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This appendix concentrates on methods for solving systems of linear equations
Ax =b,

where AeR™" and beR". This is a basic problem that arises in many
optimization algorithms and is crucial in the efficiency of the algorithms. Assume
that A is nonsingular, so the solution is unique for all vectors b and is given by

x = A'b. The matrix A is often called the coefficient matrix and the vector b is
called the right-hand side term. Firstly we present some cases for which Ax=b
can be easily solved. In these cases the coefficient matrix has some special
structures. Further on we will focus on general systems where A has no structure
[Meyer, 2000], [Golub and Van Loan, 1996], [Demmel, 1997], [Higham, 1996]
and [Trefethen and Bau, 1997].

1. Systems with diagonal matrices

Suppose that Ae R™ is a diagonal and nonsingular matrix, i.e. for all i, a; =0.
In this case the set of linear equations Ax=Db can be written as a;x =b,
i =1,...,n. Therefore, the solution is simply given by x, =b /a;, i=1...,n.

2. Systems with upper triangular matrices. (Back substitution)

Consider the system Ux =b, where the coefficient matrix U e R™ is an upper
triangular matrix in which u; =0, i=1,...,n, i.e. there are no zero pivots.
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Ug Up - Uy
0 Uy o Uy || X b,
0 0 - u,
For solving this system the general back substitution is as follows:
1. Firstly compute x, =b, /u,,.
2. Determine x;, i=n-1,n-2,...,1, recursively as:

1 1 s
X = u_(b' = Uj X — U o Xip = = Ui n X)) = I(bi - Z uikka'

Xn

i k=i+1

3. Systems with lower triangular matrices. (Forward substitution)

Consider the system Lx =b, where the coefficient matrix L € R™" is a unit lower
triangular matrix, that is

1 0 - 0lx] [b
Ly 1 - 0|[x| |b,
Inl |n2 1 X, bn

For solving this system the general forward substitution is as follows:
1. Firstly compute x, =b;.

2. Determine x;, i=2,3,...,n recursively as:
i-1

X =by = (hiX + 1%+ 41X ) =D, _zlikxk'
k=1

4. Systems with orthogonal matrices

A matrix AeR™ is orthogonal if ATA=1, ie. A*=A". In this case the
solution of the system Ax =b can be computed by a simple matrix-vector product

x=A'b.

5. Systems with permutation matrices

Let 7z =(mz,7,,...,7,) be a permutation of (1,2,...,n). A permutation matrix is a

square matrix obtained from the identity matrix by a permutation of its rows. Every
row and column of a permutation matrix have a single 1 with 0s everywhere else. If
A is a permutation matrix, then solving Ax =D is very simple: x is obtained by

permuting the entries of bby 7.



6. Gaussian Elimination (LU Factorization)

Gaussian elimination (Gauss method) is a direct method for solving linear systems

of equations Ax=b,where AeR™ is a real matrix. Let A be a nonsingular
matrix, then the end result of applying the Gaussian elimination to A is an upper
triangular matrix with nonzero elements on the main diagonal, i.e.
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Gaussian elimination for a general small example
Let us illustrate the Gaussian elimination by means of a general small example:

1 Qp || X b,

Ay Ap gl X |=|b |

A 83 8z || X3 b,
The Gaussian elimination transforms this system to triangular form as follows.
Suppose that a;; = 0. Multiplying the first row by a,, /a,; and subtracting it from
the second row leads to the equivalent system

a; 4 3 || X b,
0 aff aff||x|=|b|
83 83 Az || X3 b
where
aly) =ay, —(ay /ay)ay,,
aly) =ay;—(ay /a))ay;
and

b =b, —(ay /ay)b;.
Now, multiplying the first row by a,, /a,; and subtracting it from the third row
leads to the equivalent system

ay & A3 || X b,
ay ag | X, |=|b |,
2 )% [ue
where
aly =ay, — (a5, / ay)ay,,

(2) _
833’ = a3 — (35 /ay;)ay;



and

b{? = b, —(as, / ay,)by.
Finally, assuming that a'2) =0, multiplying the new second row by (a{? /a{?)
and subtracting it from the third row leads to the system

ay &y A3 |l X b,
0 af af | x|=|b”|
0 0 af|[X] [b?
where
Al —a? - (@2 1a)a?
and
B0 b2 (2 /a2 )bf?.
Observe that the system obtained at the end of this process has the upper triangular
form Ux =c, where

all a12 a13 bl
U=l0 a% ald| and c=[b{? |,
0 0 ay b{

which can be solved by back substitution.

