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Abstract

For stochastic differential equations driven by fractional Brownian motion
and standard Brownian motion, we prove that Wi H transportation inequalities
hold for the law of its solution on the space of R%valued continuous function
on [0,7] w.r.t the L'-metric, under some assumptions on the coefficients, via
Malliavin calculus.
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1 Introduction

Let BY = {B}l!;t € R,} be an d-dimensional fractional Brownian motion (fBm)
with Hurst index H € (0,1), i.e. a zero mean Gaussian process with covariance
function E(BY, B]) = Ry (s, t)d;j, where

1
Ry(s,t) = 5(91{ + 2 |t — g|2H), (1)

1
This process is a ordinary Brownian motion when H = 5 From (1) we deduce that

2
IE(‘BtH, Bf‘ ) = d|t — s|" and, as a consequence, the trajectories of B are almost
surely locally a-Hélder continuous for all a € (0, H). We refer the reader to [1, 10]
and references therein for further information about fBm and stochastic integration
with respect to this process.

1The work of the corresponding author is supported by The National Agency of Development of
University Research (ANDRU), Algeria (SMA 2011-2014).
*AMO-Advanced Modeling and Optimization. ISSN: 1841-4311
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In this article we fix a time interval [0,7] and % < H < 1. Let (Q,F,P)
be a complete probability space and we consider the following mixed stochastic
differential equation

t t t
Xt:X0+/ b(s,XS)der/ JW(S,XS)dWS—i—/ or(s, Xs)dBH, (2)
0 0 0

where Xy € R? is the initial value of the process X, W is an n-dimensional stan-
dard Brownian motion and B¥ is an m-dimensional fractional Brownian motion
with H € (3,1). The coefficients b : [0,¢] x R = R%, ow : [0,#] x R* — R™™ are
assumed Lipschitz continuous in z and o : [0, 1] x R¢ — R?™ has bounded partial
derivatives which are Holder continuous of order A > % — 1, and the processes W
and B are independent.

For each t € [0, T] we denote by F; the o-filed generated by the random variables

t
{Xo, BE, W, s € [0,t]} and the P-null sets. The integral / ow (s, Xs)dWs in the
0
t
SDE (2) should be interpreted as an It6 stochastic integral and / or(s, Xs)dBH as
0
a pathwise Riemann-Stieltjes integral, which can be expressed as a Lebesgue integral
using a fractional integration by parts formula (see [17]).

For several years, the transportation cost-information inequalities and thier ap-
plications to diffusion processus have been studies (see [2], [5]). In a recent paper,
Liming Wu [16] established the transportation inequalities for stochastic differential
equations of pure jumps. In that paper, it was shown that for stochastic differential
equations of pure jumps the Wi H transportation inequalities hold for its invariant
probability measure and for its process-level law on right continuous paths space
under the dissipative condition. However, the results in that paper was applied to
concentration inequalities. The main purpose of this work is to apply the recent
results on the mixed stochastic differential equations involving fractional Brownian
motion and standard Brownian motion in order to obtain transportation inequali-
ties.

Let (E,d) denote the metric space equipped with o-field such that the distance
d is B ® B-measurable. For any p > 1 and two probability measures p and v on F,
recall the LP-Wasserstein distance between u and v

Wg(u, v) = inf<//d(a:,y)pd7r(a:,y))‘1’.

This quantity is finite as soon as p and v have finite moments of order p. The
Kullback information of v with respect to u is given by

dv
log —dv if v<u,
H(v/p) = / & du g
+o0 otherwise.

We say that the probability measure pu satisfies the LP-transportation inequality on
(E,d) ( p € Tp(C) for short) if there existe a constant C' > 0 such that for any
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probability measure v,
1

Wil v) < (2CH(v/p))*. (3)
Let ¢ be a increasing function and left-continuous on Ry which vanishes at 0.
The probability measure p satisfies a W1 HI inequality with deviation function ¢ if

o(Wia(n,v)) < H(v/p), Vv € Pa(E), (4)

where Py(FE) is the set of all probability measures v such that / d(xo, z)v(dxr) < 0o
The inequality (3) is a particular case with ¢(t) = t2/?/(2C), t > 0.

