk_lH/HdkH, set K =k +1 and continue with
step 2. [ |

Observe that the algorithm ACGSSV includes three variants according to the value of the scaling
parameter 7,, computed as in (3.5), (3.6) or (3.7).

When the Powell restart condition [27] is satisfied, then we restart the algorithm with the
negative gradient —g, ,. Some more sophisticated reasons for restarting the conjugate gradient

algorithms have been proposed in the literature [28]. However, in this paper we are interested in
the performance of a conjugate gradient algorithm that uses this restart criterion of Powell
associated to a direction determined on the basis of the self-scaling memoryless BFGS update.
Under reasonable assumptions, the Wolfe conditions and the Powell restart criterion are
sufficient to prove the global convergence of the algorithm.
The first trial of the stepsize crucially affects the practical behavior of the algorithm. At

every iteration k>1 the starting guess for the stepsize ¢, in the line search procedure is
computed as ¢, [[d,_,[/]d.]-

ACGSSYV is defined by the search direction (3.4) and (3.12) where t, =1 or it is given by

(2.5) or (2.6), as well as by the Wolfe line search conditions (1.4) and (1.5) and by the
acceleration scheme (3.13) and (3.14). Intensive numerical experiments, presented in Section 5,
proved that the acceleration scheme improves the performances of the algorithm subject to the
number of iterations, to the number of function and its gradient evaluations, or computing time
metrics. It is worth saying that the above acceleration scheme is working in conjugate gradient
methods and it is independent by the conjugate gradient search direction [26]. However, it is quite
possible that without acceleration a given conjugate gradient algorithm performs poorly, no
matter how elaborated the search direction is. Therefore, to get ACGSSV as an efficient and



robust conjugate gradient algorithm the stepsize ¢, , computed by means of the Wolfe line search
conditions, is modified by the above acceleration procedure.

4. Global convergence analysis

The global convergence analysis of the above algorithms is based on bounding the norm of the
search direction (see [29] or [30]). In this section we prove the global convergence of the above
algorithms under the following basic assumptions:

(i) The level set S ={xeR": f(x) < f(x,)} is bounded.
(i) In a neighborhood N of S the function f is continuously differentiable and its
gradient is Lipschitz continuous, i.e. there exists a constant L>0 such that
[V (x)—Vf (y)|<L|jx—y], forall x,yeN.
Since {f(x,)} is a decreasing sequence, it is clear that the sequence {x } generated by the
proposed algorithm ACGSSYV is contained in S. Under these assumptions on f there exists a
constant I' >0 such that |Vf(x)|<I" for all xeS. Notice that the assumption that the function
f is bounded below is weaker than the usual assumption that the level set is bounded.

The following proposition shows that the Wolfe line search always gives a lower bound
for the stepsize ¢, .

Proposition 4.1. Suppose that d, is a descent direction and the gradient Vf satisfies the
Lipschitz condition

IVE () = VE (%) < L|x—x|
for all X on the line segment connecting X, and X,,,, where L is a positive constant. If the line
search satisfies the Wolfe conditions (1.4) and (1.5), then

> (U—l)ggdk
L]

Proof. Subtracting g:dk from both sides of (1.5) and using the Lipschitz continuity we get

(0=Dgr d <(Ga— 9" de = i d <[yl ]| < e L]
Since d, is a descent direction and o <1, we get the conclusion of the proposition [

(4.7)

The following proposition, often called the Zoutendijk condition, is used to prove the global
convergence of the nonlinear conjugate gradient algorithms. Originally, it was obtained by Wolfe
[5, 6] and Zoutendijk [31] under the Wolfe line search (1.4) and (1.5). In the following, we shall
prove that the Zoutendijk condition holds under the Wolfe line search.

Proposition 4.2. Suppose that d, is a descent direction and the gradient Vf satisfies the

Lipschitz condition |V (x) — VF (x)| < L|jx — x|, where L is a positive constant. If the line
search satisfies the Wolfe conditions (1.4) and (1.5), then

(9ed)” _
. (4.2)
2; |

Proof. Using (4.1), from (1.4) we get

10
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L[}
Now, combining this inequality with assumption (i) we obtain (4.2), known as Zoutendijk
condition. [

f(x)— F(x +o

For uniformly convex functions we can prove that the norm of the direction d,,, computed as in
(3.4) where 7, is computed as in (3.5) or (3.6) or (3.7) is bounded above.

