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5HVHDUFK ,QVWLWXWH IRU ,QIRUPDWLFV�

&HQWHU IRU $GYDQFHG 0RGHOLQJ DQG 2SWLPL]DWLRQ�

����� $YHUHVFX $YHQXH� %XFKDUHVW �� 5RPDQLD

(�PDLO� QDQGUHL#LFL�UR

$EVWUDFW� ,Q WKLV ZRUN ZH SUHVHQW WKH UHOD[HG JUDGLHQW GHVFHQW PHWKRG IRU VROYLQJ

XQFRQVWUDLQHG RSWLPL]DWLRQ SUREOHPV� 8VLQJ D VLPSOH PXOWLSOLFDWLYH PRGLILFDWLRQ RI WKH VWHSOHQJWK

E\ PHDQV RI D UDQGRP YDULDEOH XQLIRUPO\ GLVWULEXWHG LQ ����� ZH JHW WKH UHOD[HG JUDGLHQW GHVFHQW

PHWKRG� ,W LV VKRZQ WKDW IRU VWURQJO\ FRQYH[ IXQFWLRQV WKH UHOD[HG JUDGLHQW DOJRULWKP LV OLQHDUO\

FRQYHUJHQW� :H HPSKDVL]H WKDW WKH SRRU EHKDYLRU RI WKH FODVVLFDO JUDGLHQW PHWKRG LV GXH WR WKH

FKRLFH RI WKH VWHSOHQJWK DQG QRW WR WKH FKRLFH RI WKH VHDUFK GLUHFWLRQ� 7KH SDSHU H[WHQGV WKH UHVXOWV

REWDLQHG E\ 5D\GDQ DQG 6YDLWHU >��@ IRU TXDGUDWLF XQFRQVWUDLQHG RSWLPL]DWLRQ SUREOHPV WR VWURQJO\

FRQYH[ IXQFWLRQV�

.H\ZRUGV� JUDGLHQW GHVFHQW PHWKRGV� UHOD[HG JUDGLHQW GHVFHQW� UDQGRP RSWLPL]DWLRQ� EDFNWUDFNLQJ�

TXDGUDWULF XQFRQVWUDLQHG RSWLPL]DWLRQ

$06 VXEMHFW FODVVLILFDWLRQV� ��0��� ��0��� ��.

