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Abstract

In this paper, we study the regularity of a minimizer for the optimal
shape problem for the first eigenvalue of the p-Laplace operator. Using the
associated variational problem, we study the regularity of the optimal first
eigenfunction corresponding to the optimal shape problem for p-Laplacian
operator with volume and inclusion constraints. And we prove the equiva-
lence between the associated variational and penalized problems provided
the penalization parameter A is large enough. We study also the minimizers
of such family of penalized problem showing they are Holder continuous.
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1 Introduction

Let D be a bounded open set of RY. For all open subset 2 of D, we denote by
A1(92) the first eigenvalue of the p-Laplacian operator in €2, with homogeneous
boundary conditions, and by ug a normalized eigenfunction, that is

—ANjug = M(Q)|uglPug  in Q
uQ = 0 on 0N (1)
fQ |UQ|p = 1

The goal of this paper is to study the regularity of the optimal shapes of the
the following shape optimization problem where ¢ €0, |D|[ and |D| denotes the
Lebesgue measure of |D)|.

O open set , Q* C D, | =¢ )
Al(Q*) = mln{/\l(Q), Q € Oc}
where O, is the class of admissible sets defined by

O. ={Q, open set, Q& C D and || = ¢}
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and

{ >‘1(9> = J<UQ) - fQ‘qu|p (3)
= min{ [, |Vv]’, v € Wol’p(Q),ande lv|P =1}

so that uq is the unique solution to the problem which reaches the minimum
@B, see [17),[27].

One can prove using the Schwarz symmetrization method that any ball B C
D with the prescribed measure |B| = ¢ is solution to the problem (2)), see [29] .
The shape optimization problem does not always have a solution in Q.. The
existence result when O, consists in all quasi open subsets of D is well known from
the general result of Buttazzo and Dalmaso see [I1]. For p > 2, we introduce
the class A, (D) of p-quasi open sets in D and the 7, convergence and show there
exists a minimizer among the quasi open sets, see [29].But generally, we cannot
say more about regularity of the optimal quasi open set.

The idea is to introduce a penalty term depending on ¢ and to consider

a variational problem. The advantage is to involve only the state function and
not the optimal shape, see Alt and Caffarelli [2] and Alt , Caffarelli and Friedman
[3].

This approach was used by C. Bandle and A. Wagner [4] for a varia-
tional problem under a constraint on the mass which is motivated by the torsional
rigidity and torsional creep.They treat instead a problem without constraint but
with a penalty term. And they established the existence of a Lipschitz continuous
minimizer and prove qualitative properties of the optimal shape.

In [8], T.Briancon et al proved: if u € Hj(D) is a solution of
Am, :/ ]Vu|2dx:min{/ Vo, v € H&(D),/ > =1and |Q,| < m,m €
Q Q D

then wu is Lipschitz continuous on D. And the shape optimization problem
A1(27) = min{\; (), Qquasi open set, @ C D and Q] < m}

has a solution 2* with |2*| = m and which is at least an open subset of D whose
corresponding eigenfunction is locally Lipschitz continuous.

In [9], Briancon and Lamboley considering the shape optimization prob-
lem A\ (2F) = min{\;(2),  open set, @ C D and [Q2] = m} proved regularity
properties of the boundary of the optimal shape €2* in any case and any dimension.

In this paper, we are going to use a variational approach to solve the
problem . And we replace the shape optimization problem by the following
variational problem

Find v € V, such that Vv eV (4)
J(u) < J(v)
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where the class of admissible functions is given by
V:={v € WD), / [v|P =1 and |Q,] = ¢}
D

with Q, ={z € D, v(z) > 0}.

The objective of this paper is to prove that problem admits at least
one continuous minimizer u and consequently that €2, solves the problem .
Moreover when p > N, the Holder continuity of any minimizer is a consequence
of the Sobolev embedding theorem W,?(D) «— C%*(D) with a = 1 — %. The
main difficulty is the regularity of a minimizer fails using Sobolev embedding
when 1 < p < N.

The structure of this paper is organized as follows: In section 2 we give
some auxiliary results. In section 3 we give the main result and its application
to shape optimization problem. In section 4, we show the constrained problem
is equivalent to a penalized problem and we prove that such functions minimize
the initial problem , provided the penalization parameter A is large enough.
In the last section, we study the Holder continuity of the minimizers of a family
of penalized functionals Jy, A > 0.