By means of Malliavin calculus, Wu in [16] proved that the distribution Pr(x, dy)
of Xi(z) satisfies the WiHl transportation inequality and IP, o 7] satisfies on the
space D([0,T],R?) of right continuous left limits R%valued functions on [0, 7], for
some deviation function ¢

o(Wia,, (Q.P2)) <H(Q/P,), Q€ My(D([0,T), R)).

The structure of the paper is as follows: in the next section we recall some classical
definitions and results on fractional calculus and we list our assumptions on the
coefficients of Eq. (2). In section 3 we state the main results of our paper. Section
4 is devoted to relating the Malliavin calculus to our case and to prove Theorem 3.2
and Theorem 3.3 enounced in section 3.

2 Preliminaries

Let d,l € IN*. Given the matrix A= (@) 4x; and a vector y = (y')4x1 we denote
A]? = Z a7 and [y* =D |y

0. i
Let o € (0,1). For any measurable function f : [0,#] — R we introduce the
following notation

f(t)
1 ®)lla = 1£(2) |+/'__a$”w- (5)
Denote by W"™ the space of measurable functions f : [0,#] — R¢ such that
1FD)llaso0 = sup [[f(#)]a < oo (6)
te[0,T

A equivalent norm can be defined by

Hﬂhg—sm>€“<v o+ [ R ) oz (7)

telo, T
For 0 < A < 1, denote by C*(0, T, R?) the space of A-Hélder continuous functions
f:[0,7] — RY, equipped with the norm

1l = 1o+ sup =S

< 00, 8
o<s<t<T  (t—8)A ®)
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where ||f(t)||c := sup [f(¢)|]. Note that for any ¢, (0 < € < «), we have the
t€[0,T]
inclusions

Ccote([0, T); RY) c W ([0, T); RY) € C**([0,T]; RY).

We denote by W%“"‘X’([o, T); R%) the space of continuous functions g : [0,7] — R?
such that

b= sp (MOS0, (b0 gl

0<s<t<T

Clearly, for all € > 0 we have
Cre ([0, T RY) € Wy ([0, T]: RY) € €12 ([0, T]; RY).

Denoting

Aa(g;[0,T]) = sup (D}~ %gi-)(s)],

[(1 — ) o<s<i<T

oo
where I'(a) = / r*te~"dr is the Euler function and
0

Ly ey @O (gl —g) Lt els) — gly)
(D0 )(0) = S (G + -0 [ 225 ) 1000

We also define the space W{(0, T, ]Rd) of measurable functions f on [0, 7] such that

oo = [ [ / 7t M ] e < o

We have W, (0, T, R?) € W{(0, T, R?) and [ flla,150,17 < (T+ 7;::) [1f I a00500,17-
In [17] Z&ahle introduced the generalized Stieltjes integral

T T
/0 f(t)dg(t) = (~1)° /0 (D§, f)(£) (DY gr_)(t)dt, (9)

defined in terms of the fractional derivative operators

.10~ gy (o [ A0 i

and

R = Y ) )

We refer the reader to [10] for further details on fractional operators.
the following propositions are the estimates of the generalized Stieltjes integral.
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Proposition 2.1 ([10]) Fiz 0 < a < %. Given two functions g € W0, T)
and f € WOO"I(O,T) we set
t
(= [ tedgr
S

Then for all r <t <T we have

t
+dgy| < sup |(D}T% / )|dr
[ | < sw 0 Ml [ 108 D) (10)
< Aalgs s, t])”f“a,l;[o,T]'
Proposition 2.2 Let 0 < a < %
1. Gey: W2 (s,t; RY) — C1=([s, t]; RY) is a linear continuous map and
1
G, ()l 1-ais) < a5 DI flloocsfor (11)

(1)

where c,,; is a positive constant depending only on a, t and g% <4+ 3t.

