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Abstract

In this paper we describe a simulation of Boolean circuits using bio-molecular tech-
niques. Boolean circuits embody the notion of massively parallel signal processing
and are frequently encountered in many parallel algorithms. This model operates
on the gates and the inputs by standard molecular techniques of sequence-specific
annealing, ligation, melting, cleavage, separation and detection by size. It is shown
that the simulation is run in the time proportional to the depth of the circuit.
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1 Introduction

In 1961 Feynman proposed that classical computer operations can be simulated by molec-

ular operations [Feynman, 1961], and few decades later Adelman implemented his idea

in the laboratory [Adleman, 1994]. He used standard tools of molecular biology to solve

an instance of the Hamiltonian path problem in a test tube, just by handling DNA

strands. After that a major goal of subsequent research is how to use DNA manipulations

to solve hard problems [Braich et al., 2002, Chang and Guo, 2003, Chang et al., 2004,

Lipton, 1995], and several authors have described various models of computation us-

ing bio-molecular methods such as Turing machine [Beaver, 1995, Rothemund, 1996],

finite state automata [Gao et al., 1999], and Boolean circuits [Amos and Dunne, 1997,

Ogihara and Ray, 1998]. Boolean circuits are an important model of parallel compu-

tation [Dunne, 1998]. An n-input bounded fan-in Boolean circuit may be viewed as a

directed, acyclic graph, S, with three types of nodes: n input nodes with in-degree

zero, gate nodes with maximum in-degree two, and m output nodes with out-degree

zero. Each input node is associated with a unique Boolean variable xi from the input

set x = (x1, x2, · · · , xn) of Boolean function. Each gate node gi is associated with some

Boolean function fi ∈ Ω. We refer to Ω as the circuit basis. A complete basis is a set of

functions that are able to express all possible Boolean functions.

Ogihara and Ray described the first DNA-based simulation of Nand Boolean cir-

cuits [Ogihara and Ray, 1998, Ogihara and Ray, 1999]. As we know Nand Boolean cir-

cuits contain only Nand gates. They proved that the runtime slow-down is proportional

to the logarithm of the maximum fan-out of the Boolean circuit and the space complexity

is proportional to the product of the size and the maximum fan-out. Amos and Dunne also

presented another simulation of Nand Boolean circuits [Amos and Dunne, 1997]. Their

simulation runs in time proportional to the depth of the circuits and their simulation is

much easier to implement than previous one. Since then, all the other simulations of

Boolean circuits are constructed by Or and And gates. This might reduce the complete-

ness of the circuits with respect to propositional logic.

In this paper another DNA simulation of Nand Boolean circuits is presented . Since

it is well-known that the Nand gates provide a complete basis for Boolean operators and

any Boolean functions can be implemented only by Nand gates, therefore, we restrict

our model to the stimulation of such gates. In fact, using these gates offer the most

suitable basis for Boolean circuits simulation with in DNA computation. The simulation

of Boolean circuits with Nand gates provides a unique method for evaluation of the

circuits. This model is similar to Amos and Dunne simulation for Boolean circuits with
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the complexity of proportional to the depth of the circuit [Amos and Dunne, 1997]. Our

model is much easier to implement in the laboratory, and the number of DNA operations

used in the library is much less.

2 The Circuit Simulation

Our simulation is preceded for a Boolean circuit with the following specification.

An n-input, m-output Boolean circuit is modeled as a directed cyclic graph, S(V, E),

in which the set of vertices V is formed from three disjoint sets: In, the inputs of the

circuit which there are exactly n; and G, the internal gates; and Om, the outputs which

there are exactly m. Each input vertex of In has in-degree 0 and are associated with a

single Boolean variable xi from a given Boolean function. Each internal gate and output

gate have in-degree 2 and are associated with the Boolean operation Nand. The internal

gates will also have out-degree 1. The m distinguished output gates Om are conventionally

regarded as having out-degree equal to 0.

A Boolean circuit contains k levels (0 · · · k− 1). The input gates are appeared in first

level (level zero) , and the output gates appear in the last level (level k − 1), all the

intermediate gates are presented in between the first and the last level (levels 1 · · · k− 2).

The inputs of each intermediate and output gates are supported by the outputs of the

gates in the previous level. An assignment of Boolean variables from 〈0, 1〉n to the input

In ultimately induces Boolean values at the output gates Om.

An n-input , m-output Boolean circuit C, is said to compute an n-input , m-output

Boolean function, f(In) : 〈0, 1〉n → 〈0, 1〉m, on other words, for any input we have

f (i)(In) : 〈0, 1〉n → {0, 1} : 1 ≤ i ≤ m if ∀ α ∈ 〈0, 1〉n and ∀ 1 ≤ i ≤ m Oi(α) = f (i)(α).