2 Auxiliary results

Since we are interested in the case 1 < p < N, we shall use some known
properties for functions in W, ?(Q). From Sobolev embedding theorem and the
Gagliardo-Nirenberg inequality see for example [I8, 27, 28], an application of
Holder inequality yields

N—p
N || Vul| e (),

1_
s

lulles@ < ClQ

which is true for any u € W,”(Q) and for any open set @ C D and where

1 < s < ]\J,V—_p, if p < N and the constant C depending only on N, s and p.

If s = p, we get the following Poincaré-type inequality:
1
luller@) < Gol QAN |Vul| o),

where Cy = Cy(N).

3 Main results

The difficulty we have to overcome in order to prove the existence result of the
problem is the fact that V is not closed with respect to the weak topology of
W,y (D).

We denote V the class of admissible functions is given by

Vo= (v € WD), [y =1tand 0] <
D
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with Q, = {x € D, v(z) > 0}
And

Ae = M () = J(ug+) = J(u) = / \Vul|Pdr = min{/ IVoulP, v € Vy}
Q Q

However, we consider the following relaxed version

Find u € V,, such that Vv eV (5)
J(u) < J(v)
The set V is included in Vj, and it is shown in [12]. Moreover we have the
following lemmas:

Lemma 3.1 The class Vg is weakly closed in W, P(D).

That is if a sequence of functions v,, € V, converges in weak topology of VVO1 P(D)
tov € WP (D), then we obtain v € V,. We have also

Lemma 3.2 The set'V is dense in Vy; that is:
Vv e Vy,Vn € N,there exists v, € V such that : v, converges to v in Wol’p(D).

Proof of Lemma see [21].
We have the following result:

Proposition 3.1 The problem (@ admits at least one solution.

Proof of Proposition (3.1))

Thanks to inequality we obtain for any v € Vg,

J(v) = [, |VoPde, > o L then J(v) > 0 this implies that inf{J(v),v €
0

1
oV’

Vo} > —oo. There exists a minimizing sequence (u,) which converges to a =
inf{J(v),v € Vy}. We see that the sequence (u,) is bounded in W,?(D).
There exists u € W,"(D) and a subsequence still denoted (u,) such that u,,
converges weakly on u in W, (D). Using the Rellich -Kondrachov theorem , (uy,)
converges on v in LP(D) and a.e in D. We have J(u) < nirgoo infJ(u,) and

also [Q,] < lim inf|Q,| < ¢ [
n—-—+oo

Moreover, the following result also holds
Lemma 3.3 If u is a solution of (§) such that |Q,| < ¢, then u = up.

Proof of lemma ((3.3))

Let xy € D, there exists a small ball B(xg,r9) C D of radius rq verifying

|B(z9,70)] < ¢— || such that ry < (%%')UN, where Wy = |B(O,1)|. For

allt € R and forall ¢ € C§°(B(xg,r)), we have f‘(w—td’) belongs to V.
D

(utte)|Pdz
We obtain
fD |V (u+ to)|Pdx

|Vul|Pde < :
/D Jp [(u+te)rdz
By differentiating with respect to t at ¢ = 0 implies

/ |VulP?VuVedr = )\C/ luP~?u¢p = )\C/ |u|P~¢, in this case, u = up since
D D D

Zo is an arbitrary point in D. ]

692



REGULARITY OF A MINIMIZER FOR OPTIMAL SHAPE PROBLEM FOR THE FIRST EIGENVALUE

From a mathematical point of view, the problem is easier to study. For-
tunately we have the following relation.

Lemma 3.4 We assume the following condition holds

there does not exist —u € WyP(D)  with |Q,| < ¢ such that (6)
—Apu = AJulP~ in D

Then the problems and (@ are equivalent.

Proof of lemma ((3.4))

From the density of V in Vy, u solution of implies u solution of the problem
. Conversely, let be u a solution of the problem and [Q,] = ¢. If u
were not a solution of the problem , we should have ¢ < ¢ And for all

¢ € WyP(D),with|Qy| < ¢— ¢, forallt € R, M(;jj—tﬁ))'d belongs to V.

» [p IV (u+to)Pdx
/D'V“' S Nt o) pdr

By differentiating with respect to ¢t at ¢ = 0 implies

/ |VulP2VuVedr = /\c/ lulP~?u¢p = )\c/ |ulP~'¢, so that we can conclude
D D D

that the condition (@ does not hold. [ |

Therefore we get

The following result indicates the relationship between problem and the
problem .

Proposition 3.2 Assume that @ holds. Then the following holds true:

(a) Any solution of (3) is also a solution of ({).
(b) The problem admits at least one solution.