2. Ggp: WO™(s,t; RY) — Gsyt: W (s, t;R?) is a linear continuous map and

forVA>1
G (Pllange < 22 E D)1 g (12)
Co?,?f s a positive constant depending only on «, t and Co?,?f = 1_42a (% + to‘).
Proof.

1. Let s <r <7 <t From (10) we have

T 0 _ U
Grr (P < Aalgils ) | (wf_(ej)‘am / Ww) w (1

and therefore

|Grr (N < Aalg; [5, ) (2 + %) (T —7) ~

ReSHENAE (14)

The inequality (11) follows with c\) = £=0 4 ¢ 42 4 % < 4 4 3¢.
2. We have
/T ’Gsﬁ(f) - Gs,r(f)|dr
s (1 —r)lte
. T —a—1 T 0 |f
< Aalgslsit]) [ (r—1) X ———— +a - a+1 O = ] 49| ar
T 6

< Aalgilst) [ 110) / - r)—a—lw - r)_adrd0+

+ Aa(g;[s,t]) / / ‘f o) a+1 (/SU(T—r)_O‘_ldr) dud®.
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Fr(g)m
/ (r—r)y" Y9 —r)~%dr
’ O6—s
= (r—6)"% /Tﬂ9 (1+uw) > tudu
0
1 o)
< (r—g) ( / (14+w) o du+ / (1+ u)_a_lu_o‘du)
0 1

< (Fa+d)r-o

11—« o

and for s<r<u<él<rt

«a

/Su(s — r)*afldr < l(7' —u) < —(1— 3)72“,

o (67

we have |G, - (f |+/ (G )_)if;(f)’dr

< Aalgs s, 1)) (mw)
T 0 — flu
o RN <‘f(9)|+/s M@) db.

Finally, the inequality (12) follows sine
[0 = 0y 6 5) a0
S

1 A(T—35) 5
e 7)\1_2()( / €_uu_ Oédu +
0

1
= A 20 1-2a"

—X(1—s) Alr=s) u, —«
We /0 e'u” “du

In our article we are interested in the solution of the equation on R?
Xl = X0+/bsX ds—l—Z/aWsX dW’“JrZ/ I(s,X,)dBMI (15)

we consider the following assumptions on the coefficients, which are supposed to
hold for IP-almost all w € Q: There exist some constants 3,0,0 < 5,9 < 1, and for
every K > 0 the following properties hold

(Hy) Set ag = min{ B, —— 5o
for all t € [0, 7] and all z,y € R?

} there exists cx > 0, ¥ € (1 — ap, 1] such that

b(t, ) = (s, y)| < exc(lt =" + |z —yl), Vil |yl < K;
(Hy) There exists the function by € ¢ (0, T; R?) with N > 2 and ¢ > 0 such that

sup sup [b(s,z)| < clz|+bo,  V(tx) € [0,T) x R%
56[07T1$€Rd

(H3) There exists ¢ € R such that for any =,y € R?

(@ —y,b(t,z) = b(s,y))ga < (|t — s|” + & — y[*);

620



Toufik Guendouzi - Transportation inequalities...

0
140
(H5) There exists ¢y > 0 such that for all ¢ € [0, T

1
(Hy4) There exists 1—H < o < oy = min {2,5, } such that o7 € C*(0,T; R&>™);

lon(t,z) —ou(s,y)| < et — s|” + |z —y|), Va,y € RY

1 4
(Hg) There exists ¢y > 0, ¢ > 0 and 0 < < min {2, B, 2} such that

ow € C"(0,T; R™) and for all t € [0,T], sup sup |ow(s,z)| < é(1 + |z|"),
s€[0,7] zeR?

low (t,2) = ow (s,9)| < &(|t = s[" + |z —yl),  Vr,y € R

3 Mains results

Let us start by recalling the following result, which is a characterization for the W H
transportation inequality. This result has been proved in [6].
Let u be a fixed probability measure on the metric space (E,d).