For complexity measures of such Boolean circuits, there are two criteria ,the size and

the depth. The size of a circuit C, denoted by size(C), is the number of gates in C and

the depth of C, denoted by depth(C) is the number of gates in the longest directed path

connecting an input gate to an output gate.

A DNA computation proceeds in two phases: Encoding of the problem by generating

a solution space and applying molecular operations. For Boolean circuit evaluation we

also need these two phases, which both are discussed in this section.

For any Boolean circuit modeled as a directed graph S(V, E), the encoding scheme is

illustrated as follows: A DNA strand with length l is assigned to any gate j in the level

i denoted by gi
j. In addition for each intermediate gate gi

j with two inputs from gates

gi−1
p and gi−1

q in (i − 1)th level, one strand with length 3l is also assigned and is called
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link-strand. This strand contains of three sections: The complement strand corresponding

to the left input in the level i − 1, the complement strand corresponding to the gate gi
j,

and the complement strand corresponding to the right input in the level i− 1. Generally,

if gi−1
p and gi−1

q be the input gates of gi
j, and x, y, and z be corresponding strands to

gates gi−1
p , gi−1

q , and gi
j, respectively, and x, y, and z be complement strands of x, y, and

z, then the link-strand of gate gi
j is x z y.

For example, consider the strands z =5′ −GGGAAGAGTCCC − 3′, x =5′ −GGGTAGAA

GCCC−3′, and y =5′−GGGTCTAGCCCC−3′ for the gates gi
j and gi−1

p and gi−1
q , respectively.

Therefore, the link-strand for gi
j is

3′ − CCCATCTTCGGGCCCTTCTCAGGGCCCAGATCGGGG− 5′.

If we pour z and link-strand into a test tube and with appropriate conditions for annealing

then the following strand is constructed:

5′ −GGGAAGAGTCCC − 3′

3′ − CCCAT CT T CGG GCCCTTCTCAGGG CCCAGATCGGGG− 5′ .

Every strand corresponding to a gate starts and ends with a specific pattern as a
restriction site, such that these sites are cut by the restriction enzymes. In previous
example all strands start with GGG and end with CCC which are restriction site of SmaI
enzyme. Now, if we add strand x =5′ −GGGTAGAAGCCC − 3′ in the test tube the above
strand is transformed to the following strand:

5′ −GGGTAGAAGC CCGGGAAGAGTCCC − 3′

3′ − CCCAT CT T CGG GCCCTTCTCAGGG CCCAGATCGGGG− 5′.

With adding the restriction enzymes SmaI, the above strand is cut into two strands

5′ −GGGTAGAAGC CC − 3′

3′ − CCCAT CT T CGG G − 5′,

and
5′ −GGGAAGAGTCCC − 3′

3′ − CCCTTCTCAGGG CCCAGATCGGGG− 5′.

In order to evaluate the Boolean circuit network with the given input gates, first a tube

T 0 is created which contains strands of length l each of which corresponds to only these

input gates with value 1. A test tube is created for each level k (1 ≤ k ≤ d = depth(C))

which contains the strands corresponding to gk
j for j = 1 to nk (nk is the number of gates

in level k). During the laboratory operations, the contents of T i which corresponds to

level i is added to the test tube of the i + 1th level. Finally, a complete double-stranded

DNA sequence is created and this means that the output gates with value zero are found

in the level i + 1. The DNA algorithm for evaluating of Boolean circuits C proceeds as

follows for level 1 ≤ k ≤ d:
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1. Pour the contents of T k−1 into T k. The strands are annealed at the appropriate

position by the decreasing the temperature in the tube.

2. Add ligase enzyme to T k in order to occur ligation between the double strands.

3. All the complete double-stranded DNA sequences which show the zero value of

outputs gates are eliminated from tube T k by running on gelelectropherese.

4. The incomplete DNA strands are cut by enzyme SmaI from the restriction site of

this enzyme.

5. These strands are melted and the non-complement parts are kept and the other

strands are ignored. This step can be performed by amplification of non-complement

section of these strands by PCR.

Eventually, after repeating the above operations for all the levels, if T d (the tube in

last level) is not contained any complete double-stranded DNA strand, it can be induced

that the final output for the circuits is one; otherwise is zero.

From [Amos et al., 1999, Deaton et al., 1999, Deaton et al., 1998] errors in the hy-

bridization and ligation of the library strands are errors in the DNA computation. There-

fore, the DNA sequences corresponding to our encoding can be generated by a genetic

algorithm which minimizes the potential errors in sequences for reliable molecular oper-

ations [Deaton and Rose, 2000, Shin et al., 2002]. For this reason, a genetic algorithm is

designed and employed for generating the DNA sequences used in this paper.

3 Computer Based Simulation

We illustrate with a small experience circuit how the simulation is designed. Consider the

circuit in Figure 1. The x1, x2, x3, and x4 are input gates and p, q, and r are Nand gates,

and also m is output gate. The four input variables at the first level are represented as:

δ1 =5′ −GGGGATTAACCC − 3′,

δ2 =5′ −GGGAAATGTCCC − 3′,

δ3 =5′ −GGGCAGCAGCCC − 3′,

δ4 =5′ −GGGTTTAGACCC − 3′.

