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Abstract

The Hestenes-Stiefel (HS) method is one of the most efficient nonlinear con-
jugate gradient methods for nonlinear optimization. In this paper, we propose a
derivative-free HS type method for symmetric nonlinear equations without comput-
ing its Jacobian, which is suitable for large-scale problems. It is an extension of the
three-term HS nonlinear conjugate gradient method for nonlinear optimization pre-
sented by Zhang, Zhou and Li [Optim. Methods Softw., 22 (2007), pp. 697-711]. By
the use of some approximation norm descent line search, we prove the strong global
convergence property of the proposed method. Moreover, R-linear convergence rate
is established for the proposed method under some conditions. Some extensions are
also discussed.
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1 Introduction

It is well-known that the Hestenes-Stiefel (HS) method is one of the most efficient conju-
gate gradient methods for nonlinear optimization. The purpose of this paper is to extend
the HS type methods from nonlinear optimization to nonlinear equations.

In this paper, we consider the following symmetric nonlinear equations

F(z) =0, (1.1)

where F' : R* — R" is a continuously differentiable mapping whose Jacobian J(z) =
F'(r) is symmetric, i.e., J(z) = J(x)T. This problem covers many practical problems
such as the KKT system of unconstrained optimization problem, the saddle problem
and the discretized two-point boundary value problem [5, 11]. There are many efficient
methods for this problem such as Newton method, Gauss-Newton method and quasi-
Newton methods [1, 2, 4, 8, 9, 11, 16, 17, 18].

Recently, Li and Wang [7] extended the MFR conjugate gradient method in [14] for
nonconvex optimization to nonlinear equations, which converges globally with a norm
descent line search. However, there are no local convergence results for this method.
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In this paper, we will extend the three-term HS nonlinear conjugate gradient method
in [15] for nonlinear optimization to nonlinear equations without computing the Jacobian
of the underlying system, which is suitable for large-scale problems. Moreover, we will
investigate its global and local convergence properties under some conditions.

In the next section, we give the motivation and the algorithm in detail. In Section
3, we first show the strong global convergence of the proposed method. Then we prove
its R-linear convergence under suitable conditions. In Section 4, we extend the proposed
method to norm descent case.

2 Motivation and the algorithm

The motivation of the paper is the Gauss-Newton-based BFGS (GN-BFGS) method
proposed by Li and Fukushima [5] for symmetric nonlinear equations. At each iteration,
the GN-BFGS method [5] produces the search direction dj, by solving the linear equations

Bk)d = _gka

where
G = o (Fak + ap1 ) — F), (2.1)

Fy, = F(xy), ag—_1 is the stepsize given by some line search, and the matrix By, is updated
by the BFGS formula

Bysgst B  yryt
Biy1 = By — £ .

T T,
53, Bisy Yj; Sk

where
yp = F(or +0) — Fry O = Fr1 — Fiy Sk = T — T = ogedy,. (2.2)

It is easy to see that if ||sg|| is small, then
Bit1sk = Yk ~ JE 1 Jes18k.

Let f be the norm square merit function defined by

1
f(a) = IF @) (23)
Then the problem (1.1) is equivalent to the following global minimization problem:
min f(z), =€ R" (2.4)

The three-term HS nonlinear conjugate gradient method in [15] for (2.4) generates
the search direction by

d — —Vf(l’k), if k=0, (2 5)
M) —Vif(a) + By — Oz, it k>1, '

where V f(z) is the gradient of the function f(z) and

V(@) 251 _ Vf(wp) T dp—1

BS =
df 2kt df_ 2kt

;O , zk—1 = Vf(xg) = Vf(rg_1).  (2.6)

An attractive property of (2.5) is that it satisfies dL V f(z) = —||V f(2x)||?, which means
that dj provides a sufficient descent direction for f. This property is independent of the
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objective function convexity and line search used, which is very important for global
convergence of this method.
Denote Ji, = J(x). Then the gradient of the function f defined by (2.3) at zj is
given by
Vf(xk) = Ji Fr,

which is involved in calculation of the Jacobian. This shows that the method (2.5) is
not suitable for such problems where the Jacobian is not available or very difficult to
compute when it is applied to the special function (2.3).

To avoid computing the Jacobian, we use a similar way to (2.1) to deal with this
problem. Let {e;} and € be a given positive sequence and a positive constant satisfying

Zek <€ < o0. (2.7)
k=0

Then by symmetry of the Jacobian J(x), we have

F(zp + e, Fy) — Fy,
€k '

Vi) = JL Py~ g 2 (2.8)
Moreover, we note that y; defined by (2.2) is an approximation to zj given by (2.6),
i.e.,
Y ~ 2k = i1 Feyr — Ji F.