General Gaussian elimination
The above process may be performed in general by creating zeros in the first
column, then in the second one, and so forth. For k=1,2,...,n—1 the Gaussian
elimination is defined by the following formulae:

ald =a® _(af 1al0)al, i,j>k
and

B9 =5~ (af /a0, i>k

where af’ =g, i,j=12,...,n.

To be well defined, the only assumption required is that al’ =0, k=1,2,...,n,

hold. In the Gaussian elimination these entries are called pivots. Usually, the
following notation is used:

AKy = b
as the system obtained after (k—1) stages, k=1,2,...,n, where A® = A and
b® =b. The final matrix A" is upper triangular.

Zero Pivots — Row Interchanges
The above described Gaussian process breaks down when a pivot is zero, say

al) = 0. In this case, in order to continue the Gaussian process, row interchanges



are needed. We illustrate zero pivots and row interchanges by using a small general
example.
Suppose we have executed two stages of the Gaussian elimination on a system of

order 5 and at the third stage the system is A®x =b®  in the following form:
) o) ) a Ty [o
0 ap af af af | x| |b?
0 0 a &P |x|-s|
0 2P aP a|%| [b®

3 3 3 X 3
0 e & a@ sl [

o O o

In this case, if a{Y #0 or a2 =0 holds, then the third row is interchanged with
either the fourth or the fifth row and we may continue the Gaussian process. This
interchanging to obtain nonzero pivots is called pivoting.
On the other hand, the Gaussian elimination breaks down if aY =a{J =a$) =0.
In this case the matrix is singular. i.e.
0 o af
det A® =aPa@det| 0 al? a |=o0.

(3) (3)
0 agy ag

Relationship with LU Factorization
For solving the system Ax =D, where A is nonsingular, the Gaussian elimination
consists of the following 4 steps [Demmel, 1997]:
1. Factorize the matrix A as A= PLU, where:
P is a permutation matrix,
L is a unit lower triangular matrix,
U is a nonsingular upper triangular matrix.
2. Solve the system PLUx =b subjectto LUx by permuting the entries of b,

ie. LUx=P'b=P'b.

3. Solve the system LUx =P b subject to Ux by forward substitution, i.e.
Ux =L*(P ).

4. Solve the system Ux=L"(P'b) subject to x by backward substitution,
ie. x=U"(L(P0)).

The following result is central in the Gaussian elimination:
The following two statements are equivalent:

1. There exists a unique unit lower triangular matrix L and a nonsingular
upper triangular matrix U such that A=LU. This is called LU
factorization of A.

2. All leading principal submatrices of A are nonsingular.



LU factorization without pivoting can fail on nonsingular matrices and therefore
we need to introduce permutations into the Gaussian elimination.

If A is a nonsingular matrix, then there exist permutation matrices P, and P,, a
unit lower triangular matrix L and a nonsingular upper triangular matrix U such
that BAP, =LU. Observe that P,A reorders the rows of A. AP, reorders the

columns of A. P,AP, reorders both the rows and the columns of A

If A is nonsingular, then it has a nonzero entry. Therefore, we choose the
permutations P and P, so that the (1,1) entry of P’AP, is nonzero. Now we write
the factorization and solve for the unknown components:

Perpz':{an A12:|=|: 1 0 }{Un Lﬂlz:|=|: Uy U, - }
Ay Ay Ly o]l 0 Ay Loy, LU, +A,

where A,,, A, e R and L,,,UJ, e R™™. Solving for the components of this
2x 2 block factorization we get:
Uy =ay, #0, Up=A, Lyl =Ay.

Since u,, =a;; #0, we can solve it to get L, = h. Finally, L,U,, + A, = A,
T

implies that A,, = A,, — L,,U,,. Observe that
1 0 u, U, _
det P/AP, = det det —[=1(u,, det A,).
L21 In—l 0 A22

Since detP/AP; =+detA=0, it follows that det A,, must be nonzero. Therefore,
the factorization process may continue.
Indeed, by induction there exist the permutation matrices P, and P, so that

PA,P, =LU, where L is a unit lower triangular matrix and U is an upper

triangular and nonsingular matrix. Substituting this in the above 2x2 block
factorization we get:

A 1 0|uy U, 1 0|1 O fju, U,
RAR, = 5T T | 5T BT
L, 1| o BLOR | |L, !0 A'C|| o UR

B 1 0 lluy U12F_>2 10 _ 1 01 0__U11 Ulzlsz— 10
L, RCJL0 U JJo B| |0 ATJ[RLy Lji0 U Jo A
Therefore, the desired factorization of A is:

10 1 0]y [ 1 of P, |
PAP, = _PAP . =] = Ot YiPy
(=) 0 B|) |PLy LJO0O U




The next two results state simple ways to choose the permutation matrices P, and
P, to guarantee that the Gaussian elimination will run on nonsingular matrices.