The Nand gates p, q, and r are also represented by
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Figure 1: Example

δp =5′ −GGGTAGAAGCCC − 3′,

δq =5′ −GGGTCTAGCCCC − 3′,

δr =5′ −GGGAAGAGTCCC − 3′.

Now, we want to evaluate the circuits for inputs: x1 = 1, x2 = 1, x3 = 1, and x4 = 0.

Therefore, the test tube T 0 is contained the strands δ1, δ2, and δ3, and T 1 contains

corresponding strands to p and q and link-strands of them. Therefore, after hybridization

and adding ligase enzyme, T 1 contains:

5′ −

δp︷ ︸︸ ︷
GGGTAGAAGCCC − 3′

3′ − CCCCT AAT T GG G︸ ︷︷ ︸
δ1

CCCATCTTCGGG︸ ︷︷ ︸
δp

CCCTTTACAGGG︸ ︷︷ ︸
δ2

− 5′ ,

and

5′ −

δq︷ ︸︸ ︷
GGGTCTAGCCCC − 3′

3′ − CCCGT CGT CGG G︸ ︷︷ ︸
δ3

CCCAGATCGGGG︸ ︷︷ ︸
δq

CCCAAATCTGGG︸ ︷︷ ︸
δ4

− 5′ ,

and T 2 contains corresponding strands to r:

5′ −
δr︷ ︸︸ ︷

GGGAAGAGTCCC − 3′

3′ − CCCAT CT T CGG G︸ ︷︷ ︸
δp

CCCTTCTCAGGG︸ ︷︷ ︸
δr

CCCAGATCGGGG︸ ︷︷ ︸
δq

− 5′.

Now, the T 0 is poured into T 1 and after hybridization and ligation, T 1 contains:

5′ −
δ1︷ ︸︸ ︷

GGGGAT TAACCC

δp︷ ︸︸ ︷
GGGTAGAAGCCC

δ2︷ ︸︸ ︷
GGGAAATGTCCC − 3′

3′ − CCCCTAAT T GG G︸ ︷︷ ︸
δ1

CCCATCTTCGGG︸ ︷︷ ︸
δp

CCCTTTACAGGG︸ ︷︷ ︸
δ2

− 5′,
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and

5′ −
δ3︷ ︸︸ ︷

GGGCAGCAGCCC

δq︷ ︸︸ ︷
GGGTCTAGCCCC − 3′

3′ − CCCGTCGT CGGG︸ ︷︷ ︸
δ3

CCCAGATCGGGG︸ ︷︷ ︸
δq

CCCAAATCTGGG︸ ︷︷ ︸
δ4

− 5′,

which the complete double-stranded DNA sequence is ignored and with adding restriction
enzyme SmaI to T 1, we have

5′ −
δ3︷ ︸︸ ︷

GGGCAGCAGCCC − 3′

3′ − CCCGT CGT CGG G︸ ︷︷ ︸
δ3

− 5′ ,

and

5′ −

δq︷ ︸︸ ︷
GGGTCTAGCCCC − 3′

3′ − CCCAGATCGGGG︸ ︷︷ ︸
δq

CCCAAATCTGGG︸ ︷︷ ︸
δ4

− 5′ ,

and with melting operation and ignoring the complement parts, T 1 contains only corre-

sponding to q, i.e. δq.

Now, T 1 is poured into T 2 and after hybridization and adding ligase enzyme, T 2

contains:

5′ −
δr︷ ︸︸ ︷

GGGAAGAGTCCC

δq︷ ︸︸ ︷
GGGTCTAGCCCC − 3′

3′ − CCCAT CT T CGG G︸ ︷︷ ︸
δp

CCCTTCTCAGGG︸ ︷︷ ︸
δr

CCCAGATCGGGG︸ ︷︷ ︸
δq

− 5′ ,

and because we do not have any complete double DNA strands, therefore the result is

evaluated as one.

4 Complexity analysis

Consider the depth and size of the Boolean circuit C be d and s, respectively. In DNA

evaluation of Boolean circuit for each level of the circuit C three operations takes place:

Annealing, melting and cleavage. Thus the total number of steps is 3d, and circuit

evaluation is performed in O(d). On the other hand, the maximum number of DNA

strands that is remain in the test tube after processing a single level is bound by O(n),

where n is the number of gates in the corresponding level, and the total number of strands

in our operations are bounded by O(s).
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5 Conclusion

A DNA simulation of Nand Boolean circuit is presented. The model employs standard

molecular techniques of sequences annealing, ligation, melting, cleavage, separation and

detection by size. Our molecular algorithm is run in time proportional to the depth of

circuit with space complexity is bounded by size of the circuit.
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