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5HVHDUFK ,QVWLWXWH IRU ,QIRUPDWLFV�

&HQWHU IRU $GYDQFHG 0RGHOLQJ DQG 2SWLPL]DWLRQ�

����� $YHUHVFX $YHQXH� %XFKDUHVW �� 5RPDQLD

(�PDLO� QDQGUHL#LFL�UR

$EVWUDFW� ,Q WKLV ZRUN ZH SUHVHQW DQG DQDO\]H D QHZ VFDOHG FRQMXJDWH JUDGLHQW DOJRULWKP

DQG LWV LPSOHPHQWDWLRQ� EDVHG RQ DQ LQWHUSUHWDWLRQ RI WKH VHFDQW HTXDWLRQ DQG RQ WKH

LQH[DFW :ROIH OLQH VHDUFK FRQGLWLRQV� 7KH EHVW VSHFWUDO FRQMXJDWH JUDGLHQW DOJRULWKP 6&*

E\ %LUJLQ DQG 0DUWtQH] >�@� ZKLFK LV PDLQO\ D VFDOHG YDULDQW RI 3HUU\©V >��@� LV PRGLILHG LQ

VXFK D PDQQHU WR RYHUFRPH WKH ODFN RI SRVLWLYH GHILQLWHQHVV RI WKH PDWUL[ GHILQLQJ WKH

VHDUFK GLUHFWLRQ� 7KLV PRGLILFDWLRQ LV EDVHG RQ WKH TXDVL�1HZWRQ %)*6 XSGDWLQJ IRUPXOD�

7KH FRPSXWDWLRQDO VFKHPH LV HPEHGGHG LQ WKH UHVWDUW SKLORVRSK\ RI %HDOH�3RZHOO� 7KH

SDUDPHWHU VFDOLQJ WKH JUDGLHQW LV VHOHFWHG DV VSHFWUDO JUDGLHQW RU LQ DQ DQWLFLSDWLYH PDQQHU

E\ PHDQV RI D IRUPXOD XVLQJ WKH IXQFWLRQ YDOXHV LQ WZR VXFFHVVLYH SRLQWV� ,Q YHU\ PLOG

FRQGLWLRQV LW LV VKRZQ WKDW� IRU VWURQJO\ FRQYH[ IXQFWLRQV� WKH DOJRULWKP LV JOREDO

FRQYHUJHQW� 3UHOLPLQDU\ FRPSXWDWLRQDO UHVXOWV� IRU D VHW FRQVLVWLQJ RI ��� XQFRQVWUDLQHG

RSWLPL]DWLRQ WHVW SUREOHPV� VKRZ WKDW WKLV QHZ VFDOHG FRQMXJDWH JUDGLHQW DOJRULWKP

VXEVWDQWLDOO\ RXWSHUIRUPV WKH VSHFWUDO FRQMXJDWH JUDGLHQW 6&* DOJRULWKP�

.H\ZRUGV� 8QFRQVWUDLQHG RSWLPL]DWLRQ� FRQMXJDWH JUDGLHQW PHWKRG� VSHFWUDO JUDGLHQW

PHWKRG� %)*6 IRUPXOD� QXPHULFDO FRPSDULVRQV

$06 6XEMHFW &ODVVLILFDWLRQ� ��0��� ��0��� ��&��� ��.
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7KH FRQMXJDWH JUDGLHQW PHWKRGV UHSUHVHQW DQ LPSRUWDQW LQQRYDWLRQ IRU VROYLQJ ODUJH�VFDOH

XQFRQVWUDLQHG RSWLPL]DWLRQ SUREOHPV

��� � �� � � ���

ZKHUH � � �Q� → LV FRQWLQXRXVO\ GLIIHUHQWLDEOH DQG LWV JUDGLHQW LV DYDLODEOH� 7KHVH

PHWKRGV JHQHUDWH D VHTXHQFH �
N
RI DSSUR[LPDWLRQV WR WKH PLQLPXP �


RI � � LQ ZKLFK

� � �
N N N N+ = +

�
α � ���

� � �
N N N N+ += − +

� �
β � ���

ZKHUH � � �
N N
= ∇ � �� α

N
LV VHOHFWHG WR PLQLPL]H � �� � DORQJ WKH VHDUFK GLUHFWLRQ �

N
� DQG

β
N
LV D VFDODU SDUDPHWHU� 7KH LWHUDWLYH SURFHVV LV LQLWLDOL]HG ZLWK DQ LQLWLDO SRLQW �

�
DQG

� �
� �
= − � $ ORW RI YHUVLRQV RI FRQMXJDWH JUDGLHQW PHWKRGV ZKLFK FRUUHVSRQG WR WKH

VHOHFWLRQ SURFHGXUH RI SDUDPHWHU β
N
DUH DOUHDG\ NQRZQ� :KHQ WKH IXQFWLRQ � LV TXDGUDWLF

DQG α
N
LV VHOHFWHG WR PLQLPL]H � �� � DORQJ WKH GLUHFWLRQ �

N
� WKHQ DOO FKRLFHV RI β

N
DUH

HTXLYDOHQW� EXW IRU JHQHUDO QRQOLQHDU IXQFWLRQV GLIIHUHQW FKRLFHV RI β
N
JLYH DOJRULWKPV ZLWK

YHU\ GLIIHUHQW FRQYHUJHQFH SHUIRUPDQFHV� $ KLVWRU\ RI FRQMXJDWH JUDGLHQW DQG /DQF]RV

                                                          
1 The author was awarded the Romanian $FDGHP\ *UDQW ���������
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DOJRULWKPV IURP WKHLU YHU\ EHJLQQLQJ XQWLO ���� LV SUHVHQWHG E\ *ROXE DQG 2©/HDU\ >�@� $Q