Gaussian elimination with partial pivoting
We can choose the permutation matrices P, =1 and P, in such a way that a,, is

the largest entry in absolute value in its column, which implies that L,, M has
11

entries bounded by 1 in absolute value. More generally, at step i of the Gaussian
elimination, where we are computing the ith column of L, we reorder rows i
through n so that the largest entry in the column is on the diagonal. This is called
,,Gaussian elimination with partial pivoting”, or GEPP for short. GEPP
guarantees that all entries of L are bounded by one in absolute value.

Gaussian elimination with complete pivoting

We can choose the permutation matrices P, and B/ in such a way that a,, is the
largest entry in absolute value in the whole matrix. More generally, at step i of the
Gaussian elimination, where we are computing the ith column of L, we reorder
rows and columns i through n so that the largest entry in this submatrix is on the

diagonal. This is called ,, Gaussian elimination with complete pivoting”, or GECP
for short.

The following algorithm is an implementation of the results mentioned above by
performing permutations, by computing the first column of L and the first row of

U, and then by updating A,, to get A,, = A, —L,U,,.

Algorithm GE (LU factorization with pivoting)
fori=1ton-1
apply permutations so that a; =0 (permute L and U too)
/* for example, for GEPP, swap rows j and i of A andof L

where ‘aji‘ is the largest entry in |A(i :n,i)|; for GECP, swap
rows j and i of A andof L, and columns k and i of A and
of U, where ‘ajk‘ is the largest entry in |A(i 1n,izn)| */

/* compute column i of L */

for j=i+1ton
li =a; /a;

end for

/* compute row i of U */

for j=iton
Uj = a;

end for




[* update A,, */
for j=i+1ton
fork=i+1ton

A =ag —
end for

end for
end for

Remark

Once the column i of A has been used to compute the column i of L, it will
never be used later in the algorithm GE. Similarly, row i of A is never used after
computing row i of U. This property allows us to overwrite L and U on top of
A as soon as they are computed. Therefore, there is no need for extra space to
store these matrices. L can occupy the strict lower triangle of A (the ones on the
diagonal of L are not stored explicitly). Similarly, U can occupy the upper
triangle of A. Therefore, the algorithm can be simplified as:

Algorithm LU (LU factorization with pivoting, overwriting L and U on A)

fori=1ton-1
apply permutations so that a; =0
for j=i+1ton
a; =2a; /3
end for
for j=i+1ton
fork=i+1ton
Qe = a5 —a;;a
end for

end for
end for

7. Cholesky factorization

If AcR™" is symmetric and positive definite, then it can be factored as

A=LL",
where L is a lower triangular and nonsingular matrix with positive diagonal
elements. This is called the Cholesky factorization of A and can be interpreted as a
symmetric LU factorization with L=U". The matrix L, which is uniquely
determined by A, is called the Cholesky factor of A. The algorithm is as follows:



Cholesky factorization
for j=1ton

j1,, \V2
I = (ajj _Zkzl'jk)
fori=j+1lton
-1
i = (3 _Zkzllikljk)/ljj
end for
end for

If A is not positive definite, then the Cholesky factorization will fail by attempting
to compute the square root of a negative number or by dividing by zero. This is the
cheapest way to test if a symmetric matrix is positive definite.

The Cholesky factorization can be used to solve the system Ax=Db when A is
symmetric and positive definite.

Solving linear systems by Cholesky factorization

1. Cholesky factorization. Factor A as A=LL".
2. Forward substitution. Solve Lz =bh.

3. Back substitution. Solve L' x = z.

8. The factor-solve method

For solving the linear system Ax =b the basic approach is based on expressing A
as a product of nonsingular matrices:

A=AA-A,

Therefore, the solution is given by:

x=Ab=A'AY...A'b

The solution x is computed working from right to left as:
z,=A",
z,=A'z = AATD,

7, =A%z, =ALAL - ATD,

x=A"7,=A"AL A
We see that the ith step of this process requires computing z, = Az ,, i.e.
solving the linear system Az, =z, ;. The step of expressing A in factored form is

called the factorization step. On the other hand, the process of computing x = A™*b
recursively by solving a sequence of systems of the form Az, =z ,, is called the

solve step. The idea of the factor-solve method is to determine the factors A,



i=1...,r, as simple as possible, i.e. diagonal, lower or upper triangular,
permutation, orthogonal, etc.