Lemma 3.1 ([6]) Let ¢ : Ry — Ry be a non-decreasing left-continuous convez
function with $(0) = 0. The following properties are equivalent:

1. the W1H inequality below holds:
¢(Wia(v, p)) < H(v/p), (16)
where v is a measure on the metric space F;

2. for every F : (E,d) — R bounded and Lipschitzian with ||F||pyp <1,

[ exp(C(F — u(FD)d < exp(d(C). >0, a7

where (¢) = sup(r¢ — ¢(r)) is the semi-Legendre transformation;
r>0

3. for every F : (E,d) = R with ||F||Lip < 1,

P (; S F(G) - (F) > r) <exp(—ng(r)), r>0n>1, (18)
k=1

where (&)g>1 15 a sequence of i.i.d.r.v. valued in E of common law p.

In such case ¢ is called a WiHI-deviation function of p.

Theorem 3.2 Let P, be the law of solution of the stochastic differential equation
(15), and assume that the coefficients b, o and ow satisfy the assumptions (Hy)-
(Hy)-(Hs), (Hy)-(Hs) and (Hg). Then there exists a positive constant K depending
only on ck,c, €, ¢y, ¢y, ¢o and T such that the probability measure P,, satisfies the L' -
transportation inequality on the metric space C([0,T]; ]Rd) equipped with the metric

T
dp(n2) = [ (0 = ()t
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. 2
with C:=Cr g = @HT?HHUHHgO;[O,T]C;?,T + 4T2||UWHZO;[0,T] and

cppi=1- exp(—KT).

Now we present our mains results.

Theorem 3.3 Let P;(x,dy) be the distribution of X.(z) solution of the SDE (15).

Assume that (Hy
positive constant

)-(H2)-(Hs), (H4)-(Hs) and (Hg) are satisfies, and there exists a

K depending only on ck,c, ¢, ¢g, ¢y, Co and T'.

Suppose that there exists ¢ € C"([0,t]) and ¢ > 0 such that for allt € [0,T] and
all z € RY, |64(x)| < ||low (¢, 2)||o7,y and

cQ)=E [eXp

8oy —1] <00 (19)

(T llow (2 Biry) = T low (- 2())

The following properties hold true

1. (Xy) admits a unique invariant probability measure p, and for all v on R¢

where (P;)

Wl,d(ypta :u) < exp(—%?]TQWt)WLd(I/? /-L)a vt >0, (20)

is the transition kernel semigroup of the Markov process (Xi), and

d is the FEuclidean metric .

2. For each T

> 0, the distribution Pr(x,dy) of the solution X¢(x) satisfies the

following W1 H transportation inequality

¢ (Wha(v, Pr(z,dy))) < H(v/Pr(z, dy)), (21)

where v is a R%-valued probability measure and

¢T(u) =

>

~ 2 2—2n,2 -
sup {UCTZ’? . /T C(e_QKT2ntT2n<)dt _ HO-H(7 x())‘bTWT WC (1 . €—2K77T277t)}
0

¢>0 4K

1 ~ _

= sup (WK (T — (C(CT*) + 9T o (o )3z, /), uw>0.
K ¢>0

In particular, for all R%-valued probability measure v, set

C3(Ku) = sup (uK¢T™ — (C(CT™) + 9PT> o (. 2())131.0/2))

we have

3. For each T
ous functio

¢=0

= CH (W10 1)) < 0 (Wralv ) < H(w/ ) (22)

> 0, P, satisfies on the space C([0,T]; R?) of R%-valued continu-
ns on [0,T] equipped with the L'-metric

o7 (Wia,, (Q,Py)) < H(Q|P,), (23)
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for all probability measure Q on C([0,T); RY), and

T ~ _
oh(u) = sup ] ulT —/ C ((1 — e 2KT nt)TQUC/K> dt
¢=0 0
o (- ()6 2y T*21¢2

- ; [0 e R

sup {ugT%7 T (C(CTQW JK) + T o (- 2())| Ry /4%2)}
(24)

Y

Remark 3.4 The exponential integrability condition (19) on the coefficient ow in
the SDE (15) is indispensable for the W1 H transportation inequalities in this theo-
rem.