 !�"��	�����
��
2QH RI WKH ILUVW DQG YHU\ ZHOO NQRZQ PHWKRG IRU XQFRQVWUDLQHG RSWLPL]DWLRQ LV WKH JUDGLHQW

GHVFHQW PHWKRG� GHVLJQHG E\ &DXFK\ HDUO\ LQ ����� LQ ZKLFK WKH QHJDWLYH JUDGLHQW GLUHFWLRQ LV XVHG

WR ILQG WKH ORFDO PLQLPL]HUV RI D GLIIHUHQWLDEOH IXQFWLRQ� 7KH PHWKRG SURYHG WR EH HIIHFWLYH IRU

IXQFWLRQV YHU\ ZHOO FRQGLWLRQHG� EXW IRU IXQFWLRQV SRRUO\ FRQGLWLRQHG WKH PHWKRG LV H[FHVVLYHO\

VORZ� WKXV EHLQJ RI QR SUDFWLFDO YDOXH� (YHQ IRU TXDGUDWLF IXQFWLRQV WKH JUDGLHQW GHVFHQW PHWKRG

ZLWK H[DFW OLQH VHDUFK EHKDYH LQFUHDVLQJO\ EDGO\ ZKHQ WKH FRQGLWLRQLQJ QXPEHU RI WKH PDWUL[

GHWHULRUDWHV� (DUO\ DWWHPSWV WR LQFUHDVH WKH SHUIRUPDQFHV RI WKH PHWKRG KDYH EHHQ FRQVLGHUHG E\

+XPSKUH\ >�@� )RUV\WH DQG 0RW]NLQ >�@ DQG 6FKLQ]LQJHU >��@� (YHQ WKRXJK WKH VWRUDJH

UHTXLUHPHQWV IRU WKH JUDGLHQW GHVFHQW PHWKRG DUH PLQLPDO � 3n ORFDWLRQV IRU DQ n − GLPHQVLRQDO

SUREOHP�� WKH GHYHORSPHQW RI WKH FRQMXJDWH JUDGLHQW DQG TXDVL�1HZWRQ PHWKRGV IRU ODUJH�VFDOH

XQFRQVWUDLQHG RSWLPL]DWLRQ FDVW WKH JUDGLHQW GHVFHQW PHWKRG LQ D SHQXPEUD�

5HFHQWO\� IRU WKH TXDGUDWLF SRVLWLYH GHILQLWH FDVH 5D\GDQ DQG 6YDLWHU >��@ FRQVLGHUHG WKH

UHOD[HG JUDGLHQW PHWKRG DV ZHOO DV WKH &DXFK\�%DU]LODL�%RUZHLQ PHWKRGV VKRZLQJ WKH VXSHULRULW\

RI WKH ODVW RQH DJDLQVW WKH UHOD[HG JUDGLHQW GHVFHQW DQG %% PHWKRGV� 3DUWLFXODUO\� WKH &DXFK\�

%DU]LODL�%RUZHLQ PHWKRG SURYHV WR EH 4�OLQHDUO\ FRQYHUJHQW LQ D QRUP GHILQHG E\ WKH PDWUL[ RI WKH

SUREOHP�

7KH SXUSRVH RI WKLV SDSHU LV WR H[WHQG WKH UHOD[HG JUDGLHQW PHWKRG WR WKH FRQYH[� ZHOO

FRQGLWLRQHG� IXQFWLRQV� ,W LV VKRZQ WKDW IRU VWURQJO\ FRQYH[� ZHOO FRQGLWLRQHG PLQLPL]DWLRQ

SUREOHPV WKH UHOD[HG JUDGLHQW GHVFHQW DOJRULWKP LV DQ LPSURYHPHQW RI WKH FODVVLFDO JUDGLHQW GHVFHQW

YHUVLRQ� 7KH FRUUHVSRQGLQJ DOJRULWKP EHORQJV WR WKH VDPH FODVV RI OLQHDU FRQYHUJHQW GHVFHQW

PHWKRGV� 7KH FRQFOXVLRQ LV WKDW XVLQJ RQO\ WKH ORFDO LQIRUPDWLRQ JLYHQ E\ WKH JUDGLHQW� DQ\

SURFHGXUH IRU VWHS VL]H FRPSXWDWLRQ� RI DQ\ VRSKLVWLFDWLRQ� GRHV QRW FKDQJH WKH OLQHDU FRQYHUJHQFH

FODVV RI DOJRULWKPV�



�

7KH SDSHU LV RUJDQL]HG DV IROORZV� ,Q VHFWLRQ � ZH SUHVHQW WKH EDFNWUDFNLQJ OLQH VHDUFK�

6HFWLRQ � LV GHGLFDWHG WR SUHVHQW WKH UHOD[HG JUDGLHQW GHVFHQW DOJRULWKP DQG LWV SURSHUWLHV� ,Q VHFWLRQ

� ZH SUHVHQW VRPH QXPHULFDO HYLGHQFH DQG GLVFXVVLRQV RI WKLV DSSURDFK�

#!�$
���%��	����
��������	���
��
,Q WKH IROORZLQJ OHW XV FRQVLGHU WKH SUREOHP�

min f x( ) ���

ZKHUH f R Rn: → LV FRQYH[ DQG WZLFH FRQWLQXRXVO\ GLIIHUHQWLDEOH� $ QHFHVVDU\ DQG VXIILFLHQW

FRQGLWLRQ IRU D SRLQW x *
WR EH D ORFDO PLQLPXP IRU ��� LV

∇ =f x( ) .* 0 ���

8VXDOO\� WKH SUREOHP LV VROYHG E\ DQ LWHUDWLYH DOJRULWKP ZKLFK JHQHUDWHV D VHTXHQFH RI SRLQWV

x x x dom fk0 1, , , , ,� �∈ IRU ZKLFK f x fk( ) *→ DV k → ∞. 7KH DOJRULWKPV IRU VROYLQJ ���

JHQHUDWH D PLQLPL]LQJ VHTXHQFH xk , k = 0 1, ,� DV�

x x t dk k k k+ = +1 , ���

ZKHUH WKH VFDODU tk LV WKH VWHS VL]H� DQG WKH YHFWRU dk LV WKH VHDUFK GLUHFWLRQ�

0DQ\ SURFHGXUHV IRU VHDUFK GLUHFWLRQ FRPSXWDWLRQ KDYH EHHQ SURSRVHG� 2QH RI WKH ILUVW

PHWKRG� DQG WKH VLPSOHVW RQH� IRU VROYLQJ ��� XVLQJ ��� ZDV WKH JUDGLHQW GHVFHQW PHWKRG �&DXFK\

PHWKRG >�@� ZKHUH WKH FKRLFH IRU WKH VHDUFK GLUHFWLRQ DW WKH LWHUDWLRQ xk LV WKH QHJDWLYH JUDGLHQW�

− ∇ f xk( ). 6RPH RWKHU NQRZQ PHWKRGV GHGLFDWHG IRU ODUJH�VFDOH SUREOHPV DUH EDVHG RQ WKH

FRQMXJDWH JUDGLHQW VWUDWHJ\ RU TXDVL�1HZWRQ VHOHFWLRQ RI WKH GLUHFWLRQ�

$W WKH VDPH WLPH� IRU VWHS VL]H VHOHFWLRQ PDQ\ DOJRULWKPV KDYH EHHQ FRQVLGHUHG� ,Q WKH

H[DFW OLQH VHDUFK WKH VWHS tk LV VHOHFWHG DV�

t
t

f x tdk k k=
>

+arg min ( ).
0

���

,Q VRPH VSHFLDO FDVHV �IRU H[DPSOH TXDGUDWLF SUREOHPV� LW LV SRVVLEOH WR FRPSXWH WKH VWHS tk

DQDO\WLFDOO\� EXW LQ WKH PRVW FDVHV LW LV FRPSXWHG WR DSSUR[LPDWHO\ PLQLPL]H f DORQJ WKH UD\

{ }x td tk k+ ≥: ,0 RU DW OHDVW WR UHGXFH f HQRXJK� ,Q SUDFWLFH WKH PRVW XVHG DUH WKH LQH[DFW

SURFHGXUHV� $ ORW RI LQH[DFW OLQH VHDUFK PHWKRGV KDYH EHHQ SURSRVHG� *ROGVWHLQ >�@� $UPLMR >�@�

:ROIH >��@� 3RZHOO >��@� 'HQLV DQG 6FKQDEHO >�@� )OHWFKHU >�@� 3RWUD DQG 6KL >��@� /HPDUpFKDO >��@�

0RUp DQG 7KXHQWH >��@� DQG PDQ\ RWKHUV� ,Q SDUWLFXODU� RQH RI WKH YHU\ VLPSOH DQG HIILFLHQW OLQH

VHDUFK SURFHGXUH LV WKH EDFNWUDFNLQJ OLQH VHDUFK� 7KLV SURFHGXUH FRQVLGHUV WKH IROORZLQJ VFDODUV

0 0 5< <α . � � �< <β DQG � � � �
N N

7

N N
= − �

�

DQG WDNHV WKH IROORZLQJ VWHSV EDVHG RQ WKH

$UPLMR©V UXOH�

%DFNWUDFNLQJ SURFHGXUH

6WHS �� &RQVLGHU WKH GHVFHQW GLUHFWLRQ dk IRU f DW SRLQW xk . 6HW � �
N

= �

6WHS �� :KLOH f x td f x t f x dk k k k
T

k( ) ( ) ( ) ,+ > + ∇α VHW � �= β �

6WHS �� 6HW t tk = .

7\SLFDOO\� α = 0 0001. DQG β = � �� � PHDQLQJ WKDW ZH DFFHSW D VPDOO GHFUHDVH LQ f RI WKH

SUHGLFWLRQ EDVHG RQ WKH OLQHDU H[WUDSRODWLRQ� ,I � �
N N

= − � WKHQ �
N

=��

3URSRVLWLRQ �� 6XSSRVH WKDW dk LV D GHVFHQW GLUHFWLRQ DQG ∇ � �
N

� 	 VDWLVILHV WKH /LSVFKLW] FRQGLWLRQ

∇ − ∇ ≤ −� � � � � � �
N N

� 	 � 	 IRU DOO � RQ WKH OLQH VHJPHQW FRQQHFWLQJ �
N
DQG �

N+� �ZKHUH / LV

D FRQVWDQW� ,I WKH OLQH VHDUFK VDWLVILHV WKH $UPLMR FRQGLWLRQ� WKHQ
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3URRI� 2EVHUYH WKDW IRU DOO � IRU ZKLFK � �
N N

< LW IROORZV WKDW � �
N N
� β ≤ � 7KHUHIRUH

� � � � � � � � �
N N N N N N

7

N
� � 	 � 	 � � 	 �+ − >β α β

8VLQJ WKH PHDQ YDOXH WKHRUHP RQ WKH OHIW VLGH RI WKH DERYH LQHTXDOLW\� WKH &DXFK\�6FKZDUW]