Theorem 4.1. Suppose that the assumptions (i) and (ii) hold. Consider the algorithm ACGSSV
where the search direction d, is given by (3.4) and 7, is computed as in (3.5) or (3.6) or (3.7).

Suppose that «, is computed by the Wolfe line search (1.4) and (1.5). Suppose that f is a
uniformly convex function on S, i.e. there exists a constant x>0 such that

(V)= V() (x=y) 2 palx—y] (4.3)
for all x,y e N. If the search direction d, satisfies the descent condition g,/d, <0, Vk >0, then
there exists a positive constant M such that for any k >0,

[d] <M. (4.4)

Proof. From Lipschitz continuity we have |y, |<L|ls |- On the other hand, from uniform

convexity it follows that y;s, 2y||sk||2. Now, from (3.5), (3.6), (3.7), Lipschitz continuity,
uniform convexity and the Cauchy-Schwarz inequality we have:

_1+”y"" <1+ L2||Sk": =1+L2,
Yeso o pfsl
2 T 2 a0 12 2 )
o= ||Sk||T||yk2|| LA ||5k||2'— I, Llsd” v\
Oesd™sd™ s s
oo OIS s, sl Usl
|| A

Therefore, 7, in (3.4) is bounded above. From (3.4) using Lipschitz continuity, uniform

convexity and the Cauchy-Schwarz inequality we have: ||dk+1||£r+2£+|77k|£‘ Since 7, in
u u

(3.4) is bounded above it follows that |d,| is bounded above, i.e. |d,,|<M, where

M Er+2£+|nk|£. Therefore, (4.4) is true. n
H H

Theorem 4.2. Suppose that the assumptions (i) and (ii) hold. Consider the three term conjugate
gradient algorithm (1.2), where for all k >0, the search direction d, given by (3.4) is a descent

direction and the stepsize «, is determined by the strong Wolfe line search conditions. If
1

d

(4.5)

k>0

then the algorithm converges in the sense that

11



liminf g, | =o. (4.6)

Proof. We proceed by contradiction. Suppose that (4.6) does not hold, i.e. there exists a constant
7 >0, suchthat g, >y forall k>0. From (3.4) we can write:

Ot = =Gk + BcSk + Yo (4.7)
where
ﬂk — y;— gk+l -1 Sggkﬂ é‘k Sk gk+1 (48)
y:sk y-krsk Yk S

From (4.7), using Lipschitz continuity and uniform convexity, we have
||dk+1|| = ||_9k+1 + BSk + O Yk ” 2 "/Bksk ” - ||_gk+1 + 6 Yk ”

S
2[|Besell = 19wl =[G Vil = |1Bese | = 9wl - kgkﬂ Y,

k k

L L
e N I E

Therefore

||ﬂksk||<||dk+1||+(1+ ]ngmu @9)
From (4.7) we also have

Oksaliss = ||9k+1|| + BeSk G + S Vi Gk
Therefore, using again Lipschitz continuity and uniform convexity, we have

”9|<+1||2 = B8t G + SV G — I < |Gabie +‘ﬁk5:gk+1 +‘5k Ve Gt
L
:‘ggﬂdkﬂ +‘ﬂksg Okl t Sk gk+l y-krgk+l S gk+1 K+l ‘ﬂksk Ogqa| T ;||9k+1||2-
k
Therefore
L
(1_;j"gk+1”2 < ‘g-kr+ldk+l +‘ﬂksg gk+l . (410)
Now, let us define
‘gldk‘
bl (4.11)
©
Hence, from (4.10) we obtain
9l 9] o
1- <tea+|Ba :
[ ] [eal =TT T
Now, using the strong Wolfe line search (1.6), we get
|9ical” 15|
1- <t +ot (4.12)
[ j el = ]

Using (4.9) in (4.12) we get

[1 j”gkﬂ" < tk +o tk ||dk+l||+ (1+ L/ ﬂ) ||gk+1||
[dheal [dhcal
After some simple algebraic manipulations we get
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L L ||gk+1||
1-—|-ot |1+ L +ot (4.13)
H /J k( Jllgmll} ldal bl