H[FHOOHQW VXUYH\ RI QRQOLQHDU FRQMXJDWH JUDGLHQW PHWKRGV ZLWK VSHFLDO DWWHQWLRQ WR JOREDO

FRQYHUJHQFH SURSHUWLHV LV PDGH E\ +DJHU DQG =KDQJ >��@�

7KLV SDSHU LV PRWLYDWHG E\ D YDULDQW RI WKH FRQMXJDWH JUDGLHQW DOJRULWKP� FDOOHG

VSHFWUDO FRQMXJDWH JUDGLHQW �6&*�� JLYHQ E\ %LUJLQ DQG 0DUWtQH] >�@� 3UHVHUYLQJ WKH QLFH

JHRPHWULFDO SURSHUWLHV RI 3HUU\©V GLUHFWLRQ� %LUJLQ DQG 0DUWtQH] SUHVHQW D FRQMXJDWH JUDGLHQW

DOJRULWKP LQ ZKLFK WKH SDUDPHWHU VFDOLQJ WKH JUDGLHQW GHILQLQJ WKH VHDUFK GLUHFWLRQ LV VHOHFWHG

E\ PHDQV RI D VSHFWUDO IRUPXOD VXJJHVWHG IRU WKH ILUVW WLPH E\ %DU]LODL DQG %RUZHLQ >�@�

1XPHULFDO H[SHULPHQWV ZLWK WKLV DOJRULWKP SURYHG WKDW WKLV FRPSXWDWLRQDO VFKHPH

RXWSHUIRUPV 3RODN�5LELqUH DQG )OHWFKHU�5HHYHV DQG LV FRPSHWLWLYH ZLWK &210,1 RI 6KDQQR

DQG 3KXD >��@ DQG 6*0 RI 5D\GDQ >��@� $QRWKHU UHFHQW FRQMXJDWH JUDGLHQW VFKHPH UHODWHG WR

WKH 3HUU\�6KDQQR PHWKRG LV &*B'(6&(17 RI +DJHU DQG =KDQJ >��@�

,Q WKLV SDSHU ZH PRGLI\ WKH EHVW DOJRULWKP RI %LUJLQ DQG 0DUWtQH] LQ RUGHU WR

RYHUFRPH WKH ODFN RI SRVLWLYH GHILQLWHQHVV RI WKH PDWUL[ GHILQLQJ WKH VHDUFK GLUHFWLRQ� 7KLV LV

GRQH XVLQJ WKH TXDVL�1HZWRQ %)*6 XSGDWLQJ SKLORVRSK\� WKXV REWDLQLQJ D QHZ GHVFHQW

GLUHFWLRQ� 8VLQJ WKH UHVWDUW WHFKQRORJ\ RI %HDOH�3RZHOO ZH JHW D QHZ VFDOHG FRQMXJDWH

JUDGLHQW DOJRULWKP LQ ZKLFK WKH VFDOLQJ SDUDPHWHU LV VHOHFWHG DV VSHFWUDO JUDGLHQW RU LQ DQ

DQWLFLSDWLYH PDQQHU XVLQJ WKH IXQFWLRQ YDOXHV LQ WZR VXFFHVVLYH SRLQWV� 7KH DOJRULWKP

LPSOHPHQWV ERWK :ROIH OLQH VHDUFK FRQGLWLRQV�

7KH SDSHU LV RUJDQL]HG DV IROORZV� ,Q VHFWLRQ � ZH SUHVHQW WKH VFDOHG FRQMXJDWH

JUDGLHQW PHWKRG ZLWK UHVWDUW� $ FRPSOHWH GHVFULSWLRQ RI WKH VFDOHG FRQMXJDWH JUDGLHQW

DOJRULWKP LV VKRZQ LQ VHFWLRQ �� 7KH DOJRULWKP SHUIRUPV WZR W\SHV RI VWHSV� D QRUPDO RQH LQ

ZKLFK D GRXEOH TXDVL�1HZWRQ XSGDWLQJ VFKHPH LV XVHG� DQG D UHVWDUW RQH ZKHUH WKH FXUUHQW

LQIRUPDWLRQ LV XVHG WR GHILQH WKH VHDUFK GLUHFWLRQ� 7KH FRQYHUJHQFH DQDO\VLV RI WKH DOJRULWKP

IRU VWURQJO\ FRQYH[ IXQFWLRQV LV GHVFULEHG LQ VHFWLRQ �� ,Q VHFWLRQ � ZH SUHVHQW SUHOLPLQDU\

FRPSXWDWLRQDO UHVXOWV RQ D VHW RI ��� XQFRQVWUDLQHG RSWLPL]DWLRQ WHVW SUREOHPV DQG FRPSDUH

RXU DOJRULWKP ZLWK 6&* DOJRULWKP E\ %LUJLQ DQG 0DUWtQH] >�@�
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)RU VROYLQJ ��� ZH FRQVLGHU WKH LWHUDWLYH SURFHVV ���� ZKHUH IRU 	 = � �� �� WKH VWHSVL]H α

