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This technical report presents the numerical performances of L-BFGS [19, 20] for solving a
number of 14 applications of unconstrained optimization. The following applications are
considered in this numerical experiment:

1. Weber Function [1, pp. 58]

£(x) = 24(% —2) + (X, ~42)? +44](%, —90)% +(x, ~11)? +5,/(x, —43)? +(x, ~88)’.

2. Enzyme reaction [1, pp. 62]

f(x):i[yi_ X (U +uix2>j |

U’ +UX, +X,

where Y, and U; have the following values:

I Yi U; I Yi U;

1 0.1957 4.000 7 0.0456 0.125
2 0.1947 2.000 8 0.0342 0.100
3 0.1735 1.000 9 0.0323 0.0833
4 0.1600 0.500 10 0.0235 0.0714
5 0.0844 0.250 11 0.0246 0.0625
6 0.0627 0.167
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3. Solution of a chemical reactor [2, pp. 1455-1481]

f(x)=@1- X — klxlXG + r1)(4)2
+ (L= X, =K, X, Xg + X))
+ (= X5 + 2KyX, X5 )
+ (kX Xs = 1 X, —KaX,Xs )
+ (L5(k; X, Xs =X ) —KgX,Xs)?

+(1-X, =X —Xg)°

where:  k, =31,24 k,=0,272 k, =30303 1, =2062 r,=0,02.
4. Robot kinematics problem [3, pp. 152-157], [4, pp. 101-103], [5, pp. 329-331]

f(X) = (4,731-10 ° ;X5 —0,3578X,X; —
0,1238x, + X, — 1,637-10"°x, —0,9338x, — 0,3571)*
+(0,2238x, X5 +0,7623X,X,
+0,2638x, — x, —0,07745x, —0,6734x, —0,6022)?
+(XgXg +0,3578%, +4,731-107°x,)?
+(-0,7623x, +0,2238x, +0,3461)°
+(X2 + x5 -1)°
+ (X2 + %2 -1)?
+(X2 +x5-1)°

+(X2 +xZ -1)°.

5. Solar Spectroscopy [1, p. 68]

f(x)zf(mxzexp(—%]—yj ,

i=1 4

where y,,i=1,...,13 are as in the below table

I Yi I Yi
1 0.5 8 2.5
2 0.8 9 1.6
3 1 10 1.3
4 1.4 11 0.7
5 2 12 0.4
6 2.4 13 0.3
7 2.7

6. Estimation of parameters [6, p. 430]



f(x)_i X +axG +aixs o i
(1+2,X;)b, ,

i=1

where the parameters a;,b;, i=1,...,7 have the following values:

i g b,

1 0.0 7.391
2 0.000428 11.18
3 0.0010 16.44
4 0.00161 16.20
5 0.00209 22.20
6 0.00348 24.02
7 0.00525 31.32

7. Propan combustion in air [7, p. 143-151], [8, pp.18-19], [4, pp. 54-56], [5, p. 327]

f(x)=(xX, + % —3% ) +

2
2%, X, + X, + 2RioXE + X, X5 + R X, X5 + RyX, X, + RyX, = RXg) ™ +

(
(2%,%3 + Ry X, X, + 2RX5 + R X, _8X5)2 +
(RoX,X, +2x% — 4R, )" +

(

2
X, X, + X, + RpX2 + X, X5 + R X, X5 + RgX, X, + RyX, + RoX5 + Ry X, + X2 —1)

where:
R, = 0,193 R, = 0.4106217541E -3 R, = 0.5451766686E — 3
R; =0.44975E-6 R, =0.3407354178E -4 R, = 0.9615E — 6
R=10

8. Gear train with minimum inertia [9], [10, Problem 328, p. 149]
f(X) =0.2(12+ X2 + L+ x2) / X2 + (x?x5 +100) / X; X5 ) .
9. Human Heart Dipole. [1, p. 65], [8, p. 17], [4, pp. 51-54], [11, pp. 817-823]

f(x)=(x, +x, -5, )+

mx
X+ X, )-l-

2
X X5 + X, Xg = X3X; — X, Xg =S, )" +

2
X, (X2 = X3) = 2X3Xs X, + X, (Xg = X2) = 2X, X X5 —Sc )

(
(
(xx+xx+xx+xx —55) +
(%, +
( +

2
X (x — X2)+ 2%, Xs X, + X, (X x§)+2x2x6x8—sD)



2
(Xlxs(xs _3X$)+X3X7(X$ _3X52)+X2X6(Xé _3X§)+X4X8(X§ _BXS)_SE) +

2
(szs(X§"3X$)"'X1X7(X$"3X§)4‘X4X6(X§"3X§)“X2X8(X§"SXE)“SF)

where:
S = 0,485 s, =—0,0581 s. =0,105

Smy =—0,0019 sg = 0,015 Sp = 0,0406
10. Neurophysiology [4, pp. 57-61], [12, pp. 915-930]

f(X) = (X2 + %2 —1)% + (xZ + xZ —1)°
F(XXS + X X2 —1)2 + (XX + X5 X3 — 2)?