From Zoutendijk condition (4.2) it follows that

Ztkz < o0,

k>0
Therefore,
limt, =0. (4.14)

k—o0

From Theorem 4.1 we know that |d, | is bounded. Moreover, since ||g, >y forall k>0, from

(4.13) it follows that
lim {1— L [1+ ] ! }
k=0 Yz ||gk+l||

Therefore, there exists an integer k, such that

LY_1(, L
ot (1+—] 35(1——j||gk+1||, (4.15)
7 u

for all k >k,. Hence, from (4.13) we get

||gk+l|| 2/1
(t g tot).
[dea]| e
Now, from (4.14), we have
Z”g“" Z(tk+1 +ot,) < +o0. (4.16)
k>0 ||dk+1|| k>0
Since |gy.| > 7. it follows that (4.16) contradlcts (4.5),i.e. liminf la.|=0. n

The following theorem ensures the sufficient descent property of the iterative method (1.2) and
(3.4) for the general nonlinear functions under the exact line search. This result is necessary to
complete the convergence analysis of the algorithm given by (1.2) where the search direction is
computed as in (3.4).

Theorem 4.3. Suppose that the assumptions (i) and (ii) hold for the objective function f in (1.1).
If in the iterative method (1.2) and (3.4) the exact line search is used, then the search directions

satisfy the sufficient descent condition g/ d, <—|g,|", Vk>0.

Proof. For k=0, d,=-g, and so ggd, :—||go||2. If the exact line search is applied, then

St Ok =0, Wk >0. Therefore, from (3.8) we have that g7d, <—|g|, forany k >1. u

For general nonlinear functions under Wolfe line search conditions (1.4) and (1.5) we can prove
the convergence by establishing the sufficient descent property of (1.2) and (3.4).

Theorem 4.4. Suppose that the assumptions (i) and (ii) hold for the objective function f in (1.1).

Consider the iterative method (1.2) and (3.4), where 7, :2||yk||2 /ys,, and the stepsize o, is
determined by the Wolfe line search conditions (1.4) and (1.5). Then, B, is a nonsingular
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matrix and the search direction (3.4) satisfies the sufficient descent condition
2
gcd <(-1/2)ai]"-

Proof. Observe that d,,, =—R.,,0,.,,, where B, is given by (1.14). To establish the theorem, at
first we show that for all k >0, the eigenvalues of B, ,; are bounded below by a positive constant.

From the second Wolfe condition (1.5) we have that s;y, >0, and consequently, s, #0 and
y, = 0. Therefore, there exists a set of mutually orthogonal unit vectors {u, }'* such that

StuL =ysu =0, i=1..,n-2,
which leads to
P =U, i=1...,n-2
Thus, the vectors u,, i=1,...,n—2, are the eigenvectors of P, which correspond to the

eigenvalue 1. Now, let 4, and 4* be the two remaining eigenvalues of P,,. Since the trace of
a square matrix is equal to the sum of its eigenvalues, from (1.14) we have that

2
tr(R..) =(n=2) +7 _”Sk ” =(N=2)+ A4 + 4.

T
k “k

Therefore
2K+ 2K =nh,, where b =[s |/ yis. (4.17)
On the other hand, the determinant of square matrix is equal to the product of its eigenvalues.
Using the formula of algebra [32]: det(l + pq" +uv’) =(1+q" p)A+Vv'u)—(p'v)(q'u), where
Sk

Yk — ThSk

L g=s,, U=-
Vi S “ Vi S

from (1.14), after some simple algebraic operations, we have that

det(P,,,) =7, ”Sk”2 _ ”Sk ”2 "yk "2 =k 1/1#.
s st T

p=-— and v=y,,

Therefore
ﬂ'rlf—lﬂ'rlf =nb, —a,, where a =||5k||2||Yk||2/(YIsk)2- (4.18)

Observe that a,>1. If 7, 22|y |’/ yis. then det(R..)>a, >1, ie. the matrix R, is
nonsingular.
Now, if 73, = 2|y, |* / yi s, then

X+ ¥ =2a, >0, (4.19)

A K =a, >0. (4.20)
Therefore, all the eigenvalues of PR, are strictly positive. Moreover, since
det(P,) = A A =a, >1, it follows that the matrix P, is nonsingular. From the above
relations (4.19) and (4.20) the eigenvalues A‘, and A* satisfy the quadratic equation

A?—2ai+a =0, ie.
YR —Ja(a -1,
2 =a +.a(a D).