N
LV

SRVLWLYH DQG WKH GLUHFWLRQV �
N
DUH JHQHUDWHG E\�

� � 

N N N N N+ + += − +

� � �
θ β � ���

LQ ZKLFK θ
N+� DQG β

N
DUH SDUDPHWHUV ZKLFK DUH WR EH GHWHUPLQHG�

2EVHUYH WKDW LI θ
N+ =

�
�� WKHQ ZH JHW WKH FODVVLFDO FRQMXJDWH JUDGLHQW DOJRULWKPV

DFFRUGLQJ WR WKH YDOXH RI WKH VFDODU SDUDPHWHU β
N
� 2Q WKH RWKHU KDQG� LI β

N
= �� WKHQ ZH

JHW DQRWKHU FODVV RI DOJRULWKPV DFFRUGLQJ WR WKH VHOHFWLRQ RI WKH SDUDPHWHU θ
N+� � 7KHUH DUH

WZR SRVVLELOLWLHV IRU θ
N+� � D SRVLWLYH VFDODU RU D SRVLWLYH GHILQLWH PDWUL[� ,I θ

N+ =
�

� ZH KDYH

WKH VWHHSHVW GHVFHQW �&DXFK\ >�@� DOJRULWKP� ,I θ
N N

� �+ +
−= ∇

�

�

�

�� � � RU DQ DSSUR[LPDWLRQ RI

LW� WKHQ ZH JHW WKH 1HZWRQ RU WKH TXDVL�1HZWRQ DOJRULWKPV� UHVSHFWLYHO\� 7KHUHIRUH� ZH FDQ

VHH WKDW LQ WKH JHQHUDO FDVH� ZKHQ θ
N+ ≠

�
� LV VHOHFWHG LQ D TXDVL�1HZWRQ PDQQHU DQG

β
N
≠ �� WKHQ ��� UHSUHVHQWV D FRPELQDWLRQ EHWZHHQ WKH TXDVL�1HZWRQ DQG WKH FRQMXJDWH

JUDGLHQW PHWKRGV�

8VLQJ D JHRPHWULF LQWHUSUHWDWLRQ IRU WKH TXDGUDWLF IXQFWLRQ PLQLPL]DWLRQ %LUJLQ DQG

0DUWtQH] >�@ VXJJHVW WKH IROORZLQJ H[SUHVVLRQ IRU SDUDPHWHU β
N
LQ ����

β
θ

N

N N N

7

N

N

7

N

� 
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=
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:LWK WKLV� WKH FRUUHVSRQGLQJ GLUHFWLRQ LV�
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7KH IROORZLQJ SDUWLFXODUL]DWLRQV DUH REYLRXV� ,I θ N+ =
�

�� WKHQ ��� LV WKH GLUHFWLRQ FRQVLGHUHG

E\ 3HUU\ >��@� $W WKH VDPH WLPH ZH VHH WKDW ��� LV WKH GLUHFWLRQ JLYHQ E\ 'DL DQG /LDR >�@ IRU

W =�� $GGLWLRQDOO\� LI 
 �M

7

M+ =
�

�� � 	= � �� � � �� WKHQ IURP ��� ZH JHW�

� �
� �

� �

N N N

N N

7

N

N N N

7

N

N+ + +
+ += − +

� � �

� �θ
θ
α θ

� ���

ZKLFK LV WKH GLUHFWLRQ FRUUHVSRQGLQJ WR D JHQHUDOL]DWLRQ RI WKH 3RODN DQG 5LELqUH IRUPXOD� 2I

FRXUVH� LI θ θN N+ = =
�

� LQ ���� ZH JHW WKH FODVVLFDO 3RODN DQG 5LELqUH IRUPXOD >��@� ,I
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7

M+ =
�

�� � 	= � �� � � �� DQG DGGLWLRQDOO\ WKH VXFFHVVLYH JUDGLHQWV DUH RUWKRJRQDO� WKHQ

IURP ���

� �
� �

� �

N N N

N N

7

N

N N N

7

N

N+ + +
+ + += − +

� � �
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θ
α θ

� ���

ZKLFK LV WKH GLUHFWLRQ FRUUHVSRQGLQJ WR D JHQHUDOL]DWLRQ RI WKH )OHWFKHU DQG 5HHYHV IRUPXOD�

7KHUHIRUH� ��� LV D JHQHUDO IRUPXOD IRU GLUHFWLRQ FRPSXWDWLRQ LQ D FRQMXJDWH JUDGLHQW PDQQHU

LQFOXGLQJ WKH FODVVLFDO )OHWFKHU DQG 5HHYHV >�@� DQG 3RODN DQG 5LELqUH >��@ IRUPXODV�

&RPSXWDWLRQDO H[SHULPHQWV JLYHQ E\ %LUJLQ DQG 0DUWtQH]� ZLWK D VSHFWUDO JUDGLHQW VHOHFWLRQ

FKRLFH RI SDUDPHWHU θ N+� � RQ D VHW RI �� XQFRQVWUDLQHG RSWLPL]DWLRQ SUREOHPV� VKRZ WKDW WKH

DOJRULWKP ��� RI 3HUU\ RXWSHUIRUPV YDULDQW ��� RI 3RODN DQG 5LELqUH DQG YDULDQW ��� RI

)OHWFKHU DQG 5HHYHV DQG FRPSDUH IDYRXUDEOH ZLWK &210,1 FRPSXWDWLRQDO VFKHPH RI

6KDQQR DQG 3KXD >��@�

6KDQQR >��� ��@ SURYHG WKDW WKH FRQMXJDWH JUDGLHQW PHWKRG LV H[DFWO\ WKH %)*6

TXDVL�1HZWRQ PHWKRG ZKHUH DW HYHU\ VWHS WKH DSSUR[LPDWLRQ WR WKH LQYHUVH +HVVLDQ LV

UHVWDUWHG DV WKH LGHQWLW\ PDWUL[� 1RZ ZH H[WHQG WKLV UHVXOW IRU WKH VFDOHG FRQMXJDWH JUDGLHQW�

:H VHH WKDW WKH GLUHFWLRQ JLYHQ E\ ��� FDQ EH ZULWWHQ DV�

� 
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7
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7
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


� �
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ZKLFK LV H[DFWO\ WKH 3HUU\ IRUPXOD� %\ GLUHFW FRPSXWDWLRQ ZH FDQ SURYH�

3URSRVLWLRQ ��

� � 
N

7

N N

7

+ =
�

� � ����

2EVHUYH WKDW ���� LV VLPLODU EXW QRW LGHQWLFDO WR WKH TXDVL�1HZWRQ HTXDWLRQ� ZKLFK UHTXLUHV

WKDW DQ XSGDWH RI WKH LQYHUVH +HVVLDQ � N+� VKRXOG EH LQ VXFK D ZD\ DV WR VDWLVI\�

� � 
N N N+ =
�

� ����

$ PDMRU GLIILFXOW\ ZLWK ��� LV WKDW WKH PDWUL[ �N+� � GHILQHG E\ ����� LV QRW V\PPHWULF DQG

KHQFH QRW SRVLWLYH GHILQLWH� 7KXV� WKH GLUHFWLRQV �N+� IURP ��� DUH QRW QHFHVVDULO\ GHVFHQW

GLUHFWLRQV DQG WKHUHIRUH QXPHULFDO LQVWDELOLW\ FDQ UHVXOW� %HVLGHV� DQRWKHU GLIILFXOW\ DULVLQJ

IURP WKLV ODFN RI V\PPHWU\ LV WKDW WKH WUXH TXDVL�1HZWRQ HTXDWLRQ ���� LV QRW VDWLVILHG�

,Q RUGHU WR RYHUFRPH WKLV GLIILFXOW\ DQG WR JHW D WUXH TXDVL�1HZWRQ XSGDWLQJ ZH ILUVW

PDNH WKH PDWUL[ �N+� IURP ���� V\PPHWULF DV IROORZV�
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1RZ� ZH IRUFH �
N+� WR VDWLVI\ WKH TXDVL�1HZWRQ HTXDWLRQ ���� \LHOGLQJ WR WKH IROORZLQJ

V\PPHWULF XSGDWH�
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%\ GLUHFW FRPSXWDWLRQ LW LV YHU\ HDV\ WR SURYH WKDW �
N+�



VDWLVILHV WKH TXDVL�1HZWRQ HTXDWLRQ�
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N N N+ =
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1RWLFH WKDW
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N N N+ + += −
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GRHV QRW DFWXDOO\ UHTXLUH WKH PDWUL[ �
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7KXV� LQ WKLV SDUWLFXODU FDVH WKH HIIHFW LV VLPSO\ RQH RI PXOWLSO\LQJ WKH +HVWHQHV DQG 6WLHIHO

>��@ VHDUFK GLUHFWLRQ E\ D SRVLWLYH VFDODU�

$V ZH NQRZ� WKH %)*6 XSGDWH WR WKH LQYHUVH +HVVLDQ� ZKLFK LV FXUUHQWO\ WKH EHVW

XSGDWH RI WKH %UR\GHQ FODVV� LV GHILQHG E\�
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7KHUHIRUH� ZH FDQ LPPHGLDWHO\ VHH WKDW WKH FRQMXJDWH JUDGLHQW PHWKRG ����� ZKHUH �
N+�



LV

JLYHQ E\ ����� LV H[DFWO\ WKH %)*6 TXDVL�1HZWRQ PHWKRG� ZKHUH DW HYHU\ VWHS WKH

DSSUR[LPDWLRQ RI WKH LQYHUVH +HVVLDQ LV UHVWDUWHG DV WKH LGHQWLW\ PDWUL[ PXOWLSOLHG E\ WKH

VFDODU θ
N+� �

,Q RUGHU WR HQVXUH WKH FRQYHUJHQFH RI WKH DOJRULWKP ���� ZLWK �
N+� JLYHQ E\ ����� ZH

QHHG WR FRQVWUDLQ WKH FKRLFH RI α
N
� :H FRQVLGHU OLQH VHDUFKHV WKDW VDWLVI\ WKH :ROIH

FRQGLWLRQV >��� ��@�
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N N N N N N

7

N
� � � � �+ − ≤α σ α

�
����
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N N N

7

N N

7

N
� � �α σ

�
����

ZKHUH � �
� �

< ≤ <σ σ �

7KHRUHP �� 6XSSRVH WKDW α
N
LQ ��� VDWLVILHV WKH :ROIH FRQGLWLRQV ���� DQG ����� WKHQ WKH

GLUHFWLRQ �
N+� JLYHQ E\ ���� LV D GHVFHQW GLUHFWLRQ�

3URRI� 6LQFH � �
� �
= − � ZH KDYH � � �7

� � �

�
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$SSO\LQJ WKH LQHTXDOLW\ � � � �7 ≤ +
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� � WR WKH VHFRQG WHUP RI WKH ULJKW KDQG VLGH RI

WKH DERYH HTXDOLW\� ZLWK � 
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%XW� E\ :ROIH FRQGLWLRQ ����� � 

N

7

N
> �� 7KHUHIRUH� � �

N

7

N+ + <
� �

� IRU HYHU\ 	 = � �� ���

2EVHUYH WKDW WKH VHFRQG :ROIH FRQGLWLRQ ���� LV FUXFLDO IRU WKH GHVFHQW FKDUDFWHU RI

GLUHFWLRQ ����� %HVLGHV� WKH HVWLPDWLRQ ���� LV LQGHSHQGHQW RI WKH SDUDPHWHU θ
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/HPPD �� $VVXPH WKDW ∇ � LV VWURQJO\ FRQYH[ DQG /LSVFKLW] FRQWLQXRXV RQ �
�
� ,I θ

N+� LV

VHOHFWHG E\ WKH DQWLFLSDWLYH SURFHGXUH� WKHQ WKH GLUHFWLRQ �
N+� JLYHQ E\ ���� VDWLVILHV�

�
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�
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

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
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µ µ µ
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3URRI� %\ VWURQJ FRQYH[LW\ RQ �
�
� WKHUH H[LVWV WKH FRQVWDQW P > � � VXFK WKDW