Factor-solve method and LU factorization.

Assume that in the general Gaussian elimination a{’ =0 hold for every
k=1,...,n. Referring to the general Gaussian elimination, we see that
L, =al) /a5 for i>k, is exactly what is used to multiply the kthrow and
subsequently subtract it from the ith row in building the new ith row. I, is called
a multiplier.

Now, let L be the unit lower triangular matrix which differs from the identity
matrix only in the kth column below the main diagonal, where the negatives of the
multipliers |, appear. These matrices are called elementary lower triangular

matrices. With these matrices, the general Gaussian elimination can be expressed
in matrix notation as:
A — () Al
where A® = A Using these relations for all values of k we get:
U= A(n) — L(n—l) L(H*Z) . ,L(l)A_
The inverse of L™ is very easy to be computed: by changing the sign of the
multipliers.

1 1
1 1
(k) (K)y-1 _
L 1 LRy 1
_Ik+l,k 1 Ik+l,k 1
=l 1 (I 1

Therefore, from the above relations we get:

A= (L(l))—l(L(Z) )—l .. '(L(n_l) )—lU )
The solution of the linear system Ax =D is very easy to be computed by using the
structure of the L) and U matrices.

9. Solving underdetermined linear systems

Let us consider the linear system of equations Ax=b, where AeR™", and
m<n. Assume that rank(A)=m, so there is at least one solution for all b. In
many applications it is sufficient to know one particular solution X. In other

situations it is necessary to have a parameterization of all solutions as

10



{x: Ax=b}={Zy+i: yeR”’m},
where Z is a matrix whose columns form a basis for the null space of A.
The solution of the underdetermined system Ax=b is very easy to be

determined if a mxm nonsingular submatrix of A is known. Assume that the first
m columns of A are linearly independent. The system can be written as

X
Ax=[A Az]{xjﬂxlwxz:b,

where A € R™™ is nonsingular. Therefore, we can express x, as

X = A (b= AX,).
A particular solution for the system Ax=Db is X, =0 and X, = A;lb. All solutions
of Ax=b can be parameterized using x, e R"™ as a free parameter. We can

write:
L2
X, | 0

This gives the following parameterization:
-1 -1
SRR

10. The QR factorization

The matrix AeR™™ with m<n and rankA=m can be factored as:

A-[Q Qz]m,
0
where Q, e R™™ and Q, e R™"™™ satisfy
Q1TQ1= I, Q2TQ2= I, Q1TQ2=O

and ReR™™ is upper triangular with nonzero diagonal elements. This is called
the QR factorization of A
The QR factorization can be used for solving the underdetermined systems

of linear equations Ax =b, where Ae R™" with m<n. Consider that
R
ATZ[Ql Qz]{o}

is the QR factorization of A". Therefore, X =Q,(R")™"b satisfies the equations:
AX=R'Q/Q,(R")"b=b.
The columns of Q, form a basis for the nullspace of A. Therefore, the complete
solution set of the above system can be parameterized as
{x=X+Q,z:zeR" ™}

11



Usually, the QR factorization is used for solving underdetermined systems of linear
equations. The main drawback of this method is that it is difficult to exploit the
sparsity of the matrix. Even if A is sparse, the factor Q is usually dense.

11. LU factorization of rectangular matrices

The matrix Ae R™™ with m<n and rankA=m can be factored as

A=PLU,
where P eR™" is a permutation matrix, LeR™™ is unit lower triangular (i.e.
l; =0 for i<j and I; =1) and U e R™™ is nonsingular and upper triangular. If

the matrix A is sparse, then the LU factorization usually includes row and column
permutation, i.e. A is factored as

A=PLUP,,
where P e R™, P, e R™™ are permutation matrices. The LU factorization of a

sparse rectangular matrix can be calculated efficiently at a cost that is much lower
than for dense matrices.
The LU factorization can be used for solving underdetermined systems of

linear equations. Consider the system of linear equations Ax=b, where Ae R™"
with m<n. Suppose that the matrix A" is LU factored as A" =PLU and L is

|: :|,
LZ

where L, e R™™ and L, e R™™ ™, Then the solution set of the system can be
parameterized as
{x:Ax=b}={Zz+X:zeR""},

S P{—(LI |)L} . P{(LI )-1(UT)-1b}

with

0

The LU factorization of rectangular matrices is used in MINOS and SNOPT
packages [Saunders, 2015].
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