Observe that A > A¥ ;. Besides,
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PTOLEP k_izl_ (4.21)
Aoy Ang+A, 28 2

Now, from (4.21), for all k >0 we have

1
g;+ldk+l = _gg+lpk+1gk+l < _ﬁ'rt( ||gk+l||2 < _E||gk+1||2 '

Therefore, the search direction (3.4) with 7, =2|y,[*/ yrs, satisfies the sufficient descent

condition g, ,d, ., < —c||gk+1||2, where c=1/2. |

The Theorem 4.4 is necessary to complete the convergence analysis of the proposed algorithm for
general nonlinear functions, as described in [30]. Observe that the Theorem 3.1 proves only the

descent character of the search direction (3.4) with 7, > 2|y, ||2 /Y¢s,. The Theorem 4.4 proves

the sufficient descent character of the search direction (3.4) with 7, =2|| yk||2 1y;s,.

5. Numerical results and comparisons

The ACGSSV algorithm was implemented in double precision Fortran using loop unrolling of
depth 5 and compiled with f77 (default compiler settings) and run on a Workstation Intel Pentium
4 with 1.8 GHz. We selected a number of 80 large-scale unconstrained optimization test functions
in generalized or extended form presented in [33]. Some of the problems from this collection are
taken from [34]. For each test function we have considered 10 numerical experiments with the
number of variables increasing as n=21000,2000,...,10000. The algorithms compared in this

section use the Wolfe line search conditions with cubic interpolation [32], p=0.0001, ¢ =0.8
and the same stopping criterion |g, [ <107, where || is the maximum absolute component of a

vector.

When the algorithms are compared we can consider at least two points of view: the first
is based on the optimal point generated by the algorithm, and the second one is using the
objective function value in this point. Since all the algorithms used and compared in this paper
generate local solutions, we compare them by using the point of view based on the objective
function value in the point determined by each of the algorithms. Therefore, the comparisons of

algorithms are given in the following context. Let f"* and f**°* be the optimal value found
by ALG1 and ALG2, for problem i=1,...,800, respectively. We say that, in the particular
problem i, the performance of ALG1 was better than the performance of ALG2 if:

‘ fiALGl _ fiALGZ <103 (5.1)

and the number of iterations (#iter), or the number of function-gradient evaluations (#fg), or the
CPU time of ALG1 was less than the number of iterations, or the number of function-gradient
evaluations, or the CPU time corresponding to ALG2, respectively. Possibly, some other points
of view for comparing the algorithms can be used, but in this paper we consider this one. Of
course, the test problems where the algorithms do not converge to the same function value,
according to criterion (5.1), are discarded from comparisons.

By using the acceleration scheme, ACGSSV algorithm is different from many other
conjugate gradient algorithms. We know that the line search acceleration technique can improve
the numerical behavior of conjugate gradient algorithms remarkable. It is quite possible that the
efficiency and robustness of the accelerated conjugate gradient algorithms are mainly determined
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by the acceleration technigque and less by the search direction. However, this is not an impediment
in comparing algorithms, because we do not compare separately search directions techniques or
stepsize procedures. We compare algorithms as a whole including both search directions as well
as stepsize computations. Besides, when an algorithm is designed the idea is to endow it with the
best known procedures, which implement the algebraic operations for search direction and
stepsize computations. In other words, even if from the computational point of view the
acceleration scheme change the context of comparisons, we are interested to see the performances
of the accelerated adaptive Perry conjugate gradient algorithms ACGSSV versus some other
conjugate gradient algorithms with acceleration scheme (SCALCG and ADCG) or without

acceleration scheme (CONMIN and CG-DESCENT).