∇ ≥� � � �
� � � IRU DOO � �∈
�
� 7KHUHIRUH� IRU HYHU\ 	 � γ

N
�+ ≥

�
� 1RZ� IURP ���� ZH VHH

WKDW� IRU DOO 	 �

θ
N �+ ≤

�

�
� ����

:LWK WKLV� OLNH LQ OHPPD �� ZH JHW ����� �

7KH FRQYHUJHQFH RI WKH VFDOHG FRQMXJDWH JUDGLHQW DOJRULWKP �6&$/&*� ZKHQ � LV

VWURQJO\ FRQYH[ LV JLYHQ E\

7KHRUHP �� $VVXPH WKDW � LV VWURQJO\ FRQYH[ DQG /LSVFKLW] FRQWLQXRXV RQ WKH OHYHO VHW �
�
�

,I DW HYHU\ VWHS RI WKH FRQMXJDWH JUDGLHQW ��� ZLWK �
N+� JLYHQ E\ ���� DQG WKH VWHS OHQJWK

α
N
VHOHFWHG WR VDWLVI\ WKH :ROIH FRQGLWLRQV ���� DQG ����� WKHQ HLWKHU �

N
= � IRU VRPH 	� RU


�� �
	

�
N→∞
= �

3URRI� 6XSSRVH �
N
≠ � IRU DOO 	� %\ VWURQJ FRQYH[LW\ ZH KDYH

� � � � � �
N

7

N N N

7

N N N
= − ≥+� � �

�

�
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%\ WKHRUHP �� � �
N

7

N
< �� 7KHUHIRUH� WKH DVVXPSWLRQ �

N
≠ � LPSOLHV �

N
≠ �� 6LQFH

α
N
> �� IURP ���� LW IROORZV WKDW � �

N

7

N
> �� %XW � LV VWURQJO\ FRQYH[ RYHU �

�
� WKHUHIRUH

� LV ERXQGHG IURP EHORZ� 1RZ� VXPPLQJ RYHU 	 WKH ILUVW :ROIH FRQGLWLRQ ���� ZH KDYH

α
N N

7

N

N

� �
=

∞

∑ > −∞
�

�

&RQVLGHULQJ WKH ORZHU ERXQG IRU α
N
JLYHQ E\ ���� LQ OHPPD � DQG KDYLQJ LQ YLHZ WKDW �

N
LV

D GHVFHQW GLUHFWLRQ LW IROORZV WKDW
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�

N

7

N

N
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1RZ� IURP ����� XVLQJ WKH LQHTXDOLW\ RI &DXFK\ DQG ���� ZH JHW
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7KHUHIRUH� IURP ���� LW IROORZV WKDW

�

�

N

N
N

�

�

�
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=

∞

∑ � ����

1RZ� LQVHUWLQJ WKH XSSHUERXQG ����� RU ����� IRU �
N
LQ ���� \LHOGV

�
N

N

�

�

< ∞
=

∞

∑ �

ZKLFK FRPSOHWHV WKH SURRI� �

)RU JHQHUDO IXQFWLRQV WKH FRQYHUJHQFH RI WKH DOJRULWKP LV FRPLQJ IURP WKHRUHP �

DQG WKH UHVWDUW SURFHGXUH� 7KHUHIRUH� IRU VWURQJO\ FRQYH[ IXQFWLRQV DQG XQGHU LQH[DFW OLQH

VHDUFK LW LV JOREDO FRQYHUJHQW� ,I UHVWDUWV DUH HPSOR\HG� WKH DOJRULWKP LV FRQYHUJHQW� EXW WKH

VSHHG RI FRQYHUJHQFH FDQ GHFUHDVH� 7R D JUHDW H[WHQW� KRZHYHU� 6&$/&* DOJRULWKP LV YHU\

FORVH WR 3HUU\�6KDQQR FRPSXWDWLRQDO VFKHPH >��� ��@� ,Q IDFW 6&$/&* LV D VFDOHG

PHPRU\OHVV %)*6 SUHFRQGLWLRQHG DOJRULWKP ZKHUH WKH VFDOLQJ IDFWRU LV WKH LQYHUVH RI D

VFDODU DSSUR[LPDWLRQ RI WKH +HVVLDQ� $OWKRXJK D JOREDO FRQYHUJHQFH UHVXOW KDV QRW EHHQ

HVWDEOLVKHG IRU 6&$/&*� UHFDOO WKDW IRU WKH 3HUU\�6KDQQR VFKHPH� WKH LWHUDWHV HLWKHU

FRQYHUJH WR D VWDWLRQDU\ SRLQW RU WKH LWHUDWHV F\FOH�

'��(������
��%��	�������	
������������
���	������	
�
,Q WKLV VHFWLRQ ZH SUHVHQW WKH SUHOLPLQDU\ FRPSXWDWLRQDO SHUIRUPDQFH RI D )RUWUDQ