If we replace V f(xy) and z,—1 in (2.5) by g and yx_1, respectively, then we get a
derivative-free HS type method for (1.1) without computing the Jacobian, that is, at
each iteration, the search direction dy is given by

{ — Gk if k=0,
dy = 9 Yk—1 9 di—1 . (2.9)
—9Jk + d{_lyk—ld -1 dg_lyk_lykfla lf k Z 17

where gj and y, are defined by (2.8) and (2.2), respectively.
In order to guarantee the direction djy defined by (2.9) is well defined, we use the
regularization technique [6] to modify the formula (2.9) as follows

o, it k=0,
= 2.1
o { —gk + B dy g — OM ey, i k> 1, (2.10)
where T T
gMHS _ W1 g ko1 (2.11)
k - dT ’ k. — dT 3 .
k—17k—1 k—17Vk—1
y]{_lsk—l
Vo1 = Yk—1 + teSk—1, tr = max {0, —W} + u, (2.12)

Yr—1 is given by (2.2) and p > 0 is a given small positive constant.
It is clear from (2.12) that d} |vk—1 > pag—1|/dg-1]|*> > 0, which implies that the
search direction (2.10) is well defined. Moreover, it still satisfies

di g = —lgxl*. (2.13)

Note that the search direction dj is no longer a descent direction of the norm square
merit function f in (2.3). Then we adopt the approximate norm descent line search
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(2.14) below to globalize this method, which is motivated by that of [5]. The following
is the complete derivative-free HS type method for symmetric nonlinear equations (1.1).
Algorithm 2.1

Step 1. Choose a starting point z¢g € R", several constants p > 0, o € (0,1) and
r € (0,1). Let k:=0.

Step 2. Compute dj, by (2.10)-(2.12).
Step 3. Compute o, = max{1,7,72, ---} with a = r? satisfying
f(xn + ady) — f(z1) < cagldy + e f(zr), (2.14)
where {€x} is a given positive sequence satisfying (2.7).
Step 4. Set xp11 = xp + apdy. Let k:= k+ 1 and go to Step 2.

Remark 2.1 The line search (2.14) is well defined since if o — 0T, the left-hand side
of (2.14) tends to zero and the right-hand side goes to the positive term e f(xy), which
implies that the line search (2.14) is satisfied for all sufficiently small o > 0.

3 Global and linear convergence properties

In this section, we first investigate global convergence of Algorithm 2.1. Then we discuss
its local convergence property.
To begin with, let € be a given constant satisfying (2.7), define the level set

Q= {x] f(z) < e flzo)}- (3.1)

Then we make the following assumptions to ensure global convergence of Algorithm 2.1.
Assumption 3.1

(i) The level set 2 is bounded.

(ii) In some neighborhood N of €2, the Jacobian is Lipschitz continuous, namely, there
exists a constant L > 0 such that

[7(z) = J(W)ll < Lllz —yll, Va,yeN. (3-2)

It is clear that Assumption 3.1 implies that there exist three positive constants L1,
Lo and M such that

IVf(@) = V)| < Lille —yll, Va,ye N, (3.3)
|F@)| <M, [J(@)] <M, VzeN. (3.4)
|F(x) = F(y)]| < Lolle —yll, Va,y e N. (3.5)

From (2.8) and (3.4), we have

gkl = H /01 S + t€ka)FkH < M?. (3.6)

To prove the global convergence of the proposed method, we present some useful
lemmas. By the same argument as Lemma 2.1 in [5], we have the following result.
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Lemma 3.1. Let Assumption 3.1 hold and the sequence {xy} be generated by Algorithm
2.1. Then the sequence {f(zk)} converges and x) € Q for all k > 0.

Lemma 3.2. Let Assumption 3.1 hold and the sequence {xy} be generated by Algorithm
2.1. Then there exists a positive constant My such that

i 2 plldlllsell, ol < Mallse])- (3.7)

Proof. The first inequality follows from the definition of (2.12) directly.
From (2.12), (2.2) and (3.5), we have

Ivell < 2[lyell + pllskll

= 2| F(wg + 0x) — Frll + pllsll
2Lo|[0k || + pll sl
= 2La||Fiy1 — Fyll + pllskl|
(2L5 + p) || skl

Set My = (2L3 + p1), then we get the second inequality of (3.7). O

IN

IN

Lemma 3.3. Let Assumption 3.1 hold and the sequence {xy} be generated by Algorithm
2.1. Then we have