Since, CG-DESCENT [35] is among the best nonlinear conjugate gradient algorithms
proposed in the literature, but not necessarily the best, in the first set of numerical experiments we
compare our algorithm ACGSSV versus CG-DESCENT (version 1.4, Wolfe line search, default
settings, ||Vf (Xk)”w <10°°%,). Fig. 1 presents the Dolan and Moré’s [36] performance profile of

ACGSSV versus CG-DESCENT for t, =1 subject to CPU time metric. Fig. 2 presents the same
performance profile of ACGSSV versus CG-DESCENT for t, :||sk||2/y[sk. Similarly, Fig. 3

presents the performance profile of ACGSSV versus CG-DESCENT for t, = y;s, /|y, ||2
In these figures, for every z>1, the performance profile gives the fraction of the test

problems that each considered algorithmic variant has a performance within a factor of = from
the best. The left-hand side of the figures gives the percentage of the test problems for which an
algorithm is the fastest; the right-hand side gives the percentage of the test problems that are
successfully solved by these algorithms. Mainly, the left-hand side is a measure of the efficiency
of an algorithm; the right-hand side is a measure of the robustness of an algorithm. Clearly, the
top curve corresponds to the algorithm that solved the most problems in a time that was within a

factor ¢ of the best time.

1 L T T T T T T T
0osl ACGSSV |
" CG-DESCENT
09r ..i.‘ i
085 & .
; ACGSSV CG-DESCENT =
: diter 627 88 56
08 f1 #fg 468 264 39
: cpu 257 224 290
075F ! .
07§ .
: CPU time metric, 771 problems
0_65 | 1 | 1 | 1 |
0 2 4 5 8 10 12 14 16

Fig. 1. ACGSSV with t, =1 versus CG-DESCENT.
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=
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L
“‘-Il-ll“
-

" CG-DESCENT

095}
0of -
085}
s ACGSSV  CG-DESCENT =
H Hiter 630 85 56
0.8} N #fg 456 277 38 A
: cpu 253 232 286
075+ = .
07f I -
. CPU time metrics, 771 problems
065 1 | | | |
0 2 4 6 8 10 12 14 16
Fig. 2. ACGSSV with t, = 5[ / yy's, versus CG-DESCENT.
1 ; —
095l @SSV .-“."‘I.'llllliil i
" CG-DESCENT
09 B .*0" —
085} & .
: ACGSSV CG-DESCENT =
: Hiter 626 89 56
A F #fg 465 268 38
: cpu 254 225 292
075t | -
07F  f -
: CPU time metric, 771 problems
0.65 ' '
0 2 4 6 8 10 12 14 16

Fig. 3. ACGSSV with t, = Y75, /||y,|" versus CG-DESCENT.



When comparing ACGSSV versus CD-DESCENT for t, =1, from Fig. 1, we see that
subject to the number of iterations ACGSSV was better in 627 problems (i.e. it achieved the
minimum number of iterations for solving 627 problems), CG-DESCENT was better in 88
problems and they achieved the same number of iterations in 56 problems, etc. Out of 800
problems considered in these numerical experiments, only for 771 problems does the criterion
(5.1) hold. From Figs. 2 and 3 we see the same behavior of ACGSSV versus CG-DESCENT. In

fact, the differences among these three variants of the algorithm ACGSSV determined by 7,

7ot or n°° are very small. However, intensive numerical experiments show that the variant of
oL

ACGSSV with 7, is slightly more efficient and the variant of the algorithm with 1" is slightly

more robust. We see that this computational scheme based on the minimizing the distance
between the symmetrical scaled Perry conjugate gradient search direction matrix and the self-
scaling memoryless BFGS update lead us to algorithms which substantially outperform the CG-
DESCENT, being way more efficient and more robust.

Since all these three variants of ACGSSV algorithm (with 7., " or n°°) have similar
performances, in the second set of numerical experiments we compare ACGSSV with
tk=||sk||2/ykTsk versus SCALCG (spectral, accelerated) [12] and versus CONMIN [21],

respectively. In Figures 4 and 5 we present the Dolan and Moré performance profiles of
ACGSSV versus the BFGS memoryless preconditioned conjugate gradient algorithms SCALCG
and CONMIN.

g ' —— T
095 \ _
o1 ACGSSV i
085} \ i
08} i
SCALCG (spectral)
075} i
07k ACGSSV  SCALCG = i
Hiter 123 530 73
0651 #fg 256 459 11 -
cpu 333 120 273
06} _
055+ 4
CPU time metric, 726 problems
05 1 ! 1 1 1 ] |
0 2 4 B 8 10 12 14 16

Fig. 4. ACGSSV with t, = |s| / yy's, versus SCALCG.
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085+ \ |
§ CONMIN
08} : |
: ACGSSV CONMIN =
075 : fiter 346 304 78
ol g 182 514 32
; cpu 278 164 286
07} |
065F ¢ |
: CPU time metric, 728 problems
0 2 4 6 8 10 12 " -

Fig. 5. ACGSSV with t, = |s| / yy's, versus CONMIN.