F(Xe Xy X5+ XgXo X2 — 1) + (XsXgXZ + XgX X2 — 4)2,
11. Combustion application [17], [18, pp. 61-63]

f(X) = (X, +2Xg + Xg +2X; —107°) +
(X3 + X5 —3-107°) +
(X, + Xg + 2Xg + 2%g + Xg + X3g —5-107°)? +
(X4 +2x, —107°)* +
(0.5140437-10 " x; — x2)* +
(0.1006932-10°x; —2x3)* +
(0.7816278-10 °x, — x3)* +
(0.1496236-10 ° X, — X,X5)° +
(0.6194411-10" Xy — X,X,)* +
(0.2089296-10 " x,, — X, X5)°.

12. Thermistor [13, pp.722-723]

16 X2 2
F00=Y] v - xexp| —2—
) ;(y' XleXp(45+5i+x3D

where

I Yi ! Yi

1 34780 9 8261
2 28610 10 7030
3 23650 11 6005
4 19630 12 5147
5 16370 13 4427
6 13720 14 3820
7 11540 15 3307
8 9744 16 2872

13. Optimal design of a Gear Train [14, pp. 95-105], [4, p. 79]

se = 0,167
s =—-0,399.



2
F) =] XX |
6.931 XX,
14. Circuit design [15, p. 501], [13, pp.243-244], [16, pp.367-370]

4
F(X) = (XX = X;%,)? + Z(alf +bg),
k1
where
ay = (1-XX%;)X3 {eXp[Xs(glk ~ g% 107 — gy X '10_3)] —1}
+0u X, —Osr k=1....4,
- -3 -3
b = (1= XX;)X, {eXp[Xs(glk — G2k = GaX7 107 = gy % -10 )]—1}
+0um —OsX K=1....4,
[ 0.4850  0.7520 0.8690 0.9820 |
0.3690  1.2540 0.7030 1.4550
g=| 52095 10.0677 229274 20.2153 |,

23.3037 101.7790 111.4610 191.2670
28,5132 111.8467 134.3884 211.4823]

Solution of these applications, given by L-BFGS, are as follows:

Date: --- Month: 6 Day: 6 Year: 2020

nexp= 1 L-BFGS Algorithm. 1. Weber Function (Andrei, U71)

Number of BFGS updates M= 5
n iter fgent time fxnew gnormi

1
2 55 218 0 -0.2644531414650E+03 0.5851360369660E+01
1 0.9000000000000E+02
2 0.1100000000000E+02
£ (x0) -0.3747313737140E+02

£ (x*) -0.2644531414650E+03
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Date: --- Month: 6 Day: 6 Year: 2020

nexp= 2 L-BFGS Algorithm. 2. Enzyme reaction (Andrei, U79) (A)
Number of BFGS updates M= 5

n iter fgent time fxnew gnormi
4 41 48 0 0.3075056038494E-03 0.8903176713965E-08

.1928069396957E+00
.1912823893049E+00
.1230566330636E+00
.1360623357554E+00

oooo

0.5313172272109E-02
0.3075056038494E-03

£ (x0)
£ (x*)

LIS
Date: --- Month: 6 Day: 6 Year: 2020

nexp= 3 L-BFGS Algorithm. 3. Solution of a chemical reactor (A)



Number of BFGS updates M= 5

n iter fgent time fxnew gnormi

6 15316 22822 4 0.5038172519506E+00 0.1643286688653E-04

-0.9263058444697E-01
0.1050395198671E+01
.5093463019776E+00
0.6950864039682E-03
0.1209085882949E+01
-0.2220409694933E+00

o WNh PR
o

£(x0) = 0.1961733675060E+08
£(x*) = 0.5038172519506E+00

<S>>I
Date: --- Month: 6 Day: 6 Year: 2020

nexp= 4 L-BFGS Algorithm. 4. Robot kinematics problem (A)
Number of BFGS updates M= 5

n iter fgent time fxnew gnormi

8 8 30 1 0.6957468202726E-05 0.3204751579182E-02

0.1645691806315E+00
-0.9858396495179E+00
-0.9462097782924E+00
.3219977163672E+00
-0.9985509499310E+00
0.5943270214570E-01
0.4087448741837E+00
-0.9125393920592E+00

oOJoU b WN R
1
o

£(x0) = 0.1069004717719E-01
£(x*) = 0.6957468202726E-05
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Date: --- Month: 6 Day: 6 Year: 2020

nexp= 5 L-BFGS Algorithm. 5. Solar Spectroscopy (A)
Number of BFGS updates M= 5

n iter fgent time fxnew gnormi

4 23 29 0 0.8312307693160E+01 0.7194096296787E-07

1 0.1353846154034E+01
2 0.9661509925829E+00
3 0.1359534207176E+01
4 0.2603575975734E+00

0.9958700480657E+01
0.8312307693160E+01

£(x0)
£ (x*)