LPSOHPHQWDWLRQ RI WKH 6&$/&* � VFDOHG FRQMXJDWH JUDGLHQW DOJRULWKP RQ D VHW RI ���

XQFRQVWUDLQHG RSWLPL]DWLRQ WHVW SUREOHPV� $W WKH VDPH WLPH� ZH FRPSDUH WKH SHUIRUPDQFH RI

6&$/&* WR WKH EHVW VSHFWUDO FRQMXJDWH JUDGLHQW DOJRULWKP� 6&* �EHWDW\SH �� 3HUU\�0��� E\

%LUJLQ DQG 0DUWtQH] >�@� 7KH 6&$/&* FRGH LV DXWKRUHG E\ $QGUHL� ZKLOH WKH 6&* LV FR�

DXWKRUHG E\ %LUJLQ DQG 0DUWtQH]� 6&* XVHV VSHFWUDO VHOHFWLRQ RI θ
N+� DQG DQJOH UHVWDUW

FULWHULRQ� $OO FRGHV DUH ZULWWHQ LQ GRXEOH SUHFLVLRQ )RUWUDQ XVLQJ WKH VDPH VW\OH RI

SURJUDPPLQJ DQG FRPSLOHG ZLWK I�� �GHIDXOW FRPSLOHU VHWWLQJV� RQ DQ ,QWHO 3HQWLXP ��

���*+] ZRUNVWDWLRQ� 7KH 6&$/&* FRGH LPSOHPHQWV ERWK WKH VFDOHG FRQMXJDWH JUDGLHQW ZLWK

VSHFWUDO FKRLFH RI VFDOLQJ SDUDPHWHU θ
N+� � DV ZHOO DV ZLWK WKH DQWLFLSDWLYH FKRLFH RI WKLV

SDUDPHWHU� ,Q RUGHU WR FRPSDUH 6&$/&* ZLWK 6&* ZH PDQXIDFWXUHG D QHZ 6&* FRGH RI

%LUJLQ DQG 0DUWtQH] E\ LQWURGXFLQJ D VHTXHQFH RI FRGH LPSOHPHQWLQJ WKH VDPH VWRSSLQJ

FULWHULD RI WKH DOJRULWKPV XVHG LQ 6&$/&*�

7KH WHVW SUREOHPV DUH WKH XQFRQVWUDLQHG SUREOHPV LQ WKH &87( >�@ OLEUDU\� DORQJ

ZLWK RWKHU ODUJH�VFDOH RSWLPL]DWLRQ WHVW SUREOHPV� :H VHOHFWHG �� ODUJH�VFDOH XQFRQVWUDLQHG

RSWLPL]DWLRQ WHVW SUREOHPV LQ H[WHQGHG RU JHQHUDOL]HG IRUP� )RU HDFK WHVW IXQFWLRQ ZH KDYH

FRQVLGHUHG �� QXPHULFDO H[SHULPHQWV ZLWK QXPEHU RI YDULDEOHV Q =���� ���� ������ � � ��



11

&RQFHUQLQJ WKH VWRSSLQJ FULWHULRQ XVHG LQ VWHSV �� � DQG �� ZH FRQVLGHU WKH IROORZLQJ

WHVWV�

F�� �
N J∞

≤ ε ����

F�� { }� ��� �N J I∞ ∞
≤ ε ε� �

�
����

ZKHUH � ∞ GHQRWHV WKH PD[LPXP DEVROXWH FRPSRQHQW RI D YHFWRU DQG ε J =
−�� �

DQG

ε I =
−�� �� �

,Q DOO DOJRULWKPV WKH :ROIH OLQH VHDUFK FRQGLWLRQV DUH LPSOHPHQWHG ZLWK

σ
�

� ����= � DQG σ
�

� 
= � � 6&$/&* DQG 6&* XVH H[DFWO\ WKH VDPH LPSOHPHQWDWLRQ RI

:ROIH FRQGLWLRQV� 7KH LQLWLDO JXHVV RI WKH VWHS OHQJWK DW WKH ILUVW LWHUDWLRQ LV α
� �

�= 	 �� $W

WKH IROORZLQJ LWHUDWLRQ� LQ DOO DOJRULWKPV� WKH VWDUWLQJ JXHVV IRU WKH VWHS α N LV FRPSXWHG DV

α N N N� �− −� � � �
	 � 7KLV SURYHG WR EH RQH RI WKH EHVW VHOHFWLRQ RI WKH LQLWLDO JXHVV RI WKH VWHS

OHQJWK�

7KH QXPHULFDO UHVXOWV FRQFHUQLQJ WKH QXPEHU RI LWHUDWLRQV� WKH QXPEHU RI UHVWDUW

LWHUDWLRQV� WKH QXPEHU RI IXQFWLRQ DQG JUDGLHQW HYDOXDWLRQV� FSX WLPH LQ VHFRQGV� IRU HDFK RI

WKH PHWKRGV DUH SRVWHG DW WKH IROORZLQJ ZHE VLWH�

KWWS���ZZZ�PDWK�XIO�HGX�aKDJHU�FRDS� �-RXUQDO 6RIWZDUH��

,Q WKH IROORZLQJ ZH SUHVHQW WKH QXPHULFDO SHUIRUPDQFHV RI WKHVH WZR FRGHV DQG

FRPSDULVRQV EHWZHHQ 6&$/&* DQG 6&* XVLQJ WKH VDPH VWRSSLQJ FULWHULRQ� /HW � L
6&$/&*

FM EH

WKH RSWLPDO IXQFWLRQDO YDOXH IRXQG E\ 6&$/&* DOJRULWKP DQG � L
6&*

FM WKH RSWLPDO IXQFWLRQDO

YDOXH IRXQG E\ 6&* DOJRULWKP IRU WHVW SUREOHP L =� ���� �� XVLQJ WKH VWRSSSLQJ FULWHULRQ

FM� M =� �� � :H VD\ WKDW� LQ WKH SDUWLFXODU SUREOHP L� WKH SHUIRUPDQFH RI ������FM ZDV

EHWWHU WKDQ WKH SHUIRUPDQFH RI ���FM LI � �L

6&$/&*

L

6&*
FM FM− < −�� �

DQG WKH QXPEHU RI

LWHUDWLRQV� RU WKH QXPEHU RI IXQFWLRQ�JUDGLHQW HYDOXDWLRQV� RU WKH &38 WLPH RI

������
FM
ZDV OHVV WKDQ WKH QXPEHU RI LWHUDWLRQV� RU WKH QXPEHU RI IXQFWLRQ�JUDGLHQW

HYDOXDWLRQV� RU WKH &38 WLPH FRUUHVSRQGLQJ WR ���
FM

UHVSHFWLYHO\�

,Q WKH ILUVW VHW RI QXPHULFDO H[SHULPHQWV ZH FRPSDUH ������
FM

ZLWK θ
N+� VSHFWUDO