3" allanll? < oo. (3.5)
k=0
Proof. 1t follows from (2.14), (2.13) and (2.7) directly. O

The inequality (3.8) implies that
lim aggx)® = 0. (3.9)
k—oo

Lemma 3.4. Let Assumption 3.1 hold and the sequence {xy} be generated by Algorithm
2.1. Then there exists a positive constant Ma such that

1]l < Mo ||l (3.10)
Proof. By the definition of the direction (2.10)-(2.12) and (3.7), we have

2(| g |l ve—1 |l dr—1|
df 1Yk—1
df 1Y

(1+
(1 2l s 1”)ugk\|
(1+

1|

IN

lgwll +

M||8k 1l dr—1]]

)||gk|r

Set My =1+ 271\517 then we obtain (3.10). O
Moreover, from (2.13), we have

gkl < lldkll, (3.11)

which together with (3.10) shows that ||dx|| is equivalent to ||gg||-
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Lemma 3.5. Let Assumption 3.1 hold and {xy} be generated by Algorithm 2.1. If
ar # 1, then we have

T 2 2
— 9 Ik ex || Pl gkl exf (k)
o > my — Mo =m — 2my , (3.12)
x| ldl [ d||? (||
where m1 and mg are two positive constants.
Proof. If ay, < 1, then the line search (2.14) implies that
flxp +r Yardy) — f(xn) > oapr gl dy + en f(xr) > oapr™ gl dy.
By the mean-value theorem and (3.3), we can easily get
f(l‘k + r_lozkdk) — f(xk) < T_laka(I‘k)Tdk + L1T_204%Hdk||2.
Then we have
Llrilak||dk”2 > O’ggdk — Vf($k)Tdk
T
= —(L—o)gldp + (95 — VF(zx)) di
> —(1—0)gidi — llgr — V(@) ||l dil-
From (2.8), (3.2) and the symmetry of the Jacobian J(x), we have
1
1950 gl = B~ [ e+ tem Rl
0
1
< Imdl [ (J(mk + terFy) - Jk>dtH
0
< Leg||Fel®.
The above two inequalities yield that
1—o0)(—gld L eg|| Fy||?

I 7 Idell2 Ly [|dgl]

Set my = T(lL_la) and mg = %, from (2.13), we get (3.12). The proof is then finished. O
Now we give the following global convergence result for Algorithm 2.1.

Theorem 3.1. Let Assumption 3.1 hold. Then the sequence {z\} be generated by Algo-
rithm 2.1 converges globally in the sense that

Jm V£ @) =0. (314)

Proof. We prove the theorem by contradiction. Suppose it is not true, then there exist
a positive constant 7 and an infinite index set 1" such that

IVf(zp)ll > 7, VkeT, (3.15)

which implies that
gl > 71, VkeT (3.16)

holds for sufficiently large k € T with some positive constant 7.
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From (3.12), (3.10), (3.11), (3.16), (2.7) and Lemma 3.1, we deduce that

mi e f(zr) _ m1 2mo mi
ap > —= — 2mo 27—76kf Tr) 2 —>, keT 3.17)
3 P el 23w M2 g (
holds for sufficiently large k, which together with (3.9) yields that
li =0.
reim lgell =0
This contradicts to (3.16). The proof is then completed. O

Remark 3.1 Theorem 3.1 shows that Algorithm 2.1 is strongly convergent since general
conjugate gradient methods for nonlinear optimization [12] or nonlinear equations [7]
only have the following weaker global convergence in the sense that

likminf |V f(zg)|| = 0.

By Theorem 3.1, we have the following result.

Corollary 3.1. Let Assumption 3.1 hold and the sequence {x} be generated by Al-
gorithm 2.1. Then every limit point is a stationary point of f. Moreover if J(z*) is
nonsingular at a limit point x* of the sequence {xy}, then x* is a solution of (1.1).

Now we begin to discuss the local convergence property of Algorithm 2.1, which
requires the following assumptions.
Assumption 3.2

(i) The sequence {xj} converges to z* and J(x*) is nonsingular .