L P2 9292 P2 P2 P2 P2 P2 PP PP PP PP s PP PP PP PP PP P2 PP P2 PP P P2 P PP P2 P2 P2 P2 P2 P s S g
Date: --- Month: 6 Day: 6 Year: 2020

nexp= 6 L-BFGS Algorithm. 6. Estimation of parameters (A)
Number of BFGS updates M= 5

n iter fgent time fxnew gnormi

4 46 53 0 0.3185717487911E-01 0.2214569790005E-07

1 0.2714366030872E+01
2 0.1404358276790E+03
3 0.1707516216264E+04
4 0.3151287763224E+02

0.2905300235663E+01
0.3185717487911E-01

£(x0) =
£(x*) =

LIS

Date: --- Month: 6 Day: 6 Year: 2020



nexp= 7 L-BFGS Algorithm. 7. Propan combustion in air (A)
Number of BFGS updates M= 5

n iter fgent time fxnew gnormi
5 282 351 0 0.5884317208105E-18 0.6963808917363E-07

.2757177040838E-02
.3924229405291E+02
.6138760021434E-01
.8597244251537E+00
.3698504330515E-01

b WNh R
1
oo ooo

£(x0) = 0.3312269269234E+08
£(x*) = 0.5884317208105E-18

<S>>I
Date: --- Month: 6 Day: 6 Year: 2020

nexp= 8 L-BFGS Algorithm. 8. Gear train with minimum inertia (A)
Number of BFGS updates M= 5

n iter fgent time fxnew gnormi
8 e
2 10 33 1 0.1746908655419E+01 0.4035725583973E-01
1 0.1678618014034E+01
2 0.1996170035790E+01
£(x0) = 0.2563325000000E+04
£(x*) = 0.1746908655419E+01

<S>>SO
Date: --- Month: 6 Day: 6 Year: 2020

nexp= 9 L-BFGS Algorithm. 9. Human Heart Dipole. Andrei U84, pp.65
Number of BFGS updates M= 5

n iter fgent time fxnew gnormi
8 2 23 0 0.1789025922492E+00 0.7325794325147E-01

.3102600639174E+00
.1745290355805E+00
.6026587442315E-01
.6208413038334E-01
.4497318333842E+00
.4656813522194E+00
-0.1079544406280E+00

0.7627134614983E-01

ool WN KL

0.1905692553768E+00
0.1789025922492E+00

£(x0)
£ (x*)
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Date: --- Month: 6 Day: 6 Year: 2020

nexp= 10 L-BFGS Algorithm. 10. Neurophysiology (A)
Number of BFGS updates M= 5

n iter fgent time fxnew gnormi
6 23 38 0 0.4539057615171E+01 0.2024779517274E-07

.7862416710081E+00
.7862416710081E+00
.6179191141918E+00
.6179191141918E+00
.2875512203839E+01
.2875512203839E+01

Ul WN R
oOo0ooooo

0.2399999199998E+02
0.4539057615171E+01

£(x0) =
£(x*) =

LIS

Date: --- Month: 6 Day: 6 Year: 2020



nexp= 11 L-BFGS Algorithm. 11. Combustion application (A)
Number of BFGS updates M= 5

n iter fgent time fxnew gnormi
10 155 179 1 0.3338493557009E-11 0.1532274549876E-06

-0.3605754494672E-06
0.5459266497296E-03
0.1470229157981E+00
-0.1316358292625E-02
.1255434705454E+00
0.1802553958646E+00
0.6631844083682E-03
-0.1469928976024E+00
0.1528993586676E+00
-0.2569730439643E+00

[y
cCwVWwOJoOU®d WNRK
o

£(x0) = 0.1219988990749E+03
f(x*) = 0.3338493557009E-11

<>
Date: --- Month: 6 Day: 6 Year: 2020

nexp= 12 L-BFGS Algorithm. 12. Thermistor (A)
Number of BFGS updates M= 5

n iter fgent time fxnew gnormi
12 —— e
3 22 51 0 0.1721671200203E+03 0.1496223984167E+02
1 0.6187185466527E-02
2 0.6099916761427E+04
3 0.3424734055724E+03

£(x0) = 0.2335910048036E+10
£(x*) = 0.1721671200203E+03

L9292 92 P2 P2 P2 P2 P2 PP PP PP PP PP PP P PP P PP P PP P PP P P2 PPl P P2 P2 P2 P 0 P2 P S g
Date: --- Month: 6 Day: 6 Year: 2020

nexp= 13 L-BFGS Algorithm. 13. Optimal design of a Gear Train (A)
Number of BFGS updates M= 5

n iter fgent time fxnew gnormi
13 —m e
4 9 10 0 0.1971065573361E-05 0.6630614440024E-07