The search direction in CONMIN by Shanno [11] is exactly the Beale-Powell restart memoryless

BFGS quasi-Newton method, where the approximation to the inverse Hessian is reinitialized as
the identity matrix at every step. On the other hand, the search direction in SCALCG by Andrei

[12] is a scaled memoryless BFGS preconditioned conjugate gradient algorithm, which mainly is
a double, positive definite quasi-Newton update scheme using the restart philosophy of Beale-

Powell. Both SCALCG and CONMIN are very close to the memoryless guasi-Newton methods
In Figures 4 and 5 we have the numerical evidence that the symmetrical scaled Perry conjugate

gradient algorithm ACGSSV based on the self-scaling memoryless BFGS update is far away

more efficient and more robust.
In the third set of numerical experiments we compare ACGSSV versus the adaptive conjugate

gradient algorithm ADCG [22]. The search direction in ADCG is computed as
T T T
yk gk+l —t Sk gk+1:|sk _ sk 9k+l yk’ (52)
Yi S

gApce _ _ g
k+1 k+1 T k T
Yi S Yi S

where the parameter t, is computed in an adaptive manner as:

I L1 A £
(Yk k) (5.3)

b Isill”
0, otherwise,

by clustering the eigenvalues of the matrix defining it, and z>1 is a positive constant. The
stepsize is computed using the classical Wolfe line search conditions, and is modified by an
acceleration technique exactly as in ACGSSV algorithm. Figure 6 presents the performance

profile of ACGSSV with t, = s, | / y/'s, versus ADCG with 7 =3
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: ACGSSV ADCG =
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07f : i
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CPU time metric, 791 problems
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Fig.6. ACGSSV with t, =|s,| / y{'s, versus ADCG with 7 =3,

Observe that the search direction of the ACGSSV conjugate gradient algorithm given by (3.4) is
very similar to the search direction corresponding to ADCG. The sign of the third term in (5.2) is
modified in order to ensure the descent property of d"2°®. However, the parameter 7, in (3.4) is
computed by minimizing the difference between the symmetric matrix B,,, of Perry (1.14) and
the self-scaling memoryless BFGS update matrix (2.4). On the other hand, ADCG belongs to
another class of conjugate gradient algorithms. The parameter t, in (5.2) is computed by
clustering the eigenvalues of the matrix defining the search direction (5.2). From Figure 6 we
have computational evidence that ADCG conjugate gradient algorithm based on clustering the
eigenvalues of the iteration matrix defined by the search direction is clearly more efficient than
ACGSSV which is based on the self-scaling memoryless BFGS update. However, ACGSSV is
slightly more robust than ADCG. The difference between ACGSSV and ADCG is substantial.
ACGSSV tries to improve the condition number of the successive approximations to the inverse
Hessian H,,, by scaling this matrix as t H,, where t, >0 is the scaling parameter given by
Oren and Luenberger [2], or Oren and Spedicato [3]. On the other hand, ADCG tries to improve
the condition number of H,,, by clustering its eigenvalues. Clustering the eigenvalues of the
iteration matrix determined by the search direction is one of the most important ingredients in
designing efficient conjugate gradient algorithms [22, 37].

In the last set of numerical experiments we present comparisons between ACGSSV with

t,=|sf/yls. versus CG-DESCENT conjugate gradient algorithms for solving some

applications from the MINPACK-2 test problem collection [38]. In Table 1 we present these
applications, as well as the values of their parameters.

20



Table 1
Applications from the MINPACK-2 collection.

Al | Elastic—plastic torsion [39, pp. 41-55], c=5

A2 | Pressure distribution in a journal bearing [40], b=10, £=0.1
A3 | Optimal design with composite materials [41], A =0.008

A4 | Steady-state combustion [42, pp. 292-299], [43], A =5

A5 | Minimal surfaces with Enneper conditions [44, pp. 80-85]

The infinite-dimensional version of these problems is transformed into a finite element
approximation by triangulation. Thus a finite-dimensional minimization problem is obtained
whose variables are the values of the piecewise linear function at the vertices of the triangulation.
The discretization steps are nx=1,000 and ny =1,000, thus obtaining minimization problems

with 1,000,000 variables. A comparison between ACGSSV (Powell restart criterion,
[VE (%), <10°, p=0.0001, c=0.8, t, :||sk||2 /'y, s.) and CG-DESCENT (version 1.4, Wolfe
line search, default settings, |Vf (x, )| <107°,) for solving these applications is given in Table 2.

