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Abstract. In this paper, we use the resolvent operator to suggest and analyze two new
numerical methods for solving general mixed quasi variational inequalities coupled with
new directions and new step sizes. Under certain conditions, the global convergence of
the both methods is proved. Our results can be viewed as significant extensions of the

previously known results for general mixed quasi variational inequalities.

Key word. General mixed quasi variational inequalities, self-adaptive rules, pseu-

domonotone operators, resolvent operator.

1 Introduction

Variational inequality has become a rich of inspiration in pure and applied mathematics.
In recent years, classical variational inequality problems have been extended and generalized
to study a large variety of problems arising in structural analysis, economics, optimization,
operations research and engineering sciences, see [1-39] and the references therein. The pro-
jection and contraction method and its invariant forms represent an important tool for finding
the approximation solution of various types of variational inequalities and complementarity

problems. In recent years variational inequalities have been extended in various directions
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using novel and innovative techniques. A useful and important generation of variational
inequalities is the general mixed variational inequality containing a nonlinear term ¢. Due to
the presence of the nonlinear term the projection method and its variant forms can not be
applied to suggest iterative algorithms for solving mixed variational inequalities. To overcome
these drawbacks, some iterative methods have been suggested for solving the general mixed
quasi variational inequalities. For example, if the bifunction is proper, convex and lower semi-
continuous function with respect to the first argument, then Noor [28, 29] has shown that the
general mixed quasi variational inequalities are equivalent to the fixed-point problems and the
implicit resolvent equations using the resolvent operator technique. This equivalent formula-
tion has been used to suggest and analyze some iterative methods. It has been proved that
the convergence of these methods requires that the operator is both strongly monotone and
Lipschitz continuous. Secondly, it is very difficult to evaluate the resolvent of the operator
except for very simple cases. To overcome this disadvantage, Noor and Noor [33] employed
some alternative equivalent formulations to suggest and analyze modified resolvent iterative
method for general mixed quasi variational inequalities, where the skew-symmetry of the non-
linear bifunction plays a crucial part in the convergence analysis of these methods. Inspired
and motivated by on going research in this direction, we suggest and consider two iterative
methods for solving the general mixed quasi variational inequalities involving the nonlinear
term, which is the main motivation of this paper. We prove the global convergence of these
new methods under some mild and suitable conditions. Since the general mixed quasi vari-
ational inequalities includes the general variational inequalities, quasi variational inequalities
and complementarity problems as special cases, results obtained in this paper continue to hold
for these problems. It is expected that these results may inspire and motivate others to find

novel and innovative applications in various branches of pure and applied sciences.

2 Preliminaries

Let H be a real Hilbert space, whose inner product and norm are denoted by (-,-) and
|| - || respectively. Let K be a closed convex set in H and T, g : H — H be two operators. Let
o(.,.): Hx H — RU{+0o0} be a continuous bifunction. We consider the problem of finding
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u* € H such that

(T'(u), 9(v) = g(u?)) + ¢(g(v), g(u*)) = (g(u"),9(u")) 2 0, Vv e H. (2.1)

is called the general mixed quasi variational inequality, see Noor and Noor [33]. We note that,
if the bifunction ¢(.,.) is a proper, convex and lower semicontinuous function with respect to

the first argument, then problem (2.1) is equivalent to finding u € H such that

0. € T(u) + 9p(g(u),g(u)), (2.2)

which is known as finding the zero of the sum of monotone operators. See also [26, 27| for

applications and numerical methods of problem (2.2).

For p(v,u*) = ¢(v),Vu* € H, problem (2.1) reduces to finding u* € H such that

(T(u"), g(v) — g(u”)) + ¢(g(v)) — p(g(u*)) >0, VveH, (2.3)

which is known as the general mixed variational inequality, see Noor [28].
If o(.,.) = ¢(.) is an indicator function of a closed convex set K in H, then the problem

(2.1) is equivalent to finding u* € H such that g(u*) € K and
(T(u),g(u) —g(u)) 20,  Vg(u) € K. (2.4)

Problem (2.4) is called the general variational inequality, which was first introduced and studied
by Noor [22] in 1988. For the applications, formulation and numerical methods of general
variational inequalities (2.4), we refer the reader to the survey [4, 6, 17, 31].