(c) Any solution to is also a solution to (5)

Proof of proposition (3.2

(a) Let u be a solution of (f). By Lemma (3.4) we see that |Q,| =cieu € V.
But since V. C Vy, we have also J(u) < J(v) for any v € V. Thus u is a
solution of ().

(b) This is an easy consequence of (a) and the proposition (3.1)).

(c) Let u be a solution of and by the proposition , the problem (j5)) has
at least one solution z. From (a) we have that z is also a solution of (), and
therefore J(u) = J(z) < J(v) for any v € Vj. That is u is indeed a solution to
because u € V C VY. ]

For the rest of the paper we shall assume the following condition.

Assume (6) holds and that |u[P™' € L%(D) where ¢ > =) (7)
and ¢ > N
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Remark 3.1 o Inthe casep =2, N > 2, and D fized domain subset of RV,
non necessarily bounded, we have AuP~' = \ou = f. Assuming f belongs to
L>(D) N L*(D), T.Briancon et al [§] proved the state function u is locally
Lipschitz continuous.

e In the case p = N = 2andD = R? we have \uP™' = \ou = f. In [17],
M. Crouzeiz proved the Lipschitz reqularity of any solution to for f be-
longing to L>=(R?) with compact support K satisfying |K| < c. In this case
the problem arises in electromagnetic shaping of molten metals without sur-
face tension.

e [n the case p = 2, N > 2, and D sufficiently smooth domain ( non nec-
essarily bounded) and AP~ = Ao = f. In [21], M.Hayouni proved the
Lipschitz continuity of a solution to which doesn’t change its sign for f
belonging to LY(D) with g > N.

o The validity of assumption (7) comes from [§] ,[1Z] and [21]. In our case
we assume that [u[P~' € LY(D) with q > N to expect the state function
u to be locally Holder-continuous. In the other way, we have u € WyP (D)
then w € LP(D)implies that w»=* € Lw1(D). If uP™ € LY(D), q

large enough i.e ¢ > N this implies that ¢ > p% if not we have q <

1
£ < p < N. This assumption play an important role in the estimation

=
of [ |VulPdx, see proposition (

Our main result is the following. This result is a direct consequence of theorem

(5.1) and proposition (4.2)) (see section 4.)

Theorem 3.1 If condition (@ 15 satisfied then any solution of (equivalently(@)
1s locally Holder-continuous.

We have the following shape optimization result if condition @ holds.

Proposition 3.3 If the condition (@ 15 satisfied then the shape optimization
problem (@ has at least one solution.

Proof of proposition (3.3
According to proposition (3.2)) and theorem ({3.1)), problem (j5)) admits at least one

continuous solution u, which is also a solution to . We deduce that €2, is an
open set satisfying |Q,| = ¢ that is Q, € O.. We also know u € W,”(€,) and
A1(2,) = J(u). Indeed, by the optimality of u we have J(u) < J(v) for any
v E Wol’p(Qu). On the other hand for any © € O,., we have u € V. Since u
solves problem (5) we obtain for all 2 € O., A () = J(u) < A (2). Finally
(), is a solution of the shape optimization problem . [ ]

Remark 3.2 If the condition (@ does not hold then the shape optimization prob-
lem (@ has an infinite number of solution, see [6], [21)].
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Remark 3.3 The existence of optimal quasi-open set doesn’t imply gener-
ally the existence of an optimal set. It is possible to construct some examples
where the optimal quasi-open set is not an open set see [6],[21]. Therefore
the shape optimization problem @ has no solution. This is why we need
some assumption to |ulP~! to be more reqular than |u[P~1 belonging only to

the dual space of Wy (D).

Remark 3.4 All we need to prove that ), is a solution of the problem (@
i.e 0, is an open set. We refer to [7],[8] ,[12] and [Z1] where the study of
the reqularity of the boundary is made assuming local Lipschitz continuity
of the state function.

4  Equivalence with penalized problem

The interest of penalization is that the admissible set of functions is the whole
space W,?(D), moreover the value of J(v) doesn’t change for v belongs to

Vo i.e J(v) = Jy(v) for any v € V.

According to [2, B, ®], [16] and [31], we introduce a new problem, by
replacing the volume constraint on the volume of the support of the admissible
functions and the normalization condition by two penalization terms.

We have the following penalized variational problem

{ Find v € WyP(D),  such that Vv € W,?(D) @)
Ia(u) < Ji(v),

where for A > 0, the functional J, is defined as:
Iy(0) = J(0) + Al — / o) £ A(] - o)
D
In this section we give an existence result for the problem and indicate its
relationship with the problems and . We have the following results.

Proposition 4.1 Problem (@ admits at least one solution.