(ii) In some neighborhood Nj of z*, the Jacobian is Lipschitz continuous, namely,
there exists a constant Lg > 0 such that

1J(x) = JW)Il < Lsll = yll,  Va,y € Ni. (3.18)
The condition (i) in Assumption 3.2 together with Theorem 3.1 implies that
F(z*) =0, V2f(z*)=J(«")"J(z") (3.19)

and the Jacobian is uniformly nonsingular in N7, that is, there exists a positive constant
such that

|J(x)d|| > ms||d||, VdeR", x&Ni. (3.20)

This inequality together with (2.8) implies that

1
loull = || [ o+ tenFLydeR] = mal £l (3.21)
0

Theorem 3.2. Let Assumption 3.2 hold. Then the sequence {xy} be generated by Algo-
rithm 2.1 is R-linearly convergent in the sense that

1El < PP Bl — 2 < map®

hold for constants p € (0,1) and m4 > 0.
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Proof. By (3.12) and (2.14), we have

lgr* |97 di|
f(@ps1) — flg) < —om AL + 2mao el exf(zr) + enf (k)
amq
< —W\ngHQ + 2mao||gllenf (zr) + e f (k)
2
2
amim
< = IEIP + 2maollgellenf (we) + exf(w)
2
_ 20mym3

_ ( W+2m20\|gk||€k+€k>f(xk)’

where we use (3.10) and (3.21) in the second inequality and the third inequality, respec-
tively. This inequality together with (2.7) and (3.6) implies that there exists a constant
p € (0,1) such that

20mym?
Flare) < (1= T 4 omaollgillen + ) fon) < 02F(@0), (3:22)
2
which means that
1l < pll B4l < o Bl (3.23)

From (3.20), we know that

1
|w@4F@vnzH/<Nﬁ+t@m¢fnwu%ﬂwaZmamﬂlﬁw
0

which together with (3.23) shows that
2y, = 2*|| < map®

holds for some positive constant my4. This finishes the proof. O

4 Extension to norm descent case

In this section, based on the idea of [3, 7], we extend Algorithm 2.1 to norm descent case
in the sense that f(xp4+1) < f(zg) for all k£ > 0.
Define
F ) — F
(o) & T AT = P (1)

(%

Then by the symmetry of the Jacobian, we have
Jim gi(e) =V f(zi) = It F,

which implies that if « is small, then gx(«) is a good approximation to V f(xy).
Now we replace gy in (2.10) with gx(a) defined by (4.1), then we obtain a new HS
type method as follows

{ —gr(a), if k=0,

_ gk ()T ye—1 _ gr(0)Tdpy -
gr(a) + T e di—1 0 ey Tkl if k>1,

di(a) = (4.2)
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where 7,1 is defined by (2.12). It is easy to get that

di () g(a) = —lgr(@)|*. (4.3)
Moreover, we have
lim d (o) = { ot V(@) Ty V() Ty %f Y
a—0+ =V f(z) + de—l A e, kD if k>1,
which implies that
V f (@) di(0) = =V f (1) |>. (4.4)

This shows that when « is sufficiently small, di(«) will be a descent direction of the
function f(z) in (2.3). We compute « satisfying

fz + adip(@) — f(ax) < oage(@) " di(a), (4.5)

where o € (0,1) is a constant. The line search (4.5) is different from those of [3, 7]. The
relations (4.4) and (4.3) show that (4.5) holds for all sufficiently small o > 0.

We give the following procedures which are similar to those of [3] to determine the
search direction dj and the stepsize «j simultaneously.
Procedure 1.

Let gx(a) be given by (4.1) and di(«) be defined by (4.2). Given r € (0,1). Let i
be the smallest nonnegative integer such that (4.5) holds with o = 7,4 = 0,1,--- . Let
gr = gr(r™*) and dj, = di,(r'*).

Procedure 2.

Let di and i; be generated by Procedure 1. If i, = 0, we choose ap = 1. Otherwise,

we let ji be the largest integer ji € {0,1,--- ,ir — 1} such that

flag + Ti’“_jkdk) — flzg) < ari’“_j’“ggdk. (4.6)

Then we take ay, = 7k Jk,
The following is a derivative-free HS type method with norm descent.
Algorithm 4.1

Step 1. Choose zyp € R" and two constants o, € (0,1). Let k := 0.
Step 2. Compute di and ay by Procedures 1 and 2.
Step 3. Set xp+1 =z + apdy. Let k =k + 1 and go to Step 2.

Using the same argument as that of Section 3, we can prove the global and linear
convergence of Algorithm 4.1. Here we list this result but omit its proof.

Theorem 4.1. Let Assumption 3.1 hold and the sequence {xy} be generated by Algorithm
4.1. Then we have limy_, ||V f(zk)|| = 0. Moreover, if Assumption 3.2 holds, then the
sequence {x} converges R-linearly.

5 Conclusions

We have proposed a derivative-free HS type method for symmetric nonlinear equations
with strong global and R-linear convergence. We believe that the idea of the paper can
be extended to other methods such as [10, 13].
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