LQHTXDOLW\ DQG WKH /LSVFKLW] FRQGLWLRQ� WKHUH H[LVWV ξ
N

∈ 
 � �� � VXFK WKDW

α ξ β ξ β� � � � � � � � � � � � � � � �
N

7

N N N N N

7

N N N N N N

7

N N

7

N
< + = + − +� � 	 
 � � 	 � 	�

≤ + − + ≤ +� � � � � � � � � �� � � �
N N N N N N N

7

N N N N

7

N
� � 	 � 	 � �ξ β β

�

5HDUUDQJLQJ WKLV LQHTXDOLW\ JLYHV ���� �

&!����������	��
����
�������������
$V ZH VDLG� WKH JRDO RI WKLV SDSHU LV WR VKRZ WKDW WKH OLQHDU EHKDYLRU RI WKH JUDGLHQW GHVFHQW

PHWKRG IRU ZHOO�FRQGLWLRQHG IXQFWLRQV FRXOG EH LPSURYHG E\ D VXEUHOD[DWLRQ RI WKH VWHS VL]H� 7KH

LGHD LV WR PRGLI\ WKH JUDGLHQW GHVFHQW PHWKRG E\ LQWURGXFLQJ D UHOD[DWLRQ RI WKH IROORZLQJ IRUP�

� � � �
N N N N N+ = +

�
θ � ���

ZKHUH θ
N

LV WKH UHOD[DWLRQ SDUDPHWHU� D UDQGRP YDULDEOH XQLIRUPO\ GLVWULEXWHG EHWZHHQ � DQG ��

:LWK WKLV� WKH 5HOD[HG *UDGLHQW 'HVFHQW DOJRULWKP FDQ EH SUHVHQWHG DV�

5HOD[HG *UDGLHQW 'HVFHQW $OJRULWKP �5*'�

6WHS �� &RQVLGHU D VWDUWLQJ SRLQW � �	
 �
�

∈ � 6HW � = ��

6WHS �� &RPSXWH WKH VHDUFK GLUHFWLRQ� � � �
N N

= −∇ � 	�

6WHS �� /LQH VHDUFK� &KRRVH WKH VWHSOHQJWK �
N
YLD H[DFW RU EDFNWUDFNLQJ OLQH VHDUFK

SURFHGXUHV�

6WHS �� 8SGDWH WKH YDULDEOHV� 6HOHFW θ
N

∈ � � 	� � DQG XSGDWH WKH YDULDEOHV�

� � � �
N N N N N+ = +

�
θ �

6WHS �� 7HVW D FULWHULRQ IRU VWRSSLQJ WKH LWHUDWLRQV� ,I WKH WHVW LV VDWLVILHG� WKHQ VWRS�

RWKHUZLVH FRQVLGHU � �= +� DQG FRQWLQXH ZLWK VWHS ��

&OHDUO\� LI θ
N

=�� IRU DOO � � ZH JHW WKH FODVVLFDO *UDGLHQW 'HVFHQW �*'� PHWKRG� )RU TXDGUDWLF

SRVLWLYH GHILQLWH SUREOHPV DQ RYHUUHOD[DWLRQ KDYH EHHQ FRQVLGHUHG E\ 5D\GDQ DQG 6YDLWHU >��@�

7KH\ SURYHG WKDW WKH SRRU EHKDYLRU RI WKH VWHHSHVW GHVFHQW PHWKRGV LV GXH WR WKH RSWLPDO &DXFK\

FKRLFH RI VWHS VL]H DQG QRW WR WKH FKRLFH RI WKH VHDUFK GLUHFWLRQ� ,QGHHG IRU WKH TXDGUDWLF SUREOHP
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� � �7 7� 	 �= −
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ZKHUH 
 � Q Q∈ ×
LV V\PPHWULF DQG SRVLWLYH GHILQLWH� WKH FODVVLFDO &DXFK\ PHWKRG FDQ EH ZULWWHQ DV�

� � � �
N N N N+ = −

�
� ZKHUH � � �

N N
= ∇ � 	 DQG

�
� �

� 
�N

N

7

N

N

7

N

= � ���

7DNLQJ θ
N
DV UHOD[DWLRQ SDUDPHWHUV EHWZHHQ � DQG �� 5D\GDQ DQG 6YDLWHU JHW WKH UHOD[HG JUDGLHQW

GHVFHQW DOJRULWKP�

� � � �
N N . N N+ = −

�
θ � ���

ZKHUH DJDLQ �
N
LV JLYHQ LQ ���� 7KH IROORZLQJ WKHRUHP VKRZV WKH FRQYHUJHQFH RI UHOD[HG &DXFK\

DOJRULWKP ��� IRU TXDGUDWLF V\PPHWULF DQG SRVLWLYH GHILQLWH IXQFWLRQV�

7KHRUHP �� �5D\GDQ DQG 6YDLWHU >��@� ,I WKH VHTXHQFH θ
N

KDV DQ DFFXPXODWLRQ SRLQW θ ∈ � � 	� � �

WKHQ �
N
JHQHUDWHG E\ WKH UHOD[HG &DXFK\ PHWKRG ���� ZKHUH �

N
LV JLYHQ LQ ���� FRQYHUJHV WR �
 �

1RZ ZH H[WHQG WKLV LGHD RI UHOD[DWLRQ WR JHQHUDO FRQYH[ IXQFWLRQV� %XW� EHIRUH FRQVLGHULQJ

WKH WKHRUHWLFDO DVSHFWV IRU WKH JHQHUDO FRQYH[ IXQFWLRQV OHW XV WDNH DQ H[DPSOH�



�

([DPSOH �� /HW XV LOOXVWUDWH WKH EHKDYLRU RI WKH UHOD[HG JUDGLHQW GHVFHQW PHWKRG LQ FRPSDULVRQ

ZLWK WKH FODVVLFDO JUDGLHQW GHVFHQW RQ WKH IROORZLQJ IXQFWLRQ�

� � �� �
L

L

Q

L
L

Q

� 	 �= +








= =
∑ ∑�

� �

�

�

���

&RQVLGHULQJ �
�

� 
 � 
 � 
= 
 � � � � � � ��� α = 0 0001. DQG β = � �� LQ WKH EDFNWUDFNLQJ SURFHGXUH� DV

ZHOO DV WKH IROORZLQJ FULWHULD IRU VWRSSLQJ WKH LWHUDWLRQV

∇ ≤
∞

� �
N J

� 	 ε RU � � � � �
N N

7

N I N
≤ +ε � 	 �

�
����

ZLWK ε
J

= −�� �
DQG ε

I
= −�� �� � IRU Q =��� � WKH HYROXWLRQ RI � � �N� 	 
− JLYHQ E\ WKH JUDGLHQW

GHVFHQW PHWKRG DQG WKH UHOD[HG JUDGLHQW GHVFHQW PHWKRG� UHVSHFWLYHO\� DUH SUHVHQWHG LQ )LJXUH ��

)LJXUH �� *UDGLHQW 'HVFHQW YHUVXV 5HOD[HG *UDGLHQW 'HVFHQW�

7DEOH � VKRZV WKH QXPEHU RI LWHUDWLRQV FRUUHVSRQGLQJ WR WKHVH DOJRULWKPV� DV ZHOO DV WKH DYHUDJH

VWHSOHQJWK� IRU GLIIHUHQW YDOXHV RI � � XVLQJ WKH DERYH FULWHULD IRU VWRSSLQJ WKH LWHUDWLRQV�

7DEOH �� 1XPEHU RI LWHUDWLRQV DQG WKH DYHUDJH VWHSOHQJWK�

*' 5*'

� �LWHU DYHUDJH VWHS �LWHU DYHUDJH VWHS

��� ��� �������� ��� �������

��� ���� �������� ��� �������

��� ���� �������� ��� �������

��� ���� �������� ��� �������

��� ���� �������� ��� �������

��� ���� �������� ��� �������

��� ���� �������� ��� ��������

��� ���� �������� ��� ��������

��� ���� �������� ��� ��������

���� ���� �������� ��� ��������

2EVHUYH WKDW WKH UHOD[HG YHUVLRQ RI JUDGLHQW GHVFHQW PHWKRG FOHDUO\ RXWSHUIRUPV WKH FODVVLFDO

JUDGLHQW PHWKRG� %RWK PHWKRGV H[KLELWV D OLQHDU FRQYHUJHQFH WR WKH PLQLPL]HU RI WKH IXQFWLRQ� DQG

WKH\ FRQYHUJH PRQRWRQLFDOO\ WR WKH PLQLPL]HU� EXW 5*' DOJRULWKP WDNHV D VLJQLILFDQW VPDOOHU

QXPEHU RI LWHUDWLRQV� ,Q WKLV FDVH WKH WRWDO QXPEHU RI LWHUDWLRQV IRU *UDGLHQW 'HVFHQW $OJRULWKP LV

������ DQG ���� IRU 5HOD[HG *UDGLHQW� 1RWLFH WKDW� VXEMHFW WR WKH QXPEHU RI LWHUDWLRQV� 5*' LV

DERXW � WLPHV PRUH SHUIRUPDQW WKDQ *'� 6LPLODU UHVXOWV KDYH EHHQ REWDLQHG XVLQJ GLIIHUHQW UDQGRP



�

QXPEHU JHQHUDWRUV LQ LQWHUYDO ������ 7KH SDUDPHWHUV α DQG β IURP EDFNWUDFNLQJ OLQHDU VHDUFK KDV

D QRWLFHDEOH EXW QRW D GUDPDWLF LQIOXHQFH RQ WKH QXPEHU RI LWHUDWLRQ� 1XPHULFDO H[SHULPHQWV ZLWK

GLIIHUHQW YDOXHV IRU α DQG β OHDGV WR WKH VDPH EHKDYLRXU RI WKH DOJRULWKP� :H DOVR REVHUYH WKDW

WKH DYHUDJH VWHSVL]H LQ ERWK *' DQG 5*' DOJRULWKPV DUH ERXQGHG DZD\ IURP ]HUR� DV ZH SURYHG LQ

3URSRVLWLRQ �� +RZHYHU� WKH DYHUDJH VWHSVL]H LQ 5*' DOJRULWKP LV VLJQLILFDQWO\ JUHDWHU WKDQ LQ *'

YHUVLRQ� 7KLV H[SODLQV LWV HIILFLHQF\�

7KLV QXPHULFDO H[SHULPHQW UHYHDOV WKH VHULRXV OLPLWDWLRQ RI WKH VWHSOHQJWK FKRLFH E\

EDFNWUDFNLQJ ZKHQ VHDUFKLQJ LV DORQJ WKH QHJDWLYH JUDGLHQW� 7KLV UHYHDOV D ODFN RI UREXVWQHHV RI WKH

JUDGLHQW GHVFHQW DOJRULWKP ZLWK EDFNWUDFNLQJ DW VWHSOHQJWK SHUWXUEDWLRQV�

7KH FRQYHUJHQFH DQDO\VLV RI 5*' DOJRULWKP IRU JHQHUDO VWURQJO\ FRQYH[ IXQFWLRQ LV JLYHQ

E\ WKH IROORZLQJ WKHRUHPV�

7KHRUHP �� 6XSSRVH WKDW � LV D VWURQJO\ FRQYH[ IXQFWLRQ ZLWK ∇ ≤� � � ��� 	 � ZKHUH 0 LV D

SRVLWLYH FRQVWDQW� ,I WKH VHTXHQFH θ
N

KDV DQ DFFXPXODWLRQ SRLQW θ ∈ � � 	�� � WKHQ IRU VWURQJO\

FRQYH[ IXQFWLRQV WKH VHTXHQFH �
N
JHQHUDWHG E\ WKH 5*' DOJRULWKP FRQYHUJHV OLQHDUO\ WR �
 �

3URRI� /HW XV FRQVLGHU Φ
N N N N

� � � �� 	 � 	�θ θ= − ZKHUH � � �
N N

= ∇ � 	�:H FDQ ZULWH�

� � � � � � � � � � � � � �
N N N N N N

7

N N N

7

N N
� 	 � 	 � 	 �− = − + ∇θ θ θ

�

�

� � �

6LQFH WKH IXQFWLRQ � LV VWURQJO\ FRQYH[ LW IROORZV WKDW Φ
N
� 	θ LV D FRQYH[ IXQFWLRQ DQG

Φ
N N

� �� 	 � 	�� = )URP WKH VWURQJ FRQYH[LW\ RI � LW IROORZV WKDW�

� � � � � �
��

� �
N N N N

N

N N
� 	 � 	 �− ≤ − −



 


θ θ θ

�
�

�

�

%XW θ θ−
��

N

�
�
LV D FRQFDYH DQG QRQQHJDWLYH IXQFWLRQ RQ � � � 	� � ��

N
DQG KDV WKH PD[LPXP

YDOXH HTXDO ZLWK � �� ��
N
DW SRLQW � � ���

N
7KHUHIRUH � � � �

N N
� 	 � 	+ ≤

�
IRU DOO �� 6LQFH � LV

ERXQGHG EHORZ� LW IROORZV WKDW

��� � � 	 � 		 �
�

� � � �
N N

→∞
− =+� �
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