Proof of Proposition
The proof is similar to the proof of Proposition

Proposition 4.2 Let u be a solution to problem (@) Then there exist \* depend-
ing only in N,p,|D|,c such that for X\ > X*, we have |Q0,| = c¢. If \ > \* then
we obtain

(a) Any solution to (8) is a solution to () and
(b) Any solution to problem (5)) (equivalently {{f])) is a solution to ().
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Proof of proposition

Let ug be a solution of problem . equivalently . ) and solution u be a solution
of Assume that v satisfies |Q,| < ¢ and [, |u? = 1. Then u solves problem
5) (equivalently () and ugalso solves (8).We obtain in this case

(i) u € Vg (equivalently (u € V,)) if we assume the condition (0]
i) J

(i
(iii) Ja(uo) = J(uo) because (|| — )™ =0 and (1 — [}, Juel?)™ = 0.

A(u) = J(u) because (] —¢)" =0 and (1— [, [u?)" =

We know that if u is solution of the problem , we have
Ia(u) = J(u) < J(upg) < J(v) V v € Vy (equivalently(v € V,))

This implies that u is a solution of problem (j5)) (equivalently ) On the other
hand, asu € Vy (equivalently (v € V,)) and ug also solves problem (f]) (equivalently (4))),
we obtain

a(uo) = J(ug) < J(u) = Jy(u) < Jr(v) ¥ v € WyP (D).

Finally, we have uq also solution of problem .

We show if u solution of problem (8], then we have |Q,| = ¢, for A
large enough.
It is sufficient to prove that |Q,| < ¢ for any solution to problem ().
Let u be a solution of problem and assume that [Q,| > c. Then there exists
to such that for 0 < t < tg, we get |Qut| = Q] — {0 < u < t}| > ¢ where
u' = (u—t)". Since u solution of the problem (§)), Jy(u) < Jy(u'), we have

/ \VulPdz +A{0 < u < t}| < pt)\c/ uP~!
{0 <u<t} D

This implies that

t\. | uPldx _
Vet L i
- 0 < u < t} {0 < u < t}

and
/ [VulPdz < pthe||u”™"| L1 (p) (10)
{0 <u<t}

Let us take F} :={u > t} for 0 <t < ;. For a.et € (0,%p) it holds that
Xk, € BV(D)and DN OF, = {u = t}, for details see [19]. By the isoperimetric
inequality, there exists a constant 8 depending only on N such that

B < 5/ Vxr| = BPo(F) for aet > 0 (11)
D
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where Pp(F}) is the De Giorgi perimeter of F; in D. We know that Pp(F;) =
HYY{u = t}) < oo for a.et € (0,ty) where HN"1isthe (N—1)—dimensional
Hausdorff measure. But || = |F}| for any ¢ € (0,%p). From the definition of
to we get ¢ < |Fy| for any t € (0,t).

Integrating inequality on (0,ty) we have

_ to
Nty < B / HY ({u = t})dt
0
According to the Coarea formula see [15], [19], we have

N—-1
cN ty < B |Vu|
{0 <u<t0}

If we apply the Holder inequality, we get

N—-1

v 1
cCN ty < B (/ |Vu|p> HO < u < to}]* .
{0 <u<to}

Inequality implies
1

P 1
Nty < 5<pt0)\cl|uleL1(D)> {0 < u < to}|¥

=
=

N—-1 7
c Nt

IA

ﬂ(p)\cHulep(D)) ‘{O < u< to}|1‘7

This implies that

; <P)\c||up_1\|L1(D)) v
0
(B )

<
|{0 <U<t0}| -

Let’s take

3=

(pAc|ru“||L1<D>) ;
A= <5 N1 ) P[22 (o)
C N

From @ we deduce that A < A*, and conclude that for A > \* it is impossible
to have [Q2,] > ¢
[ ]

5 Holder continuity result

By the following proposition, we derive an L*°— estimate for solution of .
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Proposition 5.1 Assume that condition @ 1s true. Then any solution to (@) 5
bounded, i.e

lull ey < €
where C' is a constant depending only on p,q, N,c and X\. We need the following
Lemma which can be found in [28], we derive an L®— estimate for solution of
(EN
To prove this proposition, we need the following lemma which can be found in
[28], lemma 5.2 page 71.

Lemma 5.1 If the function u belongs to W'P(D), 1 <
essmazrgpu < oo. For k > kg > essmazrgpu, set Ay, = {u
the inequalities

p < N, such that
> k}. If u satisfies

/A \VulPde < yk"| A8+ (12)
k

where the constants v, € >0 and 0 < n < e+p. Then there exists a constant
C depending only in v,n,p, N, €, ky and ||UHL1(A;€0) such that essential maxpu is

bounded by C.