If g = I, then the problem (2.4) is equivalent to finding u* € K such that
(T(u*),v—u*) >0, Yv € K, (2.5)

is called as the classical variational inequality problem , which is was introduced by Stampac-
chia [38] in 1964. For the recent applications, numerical techniques and physical formulation,

see [1-39].

We also need the following well known results and concepts.

Definition 2.1 Vu,v € H, the operator T': H — H is said to be g-pseudomonotone, if

(T'(u),g(v) —g(u)) = 0 implies  (T(v),g(v) — g(u)) = 0.
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Definition 2.2 The bifunction ¢(.,.) is said to be skew-symmetric, if,
o(u,u) — (u,v) — p(v,u) + p(v,v) >0, Yu,v € H. (2.6)
Clearly, if the bifunction ¢(.,.) is linear in both arguments, then,
o(u,u) — (u,v) — p(v,u) + p(v,v) = p(u —v,u —v) >0, Vu,v € H,

which shows that the bifunction ¢(.,.) is nonnegative.
Definition 2.3 [11] For any maximal operator T, the resolvent operator associated with T,

for any p > 0, is defined as
Jr(u) = (I4pT) " Yu),  VueH. (2.7)
Remark 2.1 Tt is well known that the subdifferential dp(.,.) of a convex, proper and lower-

semicontinuous function ¢(.,.) : H x H — R U {400} is a maximal monotone with respect

to the first argument, we can define its resolvent by
Jowy = (I + pd(u)) ™ = (1 + pdp(u) 7, (2.8)
where 0p(u) = dp(., u).
The resolvent operator J,(,)defined by (2.8) has the following characterization,
Lemma 2.1 [29] For a given z € H, u € H satisfies the inequality
(u—z,v—u) + pp(v,u) — pp(u,u) >0, YveH, (2.9)

if and only if

where J,(,) is resolvent operator defined by (2.8).

It follows from Lemma 2.1 that

(Jo(uy[w] = w, v = Jowy[w]) + pp(v, Jowy[w]) = pe(Jpwy (W], Jpwy[w]) >0, Vu,v,w € H
(2.10)
The following result can be proved by using Lemma 2.1.

Lemma 2.2 [24] u* € H is solution of problem (2.1) if and only if u* € H satisfies the relation:

g(u*) = Jpun[g(uw”) — pT'(u®)], (2.11)

where p > 0.
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From Lemma 2.2, it is clear that u is solution of (2.1) if and only if u is a zero point of the

function
’r(u,p) = g(u) - Jcp(u) [g(u) - pT(u)].

Lemma 2.3 [4] For all uw € H and p’ > p > 0, it holds that

7w, )| = [l (u, p) | (2.12)
and
/
p p
Lemma 2.4 For all v,w € H, we have
1) (w) = Tp(ay (0)]I7 < (w0 = 0, Ty (w) = Tp(ay () (2.14)

Proof. By using (2.10), we get

<w_Jso(u) (w)7 Jgo(u) (w>_‘]go(u) (U)>+p§0(‘]<p(u) (U)a Jgo(u) (w)>_p(p(‘]go(u) (w)v Jgo(u) (w)) >0 (2'15)

and

<U - Jgo(u) (U)a Jcp(u) (U) - ']cp(u) (w)> +p30(<]<p(u) (w)7 Jtp(u) (U)) - p@(Jcp(u) (U)7 J(p(u) (U)) > 0. (2'16)

Adding (2.15) and (2.16), and using the skew-symmetry of the bifunction ¢(.,.), we obtain

<U —w, J(p(u)(v) - Jap(u)(w» > ”Jq)(u)(v) - <]<,o(u)(w)H2

O
Throughout this paper, we make following assumptions.

Assumptions:

e H is a finite dimension space.

1

e ¢ is homeomorphism on H i.e., g is bijective, continuous and g~ is continuous.

T is continuous and g-pseudomonotone operator on H.

The bifunction ¢(.,.) is skew-symmetric.