1 0.1898807221278E+02

2 0.1020082796880E+02

3 0.3681963337122E+02

4 0.3681963337122E+02
£(x0) = 0.1743308858486E-01
£(x*) = 0.1971065573361E-05

L P2 9292 P2 P2 P2 P2 P2 PP PP PP PP s PP PP PP PP PP P2 PP P2 PP P P2 P PP P2 P2 P2 P2 P2 P s S g
Date: --- Month: 6 Day: 6 Year: 2020

nexp= 14 L-BFGS Algorithm. 14. Circuit design (3)
Number of BFGS updates M= 5

n iter fgent time fxnew gnormi
9 6037 6838 6 0.2350848678996E-12 0.1601637091248E-06

.8999999542140E+00
.4499876976013E+00
.1000006706865E+01
.2000067884527E+01
.7999970993881E+01
.7999697176131E+01
.5000030647219E+01
.9999877398044E+00
.2000051663424E+01

wCoJdJouUulbd WNRE
[=l=leleNeNolNolNoNo

£(x0)
£ (x*)

0.2964578187893E+04
0.2350848678996E-12
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Total iter

Total fgcnt

Total CPU

Date:

22029
30723

Month: 6 Day: 6 Year:

6.00 centesecons

2020

Table 1 presents a synthesis of these numerical experiments, where n is the number of variables,
iter is the number of iterations to get a solution, fgent is the number of function and its gradient
evaluations, time(c) is the time in centeseconds, fx* is the value of the minimizing function in
optimal point and gnorm is the infinite norm of the gradient.

Table 1

Performances of L-BFGS

n iter fgent time (c) fx gnorm Name of Applications
2 55 218 0 -0.2644531414650E+03 0.5851360369660E+01 1. Weber Function (Andrei, U71)
4 41 48 0 0.3075056038494E-03 0.8903176713965E-08 2. Enzyme reaction (Andrei, U79) (A)
3 15316 22822 4 0.5038172519506E+00 0.1643286688653E-04 3. Solution of a chemical reactor (A)
8 8 30 1 0.6957468202726E-05 0.3204751579182E-02 4. Robot kinematics problem (A)
4 23 29 0 0.8312307693160E+01 0.7194096296787E-07 5. Solar Spectroscopy (A)
4 46 53 0 0.3185717487911E-01 0.2214569790005E-07 6. Estimation of parameters (A)
5 282 351 0 0.5884317208105E-18 0.6963808917363E-07 7. Propan combustion in air (A)
2 10 33 1 0.1746908655419E+01 0.4035725583973E-01 8. Gear train with minimum inertia (A)
8 2 23 0 0.1789025922492E+00 0.7325794325147E-01 9. Human Heart Dipole. Andrei U84,
6 23 38 0 0.4539057615171E+01 0.2024779517274E-07 10. Neurophysiology (&)
10 155 179 1 0.3338493557009E-11 0.1532274549876E-06 11. Combustion application (A)
3 22 51 0 0.1721671200203E+03 0.1496223984167E+02 12. Thermistor (A)
4 9 10 0 0.1971065573361E-05 0.6630614440024E-07 13. Optimal design of a Gear Train (A)
9 6037 6838 6 0.2350848678996E-12 0.1601637091248E-06 14. Circuit design (A)
TOTAL 22029 30723 6.00 centeseconds
Number of stored pairs (sk,yk) in L-BFGS: M = 5
Date: --- Month: 6 Day: 6 Year: 2020

In [21] we have presented a synthesis of the performances of DESCON, CUBIC, CG-
DESCENT(w) and CG-DESCENT(aw) for solving these applications of unconstrained
optimization. Table 5 includes the performances of these algorithms and those of L-BFGS.

Table 5
Performances of DESCON, CUBIC, CG-DESCENT and L-BFGS
iter fgcnt time

DESCON 11130 55953 15

CUBIC 4339 24323 12
CG-DESCENT (w) 17773 37199 14
CG-DESCENT (aw) 17773 37199 13
L-BFGS 22029 30723 6

Observe that L-BFGS uses a fixed, low-cost formula requiring no extra derivative information. It
uses cubic interpolation to obtain the strong Wolfe conditions. For highly nonlinear problems, L-
BFGS is one of the best algorithms. According to these numerical experiments with nonlinear
applications of unconstrained optimization with the number of variables in the range [2, 10], L-
BFGS seems to be the best. However, our numerical experiments with large-scale applications of
unconstrained optimization up tp 250,000 variables described in [22] show that all conjugate
gradient algorithms included in this paper are the best in comparison with L-BFGS.
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