Remark 5.1 In the proof of Lemma 5.8 presented in [28], one can see that
ullzr(a,,) < K for some constant K then u is bounded by a constant C which
depends only in v,n,p, N, €, ky and K.

Proof of Proposition [5.1
We prove that u satisfies an inequality like (12). Since u € W'P(D), we have
essmaxppu = 0. So kg = 0 and for & > 0 set Ay = {u > k} and we consider

the function
{ k if uw>k
U =

u if u <k,
Since |Q2,| = |Qy,| for any k& > ky and by minimality of u we have
/ |[VulPde < p)\c/ lulP~ ! (u — k)
Ak Ak

By the Holder inequality we obtain

p p—1 o +
/ Ve < A 0= R,
According by inequality (5) for s = q%l implies that

N

g—1 N-p
/A\Vulpdx < AT Laag [ARl T T ||V | o gay)
k

and finally we obtain

g—1 N*p)

/\V“Wﬂﬂ < AP [nogag) 7T ARl T T
Ap

We found here inequality withn =0, € = % and v = (pA||u? Y| pa(a,)) 71 W
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Theorem 5.1 Let u be a solution to (@ and assume that (@ Then u 1is locally
Holder continuous in D.

Proof of Theorem [5.1]

Let B, be a ball with radius 7 such that B, € Dand u € WY°(D) such
that 0 < p < linDand g = Oon B = D\B,. For k € R we set v :=
u—(u—Fk)Tu? and Ay, := B, N {u > k}.

In Af . we get v = u. Let ’s take 2, = Q, N A7 . U (2, N Ag,), we see that
(I =)™ < (1] — )" + |Ag,|

Combining this inequality with the relation Jy(u) < J\(v), we obtain

/ |Vu|Pde < / |VolPdx
Ak’,,' Ak,r

+ p)\c/ ]u|p’1(u — k)pPdx + Ap| Ay, |
Ak,r

(13)

Writing |[Vo| < (1 — p)?|Vu| +,up@|v,u| in Ag, N {u # 0} and using the
convexity of the function x € (0,00) — 2P, we obtain

/ [VolP < / |Vu\pdx—/ P\ VulPdx
Akﬂ” Ak,r Ak,r

#0 [ kIO
Ak,'r

(14)

On the other hand, thanks to Young’s inequality, we have
(= k) < (K - where = 1
TP p p—1

Since the condition holds we obtain by the Holder inequality
ph [P Bwds £+ (- D)
Ak,'r

el ([ (=)

k,r
According to inequality we take s = q%l, we obtain

qg—1 1 1_1

(/Akyr((u—k)u”)fl)q < CIAk,r|”NM/Ak7T IV((u—=Fk)p?)P (16)

But on Ay, we have |V((u — k)p?)| < pP~ (p(u — k))|Vu| + p|Vu|. Using the
convexity of the function z € (0,00) — 2P, we obtain

V((u—k))P < 227 D (P (u — kP [Vl + i [Vul?) (17)
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Passing to integral we get

[ M= mp < 20 [ e ki
Ag,r Ag,r (18)

[ o)
Ak,r
Inequality , together with and imply that

(
P [P e < o (270 A
Ak,r
(7 [ wIvup+ »
Ak,r
p [ RTP) - D)
) Ak,r

For r < ry where

1_1

ro = (2°CPwy N P I[P o)), with wy = |B(0,1)]
we have
el [ | ooy (271 C Ay, | TN T ) < %
and

1
ph [ P webweds <5 [ e B[ e bpvap
Ak,r 2 Ak,'r 2 Ak,T

1

1 _

(0= DAL ooy A7) [Ars 0

(20)

Inequality combining with inequality and , imply that for r < rg,

/A VAP < 3 / V21— kP + ((p — DAl oo + pAI A D) Ar, [

We use the fact that 0 < p < 1. For r < 1, we get \Amﬁ < |BTO|% < C

where

4l _1_1 _
C = wn(2°CPwy ™ A | o)) TN

We obtain

[ <o [t wsian) e
Ak,'r Ak,'r

where v = maz{3p?, (p— 1)A||w" || a(p) + pC1A}. We see that u belongs to the
1

generalized De Giorgi class B,(D, ||u||r(p),7, +00, —). Considering the theorem
q

6.1 of chapter 2 in [28], we conclude u is locally Hélder continuous in D. [
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