The solution set of problem (2.1) denoted by S*, is nonempty.
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3 Main results

In this section, we suggest and analyze the new resolvent methods for solving general
mixed quasi variational inequalities (2.1). For given u* € H and p; > 0, each iteration of the
first method consists of three steps, the first step offers g(@"), the second step makes g(@")

and the third step produces the new iterate g(u**1).
Algorithm 3.1

Step 1. Givenu’ € H, ¢ >0, pg =1, v > 1, u € (0,v/2), 7 € (0,1), g1 € (0,7), 02 € (7,)
and let k£ = 0.

Step 2. If ||r(u¥,1)|| < ¢, then stop. Otherwise, go to Step 3.

Step 3. 1) For a given u¥ € H , calculate the two predictors
g(ak) = Jap(uk)[g(uk) - ka(uk)]7 (313‘)

9(@") = ) [9(@*) — prT(a")]. (3.1Db)

2) If ||r(@¥, 1)|| < e, then stop . Otherwise, continue.

3) If py satisfies both

_ llerllg(@t) — (@), T(u) = T(a)) — (g(u*) — (@), T(a") = T@NI _

T - - <pu
lg(@F) — g(@¥)||?
(3.2)
and
_ llow(T(@") — T(@"))|
= — — <vu, (3.3)
lg(u®) — g(u®)||
then go to Step 4; otherwise, continue.
4) Perform an Armijo-like line search via reducing py
0.8
= _— 3.4
Pie := Pk ¥ max(ry, 1) (3:4)

and go to Step 3.
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Step 4. Take the new iteration u**1, by setting
g(u* ) = g(u*) — wd(@*, @), (3.5)
where
_ {g(*) — g(a@*),d(a*, a"))
R ] 0
and
d(@*, a*) == (g(a") — g(a")) — pe(T(a@") - T(a@")). (3.7)

Step 5. Adaptive rule of choosing a suitable pi11 as the start prediction step size for the

next iteration
1) Prepare a proper py1,
Pk >l<’7'/7“2 if?"g S m,

Pk+1 =1 ppxT7/ro if ro > 1o, (3.8)

Pk otherwise.
2) Return to Step 2, with k replaced by k + 1.
If o(v,u) = p(v),Yu € H, and ¢ is an indicator function of a closed convex set K in H,
then J, = Pk [24], the projection of H onto K and consequently Algorithm 3.1 collapses
to the following Algorithm for solving the general variational inequalities, which is due to

Bnouhachem and Noor [10].
Algorithm 3.2

Step 1. Givenu® € H, ¢ >0, pg =1, v > 1, p € (0,v/2), 7 € (0,1), g1 € (0,7), 12 € (7,)
and let k£ = 0.

Step 2. If ||r(u¥, 1)|| < ¢, then stop. Otherwise, go to Step 3.

Step 3. 1) For a given u* € H , calculate the two predictors
g(i") = Prlg(u*) — peT ("),

g(@*) = Pxlg(@") — peT(a")).

2) If ||r(@*, 1)|| < e, then stop . Otherwise, continue.
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3) If py satisfies both

lpkl(g(@*) — g(@*), T(u*) — T(@*)) — (g(u*) — g(a*), T(@*) — T(@*)]|| _ y
lg(@*) — g(u*)||? -

rL =

and
_ (@) — @) _ ,
lg(a*) —g(@®)| =

then go to Step 4; otherwise, continue.

4) Perform an Armijo-like line search via reducing p

0.8

Pkizpk*m

and go to Step 3.

k+1

Step 4. Take the new iteration u*™*, by setting

g(u* ) = g(u") — apd(@®, "),

where

_ {g(uh) — g(@"), d(a*, a*))

g(u
(@, w )II2

and
d(a*,a*) := (9(a*) — g(a*)) — pp(T(@") = T(a")).
Step 5. Adaptive rule of choosing a suitable pi11 as the start prediction step size for the
next iteration
1) Prepare a proper py.1,
pr * Ty if ro <y,

Pe+1 = ppx7/r2 if rg >,

Pk otherwise.

2) Return to Step 2, with k replaced by k + 1.

Lemma 3.1 Let u* be a solution of problem (2.1). For given u* € H, let @*, 4" be the
predictors produced by (3.1a) and (3.1b), then we have

(g(u®) — g(@*),d(@*, ")) = (2 — u?)|lg(a") — g(@®)|*. (3.9)
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Proof. Note that g(@*) = J‘p(uk)[g(uk) — T (u?)], g(a*) = sp(uk)[g(&’l‘z) — piT(@*)], we can

apply (2.14) with v = g(u*) — pp T (u¥), w = g(@*) — pT(@*) to obtain

(g(u*) — ppT(u*) — (g(@"*) — T (¥)), g(a*) — g(u*)) > ||g(a*) — g(a®)|1>.

By some manipulations, we have

(g(uF) — g(@*), g(@") — g(a¥)) > ||g(@") — g(@®)||> + prlg(@*) — g(@"), T(u*) — T(@¥)).

Then, we obtain

(g(uF) — g(@"),d(@", ") = (g(u") — g(a¥), g(@") — g(@")) — pr(g(u®) — g(a¥), T (@¥) — T (a*
> lg(@) — g(@®)|? + prlg(@¥) — g(@"), T(u") — T(@"))
—prlg(u®) — g(@¥), T (@) — T(a¥)). (3.10)

Using (3.10), (3.2) and the definition of d(@"*, @), we get

(g(u®) — g(@"),d(@",a") = (g(u") - g(@"),d(@",a")) + (g(a*) - g(a*), d(a",a"))
lg(@") — g(u )||2+pk<g( ") = g(a"), T(u") - T(a"))
—pilg(u®) = g(@*), T(@") — T(@")) + |lg(a*) - g(a*)|”
—prlg(@®) — g(a"), T(a*) — T(a"))

> (2 4)lg(a") — (@)

Hence, (3.9) holds and the proof is completed. O

A\

) =
")~

Now, we mainly focus on investigating the convergence of Algorithm 3.1. The following
theorem plays a crucial role in the convergence of Algorithm 3.1.

k—i—l)

Theorem 3.1 Let u* be a solution of problem (2.1) and let g(u be the sequence obtained

from algorithm 3.1. Then u* is bounded and

(2—p2)?

1502 lg(@®) — g(a®)[I*. (3.11)

lg(u* ) — g(u)|* < [lg(u®) — g(u*)|* ~
Proof. For any u* € S* solution of problem (2.1), we have

(T (u*), g(1*) — g(u®)) + pro(g(u®), g(u*)) — pre(g(u®), g(u*)) > 0.

Using the g-pseudomonotonicity of T, we obtain

(prT (@), g(a*) — g(u)) + preo(g(a), g(u*)) — pre(g(u*), g(u*)) = 0. (3.12)
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Substituting w = g(@*) — ppT(@*) and v = g(u*) into (2.10), we get
(9(@*) — T (@) — g(a"), g(a") = g(u")) + prep(g(u), g(@*)) — pro(g(@*), g(@*)) > 0. (3.13)
Adding (3.12) and (3.13), and using the definition of d(@*, @), we have
(d(@,a*), g(a*) - g(u")) > 0. (3.14)

Since u* € H be a solution of problem (2.1), then

lg(u**h) — g(w)|> = |lg(u*) — g(u*) — apd(@*, a*)|>
= Jlg(u®) — g(u)|* — 20y (g(u") — g(u*), d(a¥, a*))
+ad||d(@®, a*)|>. (3.15)

Adding (3.14) (multiplied by 2a4) to (3.15) and using (3.6), we get

lg(**) = g(u)? < llg(W®) = g(u)1? = 2a{g(u®) — g(@*), d(a*, a*)) + || d(a”, a*)||?

= [lg(u®) = g(u")[* — arlg(u®) — g(a*), d(@*, a*))

< llg(u®) = g()IP = ar(2 = 1*)llg(a@") — g(@®)|? (3.16)

where the last inequality follows from (3.9).
Recalling the definition of d(@"*,@*) (see (3.7)) and applying Criterion (3.3), it is easy to

see that
(@, a*) > < (lg(@*) = g(@)|| + lpe (T (") = T(@*))[)* < (1 +v)?||g(@"*) — g(@®)[*. (3.17)

Moreover, by using (3.9) together with (3.17), we get

(g(uh) — g(@"), d(a*,a*)) _ 2 p?

la(aF, @) Trop >0 KeOV2) (3.18)

af =

v

Substituting (3.18) in (3.16), we get the assertion of this theorem. Since v € [1,2) and
p € (0,v/2) we have

lg(u ) = g(u)]| < llg(w®) — g(u*)|| < ... < g(u®) — g(u®)].

Since g is homeomorphism and from the above inequality, it is easy to verify that the sequence

{uF} is bounded. O

460



Some developments in general mixed quasi variational inequalities

We now present the convergence result of Algorithm 3.1.

Theorem 3.2 If inf}_ pr, := p > 0, then any cluster point of the sequence {@*} generated
by Algorithm 3.1 is a solution of problem (2.1).

Proof. It follows from (3.11) that

Jim lg(@*) — g(@*)|| = 0.
—00

Since the sequence {u*} is bounded, {@*} is also bounded, it has at least a cluster point.
Let u™ be a cluster point of {@#*} and the subsequence {@"/} converges to u™. Using the

continuity of r(u, p) and inequality (2.12), it follows that
Ir(u™, p)|| = Tim [lr(@", p)| < Tim_|lr(@", py,)|| = lim [g(@") — g(@™)| = 0.
kj—>oo k:]'—>00 kj—>oo

This means that 4 is a solution of problem (2.1). O

Let g(w") = g(u*) — agppT(@"). For a positive constant 7, we consider

g(u* ) = g(u") = 7(g(u*) — g(w")).

Here the positive constant 7 can be viewed as a step along the direction —(g(u¥) — g(w")). We
use the fixed-point formulation to suggest the following iterative method.

Algorithm 3.3

Step 1. Given u’ € H, ¢ >0, pg =1, v > 1, u € (0,4/2), 7 € (0,1), m1 € (0,7), 02 € (7,v)
and let £ = 0.

Step 2. If ||r(u¥,1)|| < ¢, then stop. Otherwise, go to Step 3.

Step 3. 1) For a given u* € H , calculate the two predictors
(@) = Jy(um[9(u®) = T (u")),

2) If ||r(@¥, 1)|| < e, then stop . Otherwise, continue.
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3) If py satisfies both

_ lloellg(@*) — g(@*), T(u*) — T(@*)) — (g(u*) — g(a*), T(@*) — T(@*)]|| _ 2
lg(a*) — g(u*)||? B

r

and
_ llow(T(@*) — T(@")| 5
' lg(a¥) —g(a®)| =7

then go to Step 4; otherwise, continue.

4) Perform an Armijo-like line search via reducing py

0.8

= pp Kk ——
Pl == Pk max(r1,1)

and go to Step 3.

Step 4. Compute

where

(g(u®) — g(@*), d(a*, a*))
(@, a*)|1>

ap —

and

d(@*, ") := (9(@*) - g(a*)) — pr(T(@") — T(@")).

Step 5. For 7 > 0, the new iterate u**1(7) is defined by

g (1)) = g(u®) — 7(g(u*) — g(w")). (3.19)

Step 6. Adaptive rule of choosing a suitable piy1 as the start prediction step size for the
next iteration
1) Prepare a proper pj1,
pe*T/r2 if T2 <,

Pe+1 = ppxT/r2 if ro >,

Pk otherwise.

2) Return to Step 2, with k replaced by k + 1.
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If o(v,u) = ¢(v),Yu € H, and ¢ is an indicator function of a closed convex set K in H,
then J, = Px [24], the projection of H onto K and Consequently Algorithm 3.3 reduces to
Algorithm 3.4 for solving the general variational inequalities (2.4).

Algorithm 3.4

Step 1. Givenu® € H, ¢ >0, pg =1, v > 1, u € (0,v/2), 7 € (0,1), g1 € (0,7), 12 € (7,)
and let k£ = 0.

Step 2. If ||r(u¥,1)|| < ¢, then stop. Otherwise, go to Step 3.

Step 3. 1) For a given u¥ € H , calculate the two predictors
9(i@") = Prlg(u®) — peT ("),

g(@") = Pglg(a®) — peT(a")).

2) If ||r(@¥, 1)|| < e, then stop . Otherwise, continue.

3) If py satisfies both

_ lleellg(@*) — g(@*), T(u*) — T(@*)) — (g(u*) — g(a*), T(@*) — T(@*)]|| _ 2
lg(a*) — g(u®)||? B

and
(@@ Ty
lg(@F) —g@)[|  —

then go to Step 4; otherwise, continue.

4) Perform an Armijo-like line search via reducing pg

0.8

Pk = Pk * m
and go to Step 3.

Step 4. Compute
g(w*) = g(u*) — apd(@*, ")),

where

(g(u*) — g(ﬂz d(a*, u*))

o= [, a2

and



A. Bnouhachem, M. Khalfaoui and H. Benazza

Step 5. For 7 > 0, the new iterate u*T!(7) is defined by
g(u (7)) = g(u®) — 7(g(u*) — g(w")).

Step 6. Adaptive rule of choosing a suitable pi1 as the start prediction step size for the

next iteration

1) Prepare a proper pg1,

pk*T/TQ if’l"gﬁ?’]l,
Pe+1 =\ ppxT/ro if ro >,

Pk otherwise.

2) Return to Step 2, with k replaced by k + 1.

How to choose a suitable step length 7 > 0 to force convergence will be discussed later.
We now consider the criteria of 7, which ensures that g(u**1(7)) is closer to g(u*) than g(u").

For this purpose, we define
L(7) = [lg(u®) = g(u)? = g+ (7)) — g(u")]*. (3.20)
Lemma 3.2 Let u* € S* and g(w*) = g(u*) — apd(@*, @*)). Then we have
L(r) = m{llg(u*) — g(w)|I” + T(w)} = 72 lg(u*) — g(w")[|?, (3.21)
where
Y(ax) = [lg(u®) = g(u*)|I* = lg(w®) — g(u)[|. (3.22)
Proof. It follows from (3.19) that
L(r) = g®) = g(@)|® = llg(u®) = m(g(u") = g(w®)) — g(u")|*
= 2r{g(u*) — g(u*), g(u") — g(w*)) — 7% g(u*) — g(w")|?
= 27{]lg(u") = g(w®)|* = (g(u") — g(w), g(u*) — g(w"))}
—7?|lg(u*) — g(w®)|? (3.23)

Using the following identity

(g(u*) = g(w"), g(u") — g(w®)) =

N | =
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and the notation of Y(ay), we obtain (3.21), the required result. 0
Using (3.16)(by setting g(w*) = g(u¥*1)) and (3.21), we get

(1) > A7), (3.24)

where
A7) = 7{llg(u"*) — g(w®)[I* + ar(g(u®) — g(@*), d(@", u*))} = 72||g(u*) — g(w®)|>.

The above inequality tells us how to choose a suitable 7. Since A(7x) is a quadratic function

of 7, and it reaches its maximum at

e llg@?) = g(wh)* + anlg () — g(a*), d(a*, av))
: 2|lg(u*) — g(w")]]?

and
_ illlgw?) — g(wM)|? + (g (u*) — g(a@*), d(a”, ﬂk)>}_

AG) .

Then, from Lemma 3.1 and (3.18), we get

_2)\2 ~ _
lg(uk) = g(wh)||? + G llg (@) — g ()|

e 2llg() — ()P
.
- 2
and
T _,2)\2
Ao = R () ~ ol
92
> S lgl) - ol (3.29

Then, from (3.20), (3.24) and (3.25), we have

lg(@* ™) = g(w)|* = [lgu*) — g(u*)||* = T'(7})
P O i S P S
< lg(u”) — g(u™)] 74(1+U)2Hg(u ) —g(@”)|"

The convergence of Algorithm 3.2 can be proved by similar arguments as Algorithm 3.1. Hence

the proof is omitted.

465



A. Bnouhachem, M. Khalfaoui and H. Benazza

Remark 3.1 If 77 = 1 Algorithm 3.4 reduces to Algorithm 3.2. Since 77 is to maximize the
profit function A(7), we have

A7) > AQL). (3.26)

Inequalities (3.24) and (3.26) show theoretically that Algorithm 3.4 is expected to make more
progress than Algorithm 3.2 at each iteration, and so it explains theoretically that Algorithm

3.4 outperforms Algorithm 3.2.

4 Conclusions

In this paper, we suggest and analyze two new methods for solving general mixed quasi
variational inequalities, which can be viewed as a refinement and improvement of some existing
resolvent methods and projection descent methods. It is easy to verify that Algorithm 3.1 and
Algorithm 3.3 include some existing methods (e.g. [4, 5, 6]) as special cases. Therefore, the

new algorithms are expected to be widely applicable.
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