�θ V
� DQG ������

FM
ZLWK θ

N+� DQWLFLSDWLYH �θ D
� XVLQJ WKH 3RZHOO UHVWDUW FULWHULRQ� 7KH

7DEOHV � DQG � SUHVHQW WKH FRPSDULVRQV EHWZHHQ ������
FM
�θ V

� DQG ������
FM
�θ D

�

XVLQJ VWRSSLQJ FULWHULRQ FM� M =� �� � UHVSHFWLYHO\� ,Q WKHVH 7DEOHV ZH ILQG WKH QXPEHU RI

SUREOHPV� RXW RI ���� IRU ZKLFK DQ DOJRULWKP DFKLHYHG WKH PLQLPXP QXPEHU RI LWHUDWLRQV

��LWHU�� RU WKH PLQLPXP QXPEHU RI IXQFWLRQ�JUDGLHQW HYDOXDWLRQV ��IJ� RU WKH PLQLPXP &38

WLPH� )RU H[DPSOH ZKHQ FRPSDULQJ ������
F�
�θ V

� DQG ������
F�
�θ D

�� XVLQJ WKH

VWRSSLQJ FULWHULRQ F� � VXEMHFW WR WKH QXPEHU RI LWHUDWLRQV� ������
F�
�θ V

� ZDV EHWWHU LQ

��� SUREOHPV �L�H� LW DFKLHYHG WKH PLQLPXP QXPEHU RI LWHUDWLRQV LQ ��� SUREOHPV��

������
F�
�θ D

� ZDV EHWWHU LQ ��� SUREOHPV� DQG WKH\ KDG WKH VDPH QXPEHU RI LWHUDWLRQV LQ

��� SUREOHPV� HWF�

7DEOH �� &RPSDULVRQV EHWZHHQ ������
F�
�θ V

� DQG ������
F�
�θ D

� �

������
F�
�θ V

� ������
F�
�θ D

�  

� LWHU ��� ��� ���

� IJ ��� ��� ���

&38 WLPH ��� ��� ���
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7DEOH �� &RPSDULVRQV EHWZHHQ ������
F�
�θ V

� DQG ������
F�
�θ D

� �

������
F�
�θ V

� ������
F�
�θ D

�  

� LWHU ��� ��� ���

� IJ ��� ��� ���

&38 WLPH ��� ��� ���

,Q WKH VHFRQG VHW RI QXPHULFDO H[SHULPHQWV ZH FRPSDUH ������
FM

ZLWK θ
N+�

DQWLFLSDWLYH �θ D
� XVLQJ WKH 3RZHOO UHVWDUW FULWHULRQ DQG ���

FM
ZLWK θ

N+� VSHFWUDO �θ
V
� DQG

DQJOH UHVWDUW FULWHULRQ IRU M =� �� � $V DERYH� LQ 7DEOHV � DQG � ZH ILQG WKH QXPEHU RI

SUREOHPV� RXW RI ���� IRU ZKLFK ������
FM
�θ D

� DQG ���
FM
�θ V

� DFKLHYHG WKH PLQLPXP

QXPEHU RI LWHUDWLRQV RU WKH PLQLPXP QXPEHU RI IXQFWLRQ�JUDGLHQW HYDOXDWLRQV RU WKH

PLQLPXP &38 WLPH� XVLQJ WKH VWRSSLQJ FULWHULRQ FM� M =� �� � UHVSHFWLYHO\�

7DEOH �� &RPSDULVRQV EHWZHHQ ������
F�
�θ D

� DQG ���
F�

�θ V

� �

������
F�
�θ D

� ���
F�

�θ V

�  

� LWHU ��� �� ��

� IJ ��� ��� ��

&38 WLPH ��� �� ��

7DEOH �� &RPSDULVRQV EHWZHHQ ������
F�
�θ D

� DQG ���
F�

�θ V

� �

������
F�
�θ D

� ���
F�

�θ V

�  

� LWHU ��� �� ��

� IJ ��� ��� ��

&38 WLPH ��� �� ��

)URP WKHVH 7DEOHV ZH VHH WKDW� IRU WKHVH FULWHULD� WKH WRS SHUIRUPHU LV 6&$/&* DOJRULWKP

ZLWK DQWLFLSDWLYH VHOHFWLRQ RI VFDOLQJ SDUDPHWHU �θ D

��

)���	
�����	

7KH EHVW DOJRULWKP RI %LUJLQ DQG 0DUWtQH]� ZKLFK PDLQO\ LV D VFDOHG YDULDQW RI 3HUU\©V� ZDV

PRGLILHG LQ RUGHU WR RYHUFRPH WKH ODFN RI SRVLWLYH GHILQLWHQHVV RI WKH PDWUL[ GHILQLQJ WKH

VHDUFK GLUHFWLRQ� 7KLV PRGLILFDWLRQ WDNHV DGYDQWDJH RI WKH TXDVL�1HZWRQ %)*6 XSGDWLQJ

IRUPXOD� 8VLQJ WKH UHVWDUW WHFKQRORJ\ RI %HDOH�3RZHOO� ZH JHW D VFDOHG FRQMXJDWH JUDGLHQW

DOJRULWKP LQ ZKLFK WKH SDUDPHWHU VFDOLQJ WKH JUDGLHQW LV VHOHFWHG DV VSHFWUDO JUDGLHQW RU LQ DQ

DQWLFLSDWLYH PDQQHU E\ PHDQV RI D IRUPXOD XVLQJ WKH IXQFWLRQ YDOXHV LQ WZR VXFFHVVLYH

SRLQWV� $OWKRXJK WKH XSGDWH IRUPXODV ���� DQG ��������� DUH PRUH FRPSOLFDWHG WKLV
FRPSXWDWLRQDO VFKHPH SURYHG WR EH PRUH HIILFLHQW DQG PRUH UREXVW LQ QXPHULFDO
H[SHULPHQWV� 7KH DOJRULWKP LPSOHPHQWV WKH :ROIH FRQGLWLRQV� DQG ZH SURYH WKDW WKH VWHSV DUH
DORQJ WKH GHVFHQW GLUHFWLRQV� $ SUHOLPLQDU\ FRPSXWDWLRQDO VWXG\ VKRZV WKDW RXU VFDOHG
FRQMXJDWH JUDGLHQW DOJRULWKP SHUIRUPV EHWWHU WKDQ %LUJLQ DQG 0DUWtQH]©V 6&* DOJRULWKP IRU D
WHVW VHW FRQVLVWLQJ RI ��� SUREOHPV�

*�����
���
�� 1� $QGUHL� ¦$ QHZ JUDGLHQW GHVFHQW PHWKRG IRU XQFRQVWUDLQHG RSWLPL]DWLRQ§� ,&,

7HFKQLFDO 5HSRUW� 0DUFK �����
�� -� %DU]LODL DQG -�0� %RUZHLQ� ¦7ZR SRLQW VWHS VL]H JUDGLHQW PHWKRG§� ,0$ -� 1XPHU�

$QDO�� �� SS��������� �����
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�� (� %LUJLQ DQG -�0� 0DUWtQH]� ¦$ VSHFWUDO FRQMXJDWH JUDGLHQW PHWKRG IRU XQFRQVWUDLQHG

RSWLPL]DWLRQ§� $SSOLHG 0DWK� DQG 2SWLPL]DWLRQ� ��� SS��������� �����

�� ,� %RQJDUW]� $�5� &RQQ� 1�,�0� *RXOG DQG 3�/� 7RLQW� ¦&87(� FRQVWUDLQHG DQG

XQFRQVWUDLQHG WHVWLQJ HQYLURQPHQWV§� $&0 7UDQV� 0DWK� 6RIWZDUH� ��� SS���������

�����

�� $� &DXFK\� ¦0pWKRGHV JpQpUDOHV SRXU OD UpVROXWLRQ GHV V\VWqPHV GpTXDWLRQV VLPXOWDQpHV§�

&�5� $FDG� 6FL� 3DU�� ��� SS��������� �����

�� <�+� 'DL DQG /�=� /LDR� ¦1HZ FRQMXJDWH FRQGLWLRQV DQG UHODWHG QRQOLQHDU FRQMXJDWH

JUDGLHQW PHWKRGV§� $SSO� 0DWK� 2SWLP�� YRO� �� SS�������� �����

�� 5� )OHWFKHU� ¦2Q WKH %DU]LODL�%RUZHLQ PHWKRG§� 1XPHULFDO $QDO\VLV 5HSRUW 1$�����

�����

�� 5� )OHWFKHU DQG &�0� 5HHYHV� ¦)XQFWLRQ PLQLPL]DWLRQ E\ FRQMXJDWH JUDGLHQWV§� &RPSXW�

-� �� SS� �������� �����

�� *�+� *ROXE DQG '�3� 2©/HDU\� ¦6RPH KLVWRU\ RI WKH FRQMXJDWH JUDGLHQW DQG /DQF]RV

DOJRULWKPV� ���������§� 6,$0 5HY�� �� SS�������� �����

��� :�:� +DJHU DQG +� =KDQJ� ¦$ QHZ FRQMXJDWH JUDGLHQW PHWKRG ZLWK JXDUDQWHHG GHVFHQW

DQG DQ HIILFLHQW OLQH VHDUFK§ 6,$0 -RXUQDO RQ 2SWLPL]DWLRQ� �� ������� ��������

��� :�:� +DJHU DQG +� =KDQJ� ¦$ VXUYH\ RI QRQOLQHDU FRQMXJDWH JUDGLHQW PHWKRGV§� 3DFLILF

-RXUQDO RI 2SWLPL]DWLRQ� � ������� SS� ������

��� 0�5� +HVWHQHV DQG (� 6WLHIHO� ¦0HWKRGV RI FRQMXJDWH JUDGLHQWV IRU VROYLQJ OLQHDU

V\VWHPV§� -� 5HVHDUFK 1DW� %XU� 6WDQGDUGV 6HF� %� ��� SS� �������� �����

��� -�0� 3HUU\� ¦$ FODVV RI FRQMXJDWH JUDGLHQW DOJRULWKPV ZLWK D WZR VWHS YDULDEOH PHWULF

PHPRU\§� 'LVFXVVLRQ SDSHU ���� &HQWHU IRU 0DWKHPDWLFDO 6WXGLHV LQ (FRQRPLFV DQG

0DQDJHPHQW 6FLHQFH� 1RUWKZHVWHUQ 8QLYHUVLW\� �����

��� (� 3RODN DQG *� 5LELqUH� ¦1RWH VXU OD FRQYHUJHQFH GH PHWKRGV GH GLUHFWLRQV FRQMXJUHV§�

5HYXH )UDQFDLVH ,QIRUPDW� 5HVHUFKH 2SpUDWLRQQHOOH ��� SS� ������ �����

��� 0�-�'� 3RZHOO� ¦5HVWDUW SURFHGXUHV IRU WKH FRQMXJDWH JUDGLHQW PHWKRG§� 0DWK�

3URJUDPPLQJ� ��� SS��������� �����

��� 0� 5D\GDQ� ¦7KH %DU]LODL DQG %RUZHLQ JUDGLHQW PHWKRG IRU WKH ODUJH VFDOH

XQFRQVWUDLQHG PLQLPL]DWLRQ SUREOHP§� 6,$0 -� 2SWLP�� �� ������ �����

��� '�)� 6KDQQR� ¦&RQMXJDWH JUDGLHQW PHWKRGV ZLWK LQH[DFW VHDUFKHV§� 0DWKHPDWLFV RI

2SHUDWLRQV 5HVHDUFK� YRO� �� SS��������� �����

��� '�)� 6KDQQR� ¦2Q WKH FRQYHUJHQFH RI D QHZ FRQMXJDWH JUDGLHQW DOJRULWKP§� 6,$0 -�

1XPHU� $QDO� YRO� ��� SS����������� �����

��� '�)� 6KDQQR DQG .�+� 3KXD� ¦$OJRULWKP ���� 0LQLPL]DWLRQ RI XQFRQVWUDLQHG PXOWLYDULDWH

IXQFWLRQV >(�@§� $&0 7UDQV� RQ 0DWK� 6RIW�� �� SS������� �����

��� 3� :ROIH� ¦&RQYHUJHQFH FRQGLWLRQV IRU DVFHQW PHWKRGV§� 6,$0 5HY�� ��� SS���������

�����

��� 3� :ROIH� ¦&RQYHUJHQFH FRQGLWLRQV IRU DVFHQW PHWKRGV ,,� VRPH FRUUHFWLRQV§� 6,$0 5HY�

��� SS��������� �����

)HEUXDU\ ��� ����


