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This technical report presents the numerical performances of CUBIC for solving a number of 14
applications of unconstrained optimization. CUBIC implements a conjugate gradient with
subspace minimization based on regularization model of the minimizing function. The description
of the algorithm and its convergence are presented in the book:

N. Andrei, Nonlinear Conjugate Gradient Methods for Unconstrained Optimization, Springer
Optimization and Its Applications, vol. 158, SpringerNature, 2020, Chapter 11, pp.400-414.

In this technical report we present the numerical performances of CUBIC for solving small-scale
applications of unconstrained optimization. The number of variables of these applications is in the
range [2, 10]. The following applications are considered in this numerical experiment:

1. Weber Function [1, pp. 58]

F(X) = 24(%, —2)? + (X, —42)? +4/(% —90) + (X, —11)? +5\(x, —43)? +(x, —88).

2. Enzyme reaction [1, pp. 62]

f(x):i[yi_ X (U +uixz)j |

2
U’ +U X, + X,
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where Y, and U; have the following values:

I Yi U; I Yi U;

1 0.1957 4.000 7 0.0456 0.125
2 0.1947 2.000 8 0.0342 0.100
3 0.1735 1.000 9 0.0323 0.0833
4 0.1600 0.500 10 0.0235 0.0714
5 0.0844 0.250 11 0.0246 0.0625
6 0.0627 0.167

3. Solution of a chemical reactor [2, pp. 1455-1481]

FOX) =@ —x =KX X + r1)(4)2
+ (1= %, =KX, Xg + 1,Xs)?
+(— X + 2K X, X5 )
+ (kX Xs = 1 X, —KaX, X )
+ (175(k2X2X6 - I’2X5)— k3X4X5)2

+(1-X, =X —Xg)°

where:  k, =31,24 k,=0,272 k,=30303 r, =2062 r,=0,02.
4. Robot kinematics problem [3, pp. 152-157], [4, pp. 101-103], [5, pp. 329-331]

f(X) = (4,731-10° XX, —0,3578X,X; —
0,1238x, + X, — 1,637-10°x, —0,9338x, —0,3571)°
+(0,2238x, X5 +0,7623X,X,
+0,2638x, — X, —0,07745x, —0,6734x, —0,6022)°
+(XgXg +0,3578%, +4,731-107°x,)?
+(-0,7623x, +0,2238x, +0,3461)°
+(X2 +x2-1)°
+ (X2 + %2 -1)?
+(x2 +xZ-1)°

+(X2 +xZ -1)°.

5. Solar Spectroscopy [1, p. 68]

f(x)zi(mxzexp(—%}—yj ,

i=1 4

where vy;,i=1,...,13 are as in the below table



I Yi I Yi
1 0.5 8 2.5
2 0.8 9 1.6
3 1 10 1.3
4 1.4 11 0.7
5 2 12 0.4
6 2.4 13 0.3
7 2.7

6. Estimation of parameters [6, p. 430]

i=1

f(x)=i[

2 2 2
Xy + X5 +a; X3

(L+ax)b

2 2
_1J |

where the parameters a;,b;, i=1,...,7 have the following values:

i g b,

1 0.0 7.391
2 0.000428 11.18
3 0.0010 16.44
4 0.00161 16.20
5 0.00209 22.20
6 0.00348 24.02
7 0.00525 31.32

7. Propan combustion in air [7, p. 143-151], [8, pp.18-19], [4, pp. 54-56], [5, p. 327]

f(X) = (X%, + %, — 3% )’ +

2
2X, X, + X, + 2R X2 + X, X2 + R, X, X5 + RyX, X, + RgX, — Rx5) +

—8x,) +

(
(2%,%3 + Ry X, X, + 2RX5 + R X,
(RoX,X, +2X; 4Rx) +

(

2
KXo X+ RXS 4+ X,X2 + R X, X, + RyX, X, + RgX, + RoX2 + Ry X, + X5 — 1)

R, =0,193 Rs = 0.4106217541E -3
R, =0.44975E-6 R, =0.3407354178E -4

R=10

R, = 0.5451766686E — 3
R, = 0.9615E -6

8. Gear train with minimum inertia [9], [10, Problem 328, p. 149]

f(X) =0.2(12+ X2 + L+ x2) / X2 + (x?x5 +100) / X; X5 ) .

9. Human Heart Dipole. [1, p. 65], [8, p. 17], [4, pp. 51-54], [11, pp. 817-823]



f(x)=(x, +x, -5, ) +
Xy + X, — ) +

2
X X + X;Xg = X5X; — X, Xg —Sn ) +

(XX, + X, Xg +XgXg + Xy Xg —Sg ) +
2

(x — XZ) = 2%, X X7 + X, (X — xé)—2x4x6x8—sc) +
2

( — X2)+ 2%, X X, + X, (X — x§)+2x2x6x8—sD) +

X, X (x —3X2) + XX, (X2 3x5)+x2x6(x§—3x§)+x4x8(x§—3x§)—sE)2+

(X3X5 (X2 =3%2) = X, X, (X2 = 3X2) + X, X, (XZ —3%7) = X, X, (Xe —3x§)—sF)2

where:
S, = 0,485 s, =—0,0581 s. =0,105 se = 0,167

Smy =—0,0019 sg = 0,015 Sp = 0,0406 sg =—0,399.
10. Neurophysiology [4, pp. 57-61], [12, pp. 915-930]

f(X) = (X2 + %2 —1)% + (x + xZ —1)°
F(XXS + X X2 —1)? + (XX + XX — 2)?

F(Xe Xy X5 + XgXo X2 — 1) + (XsXgXZ + XgX X2 — 4)2,
11. Combustion application [17], [18, pp. 61-63]

f(X) = (X, +2Xg + Xg +2Xy —107°) +
(X3 + X5 —3-107°) +
(X, + Xg + 2Xg + 2%g + Xg + X3g —5-107°)? +
(X4 +2x, —107°)* +
(0.5140437-10" x; — x2)* +
(0.1006932-10°x; —2x3)* +
(0.7816278-10 °x, — x3)* +
(0.1496236-10 ® X, — X,X5)° +
(0.6194411-10" Xy — X,X,)* +
(0.2089296-10 " x,, — X, X5)°.

12. Thermistor [13, pp.722-723]

16 X2 2
F00=Y] v - xexp| —2—
) ;(y' XleXp(45+5i+x3B

N

where




1 34780 9 8261
2 28610 10 7030
3 23650 11 6005
4 19630 12 5147
5 16370 13 4427
6 13720 14 3820
7 11540 15 3307
8 9744 16 2872

13. Optimal design of a Gear Train [14, pp. 95-105], [4, p. 79]

2
Fx)=| = X% |
6.931  X3X,

14. Circuit design [15, p. 501], [13, pp.243-244], [16, pp.367-370]

where

4
F(X) = (X = %%,)* + Z(af +b;),
k=1

3 = (L=X%;)%; {EXP[Xs(glk — O3 X7 107 - Os Xg ‘10_3” —1}
+04 % —0g, K=1...,4,

b =(1—X%%)%, {exp[XG(glk — o — 93X -107° = gy X '1073)]—1}
+04 — 95X, k=1...,4,

[ 0.4850  0.7520 0.8690 0.9820 |
0.3690  1.2540 0.7030 1.4550
g=| 52095 10.0677 22.9274 20.2153 |,
23.3037 101.7790 111.4610 191.2670
28,5132 111.8467 134.3884 211.4823 |

Solution of these applications, given by CUBIC, are as follows:
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* CUBIC bl
* Subspace Minimization Conjugate Gradient falald
* based on Regularization Algorithm falald
g * k%
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* Bucharest - Romania *kk
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Date: ---> Month: 6 Day: 3 Year: 2020
CUBIC. Powell restart.
CUBIC. Accelerated.
1 CUBIC Algorithm. Function:1l. Weber Function (Andrei, U71)
stoptest= 1
n iter irs fgcnt lscnt time (c) fxnew gnorm iak ibk



1288 574 5001 1039 1-0.2643790043149E+03 0.6876989703321E+00 1281
1288 574 5001 1039 0.01 (seconds) proc= 44.57%
jbig= 0 jbetween= 8 jsmall= 21

0.9000757572488E+02
0.1080113280870E+02

£(x0) = -0.3747313737140E+02
£(x*) = -0.2643790043149E+03

<>

B> WP

CUBIC Algorithm. Function:2. Enzyme reaction (Andrei, U79) (A)
stoptest= 1

iter irs fgcnt lscnt time (c) fxnew gnorm iak
39 9 116 35 0 0.3075056060090E-03 0.1140193575396E-06 31
1327 583 5117 1074 0.01 (seconds) proc= 43.93%
jbig= 1 jbetween= 30 jsmall= 0
0.1928082128095E+00
0.1912481923907E+00
0.1230468089189E+00
0.1360472078430E+00
£(x0) = 0.5313172272109E-02

£(x*) = 0.3075056060090E-03

<> IO IO IO IO IO IO IO IO IO IO IO OO

CUBIC Algorithm. Function:3. Solution of a chemical reactor (A)
stoptest= 1

iter irs fgcnt lscnt time (c) fxnew gnorm iak
6 o4 21 287 s 0 0.7468342084540E-15 0.4147895225729E-07 42 52
""""" 1421 604 5404 1161  0.01 (seconds)  proc= 42.51%
jbig= 15 jbetween= 26 jsmall= 1

o WN PP

0.1030427689532E+01
0.1020285157093E+01
-0.6085538430624E-01
-0.1003059768735E-03
0.1001051979528E+01
-0.9516616904942E-03

0.1961733675060E+08
0.7468342084540E-15

£(x0)
£ (x*)

K>>I IO IO IO IO IO IO IO IO IO IO

CUBIC Algorithm. Function:4. Robot kinematics problem (A)
stoptest= 1

iter irs fgcnt lscnt time (c) fxnew gnorm iak
333 156 5017 320 1 0.4829469121831E+00 0.4942442115598E+00 322
1754 760 10421 1481 0.02 (seconds) proc= 43.33%

odouldWN KL

jbig= 30 jbetween= 280 jsmall= 12
0.9958774915509E-01
-0.1104795144421E+01
-0.1112887873402E+01
-0.9649436369389E-01
0.5804351988452E+00
0.7699956818387E+00
0.1012156135399E+01
-0.4020994911317E-01

0.1069004717719E-01
0.4829469121831E+00

£(x0)
£ (x*)



<> IO OO

5 CUBIC Algorithm. Function:5. Solar Spectroscopy (A)
stoptest= 1

n iter irs fgcnt lscnt time (c) fxnew gnorm iak ibk
4 10 5 31 9 0 0.8312307695614E+01 0.7104616347572E-06 5 5
TOTAL 1764 765 10452 1490 0.02 (seconds) proc= 43.37%
jbig= 0 jbetween= 2 jsmall= 3
1 0.1353846179675E+01
2 0.9015495813587E+00
3 0.1481921020642E+01
4 0.3086319650136E+00

£(x0) = 0.9958700480657E+01
f(x*) = 0.8312307695614E+01

<>

6 CUBIC Algorithm. Function:6. Estimation of parameters (A)
stoptest= 1

n iter irs fgcnt lscnt time (c) fxnew gnorm iak ibk
4 30 9 96 28 0 0.3187570933023E-01 0.5862905229454E-06 21 9
TOTAL 1794 774 10548 1518 0.02 (seconds) proc= 43.14%
jbig= 0 jbetween= 16 jsmall= 5
1 0.2715422513847E+01
2 0.1374941856263E+03
3 0.1622049618948E+04
4 0.3033437467826E+02

£(x0) = 0.2905300235663E+01
£(x*) = 0.3187570933023E-01

<> IO IO OO IO IO IO IO IO IO IO IO

7 CUBIC Algorithm. Function:7. Propan combustion in air (A)
stoptest= 1

n iter irs fgcnt lscnt time (c) fxnew gnorm iak ibk
5 555 63 1670 496 1 0.4799163454696E-05 0.1371052281519E-05 197 358
TOTAL 2349 837 12218 2014 0.03 (seconds) proc= 35.63%

jbig= 15 jbetween= 168 jsmall= 14

1 0.5397588407825E-02
2 0.1986960456846E+02
3 0.8571981685175E-01
4 0.8590672564724E+00
5 0

.3691428840509E-01

£(x0) 0.3312269269234E+08
£(x*) = 0.4799163454696E-05

<> IO OO IO IO IO

8 CUBIC Algorithm. Function:8. Gear train with minimum inertia (A)
stoptest= 1

n iter irs fgcnt lscnt time (c) fxnew gnorm iak ibk
2 11 8 138 9 0 0.1751192330768E+01 0.9461910026439E-06 11 0
TOTAL 2360 845 12356 2023 0.03 (seconds) proc= 35.81%
jbig= 0 jbetween= 8 jsmall= 3
1 0.1624579633090E+01
2 0.2076167761161E+01

£(x0) = 0.2563325000000E+04



S>>

f(x*) = 0.1751192330768E+01

CUBIC Algorithm. Function:9. Human Heart Dipole. Andrei U84, pp.65
stoptest= 1

iter irs fgcnt lscnt time (c) fxnew gnorm iak
""""""" 940 204 5006 916 1 0.1199116073210E-01 0.8786818146807E-01 921 18
"""""" 3300 1139 17362 2939 0.04 (seconds)  proc= 34.526
jbig= 1 jbetween= 438 jsmall= 482

oo WN R

OISO

10

0.4816808685055E+00
0.1250845870287E-03
-0.3297482511606E-02
-0.2435070825047E-03
-0.1855732648625E+00
0.1162282982332E+02
-0.1473401569911E-01
-0.1989576711067E+00

£(x0)
£ (x*)

0.1905692553768E+00
0.1199116073210E-01

CUBIC Algorithm. Function:10. Neurophysiology (A)
stoptest= 1

iter irs fgcnt lscnt time (c) fxnew gnorm iak
"""""" 24 9 79 20 0 0.4539057615171E+01 0.3989872629134E-08 21 3
""""" 3324 1148 17441 2959  0.04 (seconds)  proc= 34.545
jbig= 0 jbetween= 16 jsmall= 5

o WNR

OISO

11

cCwooJoUd WNR

[y

-0.7862416745858E+00
-0.7862416745858E+00
-0.6179191170935E+00
-0.6179191170935E+00
-0.2875512162691E+01
-0.2875512162691E+01

£(x0)
£ (x¥)

0.2399999199998E+02
0.4539057615171E+01

CUBIC Algorithm. Function:11l. Combustion application (A)
stoptest= 1

iter irs fgcnt lscnt time (c) fxnew gnorm iak
50 10 139 38 0 0.4967405721874E-09 0.3630146049766E-06 21
3374 1158 17580 2997 0.04 (seconds) proc= 34.32%
jbig= 10 jbetween= 11 jsmall= 0
0.1247390224549E-05
-0.2144776746861E-02
0.1506129247753E+00
0.4506360707301E-02
0.1266200424245E+00
0.1804944345085E+00
-0.2248198656261E-02
-0.1505829084230E+00
0.1535571812037E+00
-0.2561956313290E+00
£(x0) = 0.1219988990749E+03
f(x*) = 0.4967405721874E-09

LIS

12

CUBIC Algorithm. Function:12. Thermistor (A)



stoptest= 1

n iter irs fgcnt lscnt time (c) fxnew gnorm iak ibk
3 395 243 5003 392 7 0.1721497388951E+03 0.2361553857583E+01 227 167
TOTAL 3769 1401 22583 3389 0.11 (seconds) proc= 37.17%
jbig= 2 jbetween= 2 jsmall= 223
1 0.6187129257942E-02
2 0.6099925087636E+04
3 0.3424737135415E+03
£(x0) 0.2335910048036E+10

£ (x*) 0.1721497388951E+03

<>

13 CUBIC Algorithm. Function:13. Optimal design of a Gear Train (A)
stoptest= 1

n iter irs fgcnt lscnt time (c) fxnew gnorm iak ibk
4 7 7 101 5 0 0.2322924674570E-04 0.7867065011382E-06 7 0
TOTAL 3776 1408 22684 3394 0.11 (seconds) proc= 37.29%
jbig= 0 jbetween= 0 jsmall= 3
1 0.1738229374790E+02
2 0.1114568069787E+02
3 0.3604702985063E+02
4 0.3604702985063E+02
£(x0) 0.1743308858486E-01

£ (x*) 0.2322924674570E-04

<> IO IO IO IO IO IO IO IO OO IO OO

14 CUBIC Algorithm. Function:14. Circuit design (&)
stoptest= 1

n iter irs fgcnt lscnt time (c) fxnew gnorm iak ibk

TOTAL 4339 1446 24323 3891 0.13 (seconds) proc= 33.33%

jbig= 15 jbetween= 142 jsmall= 0
.8999999528718E+00
.4499874892411E+00
.1000006492414E+01
.2000068393432E+01
.7999971421901E+01
.7999693393084E+01
.5000031234347E+01
.9999877259378E+00
.2000052361643E+01

wooJdoUd WNKH
[=N=leNeNeNeNeNo Nl

£ (x0)
£ (x*)

0.2964578187893E+04
0.8544333431670E-14

<> IO OO IO

Total iter = 4339

Total fgcnt = 24323

Total CPU = 13.00 centesecons

Date: ---> Month: 6 Day: 3 Year: 2020

Table 1 presents a synthesis of these numerical experiments, where n is the number of variables,
iter is the number of iterations to get a solution, fgcnt is the number of function and its gradient
evaluations, time(c) is the time in centeseconds, fx* is the value of the minimizing function in
optimal point and gnorm is the infinite norm of the gradient.



Table 1

Performances of CUBIC

n iter fgent time (c) fx gnorm Name of Applications
2 1288 5001 1 -0.2643790043149E+03 0.6876989703321E+00 1. Weber Function (Andrei, U71)
4 39 116 0 0.3075056060090E-03 0.1140193575396E-06 2. Enzyme reaction (Andrei, U79) (Aa)
6 94 287 0 0.7468342084540E-15 0.4147895225729E-07 3. Solution of a chemical reactor (A)
8 333 5017 1 0.4829469121831E+00 0.4942442115598E+00 4. Robot kinematics problem (A)
4 10 31 0 0.8312307695614E+01 0.7104616347572E-06 5. Solar Spectroscopy (A)
4 30 96 0 0.3187570933023E-01 0.5862905229454E-06 6. Estimation of parameters (A)
5 555 1670 0 0.4799163454696E-05 0.1371052281519E-05 7. Propan combustion in air (A)
2 11 138 0 0.1751192330768E+01 0.9461910026439E-06 8. Gear train with minimum inertia (Aa)
8 940 5006 1 0.1199116073210E-01 0.8786818146807E-01 9. Human Heart Dipole. Andrei U84, pp.65
6 24 79 0 0.4539057615171E+01 0.3989872629134E-08 10. Neurophysiology (A)
10 50 139 0 0.4967405721874E-09 0.3630146049766E-06 11. Combustion application (A)
3 395 5003 6 0.1721497388951E+03 0.2361553857583E+01 12. Thermistor (A)
4 7 101 0 0.2322924674570E-04 0.7867065011382E-06 13. Optimal design of a Gear Train (A)
9 563 1639 3 0.8544333431670E-14 0.2890489586180E-06 14. Circuit design (Aa)
TOTAL 4339 24323 12.00 centeseconds
Date: ---> Month: 6 Day: 3 Year: 2020
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