Table 2
Performance of ACGSSV versus CG-DESCENT.

1,000,000 variables. t, =|s, |/ yi's,. CPU seconds.

ACGSSV CG-DESCENT
#iter #fg cpu #iter #fg Cpu

Al 1113 2257 354.95 1145 2291 474.64

A2 2845 5718 1159.18 3370 6741 1835.51

A3 5906 12087 3609.19 4814 9630 3949.71

A4 1413 2864 2023.27 1802 3605 3786.25

A5 1608 3361 755.75 1225 2451 753.75
TOTAL 12885 26287 7902.34 12356 24718 10799.86

From Table 2, we see that, subject to the CPU time metric, the ACGSSV algorithm is top
performer and the difference is significant, about 2897.52 seconds for solving all these five
applications. It is worth saying that intensive numerical experiments for solving the applications
from MINPACK-2 collection with different values of the parameter t  (ie. t =1 or

2 . . - - . .
te =Y /|ve]) mainly yield similar results concerning the numerical performances of

ACGSSV algorithm. In all cases, for all these numerical experiments, ACGSSV was top
performer versus CG-DESCENT.

The ACGSSV and CG-DESCENT algorithms (and codes) are different in many respects.
Both of them use the Wolfe line search (implemented in different manners). However, these
algorithms differ in their choice of the search direction and in the acceleration scheme used by
ACGSSV. The search direction d, ., given by (3.4) where the parameter 7, is computed as in

(3.12) is more elaborate: it is descent and it is as close as possible by the search direction
corresponding to the self-scaling memoryless BFGS update. On the other hand, the search
direction in CG-DESCENT is a simple ad-hoc modification of the Hestenes and Stiefel algorithm.
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6. Conclusions

In the panoply of the conjugate gradient algorithms we placed a new one based on
symmetrization of the scaled Perry conjugate gradient direction which depends by a positive
parameter. The value of this parameter is obtained by minimizing the distance between the
symmetrical scaled Perry conjugate gradient search direction matrix and the self-scaling
memoryless BFGS update. The scaling parameter in self-scaling memoryless BFGS update by
Oren [19] is selected as those given by Oren and Luenberger [2] or Oren and Spedicato [3]. On
the other hand, the parameter in scaled symmetrical Perry search direction matrix is computed in
an adaptive manner in such a way to minimize the distance between this direction matrix and the
self-scaling memoryless BFGS matrix, and to satisfy the descent condition. To improve the
performances of the algorithm an acceleration scheme is included. The global convergence of the
corresponding ACGSSV algorithm is proved both for uniformly convex functions and for general
nonlinear functions. The numerical experience with ACGSSV, using 800 unconstrained
optimization test problems and 5 large-scale applications from MINPACK-2 collection, prove
that this adaptive computational scheme is more efficient and more robust than the well known
CG-DESCENT [35], SCALCG [12] and CONMIN [21] conjugate gradient algorithms. On the
other hand, comparisons of ACGSSV versus the adaptive conjugate gradient algorithm ADCG
[22], based on clustering the eigenvalues of the corresponding iteration matrix, show that ADCG
is more efficient and slightly more robust. Both these algorithms, ACGSSV and ADCG, are
adaptive algorithms in a similar way. However, in ADCG algorithm the parameter is selected to
cluster the eigenvalues of the iteration matrix. On the other hand in ACGSSV the parameter is
computed to get the search direction as close as possible to the self-scaled memoryless BFGS
approximation to the iteration matrix. Both these approaches based on closeness to the self-scaled
BFGS approximation to the iteration matrix, and clustering the eigenvalues of the iteration matrix
determined by the search direction are important ingredients in designing efficient conjugate
gradient algorithms. In the same way of development another conjugate gradient algorithm can be
obtained by using a hybridization of the scaling parameter given by Oren and Spedicato [3] and
that suggested by Babaie-Kafaki [45].
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