We can explain parts 3. of Theorem 3.3 by following result which is an application
to concentration empirical measure.

Corollary 3.5 Let ¢ be a (non empty) family of real Lipschitzian functions V on
R? with ||V||Lip < & and

Yy = sup (; /OTV(XS(J:)) _ u(V)) .

Vey

Then, for all T,u > 0 we have

P(Yy ~ EYr > u) < exp[~6f (Tw)] < exp[-TZ(uK)], (25)
where Z(uK) i= sup {uK¢ = (C(0) + C*T* o (oDl 1.0/1) }

Proof. First, we show that Y7 is measurable. We assume that V(0) = 0 for all
V € 4. Then we have by the ARZELA-ASCOLI theorem that {VB(O RV € Y} is

compact in Cy(B(0,R)), for any closed ball B(0, R) centred at 0 of radius R > 0
which, implies the measurability of Y7 on the event sup | X (x)| < R. It remains to
s<t

let R — +o0.
Now, we consider F' and Fy, defined on C([0,T]; R%) by
1 [T
PO = swp | [ (V@) - u(v)
Vey 0
Foo(v) = sup [y(t) = y(0)]-
t€[0,T]

The function F is x/+/T-Lipschitzian with respect to the L'-metric. Hence

T
F | V() = V(ya(t)dt
HFHsz — sup dLl(F(’Vl))F(’)Q)) < sup sup T/O ’ (71( )) (")/2( ))’ o

< —.
v dp(v,2) £y VED dri(71,72) VT

Thus, we can apply theorem 3.3 (part 3) and lemma 3.1 to conclude that
Yr = F(X(t,z)) satisfies (25).
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4 Malliavin calculus

The main purpose of this section is to introduce the Malliavin calculus relating to
our case. Let Q1 = Cy([0,T]; R?) be the Banach space of continuous functions, null
at time 0, equipped with the supremum norm. Fix H € ( %, 1). Let P be the unique
probability measure on §; such that the canonical process {Bf;t € [0,7T]} is an
d-dimensional fractional Brownian motion with Hurst parameter H.

We denote by £ the set of step functions on [0,7] with values in R?. Let H be
the Hilbert space defined as the closure of £ with respect to the scalar product

d
((1[0,“], Ceey 1[0:td])’ (1[0,81]7 ey 1[0’sd})>’H = Z RH(t“ 8i)7

=1

where
tAs

RH(t’ S) = 0 HH(t’T)KH(‘S?T)dTa

K is the square integrable kernel defined by
1l g t H—3 Hg-1
Ky(t,s) = cps? /(u—s) 2y T 2du Vit > s,
S

H(2H—1)

cH = Fe—sHA-1) and 8 denotes the Beta function.
d
The mapping (1o,],-- -5 Ljos,]) + ZB;L can be extended to an isometry be-
i=1

tween H and the Gaussian space H 1(B)_spanned by B. We denote this isometry by
@ — B(p).
Let K} : &€ — L*([0,T); R?) be the operator defined by

K;I((]-[O,hh R l[O,td})) - (KH(th ')7 s 7KH(td7 ))

For any ¢1,02 € &, (p1,902)% = (Kjpe1, Kjpp2) r2(0,rre) = E(B(¢1)B(2)) and
then K7; provides an isometry between the Hilbert space H and a closed subspace
of L2([0, T); RY).

Let K : L2([0,T); R?Y) — Hy := Ky (L*([0,T]; R?)) be the operator defined by

(Kuh)(t) i= /0 'Kt s)h(s)ds.

The space Hp is the fractional version of the Cameron-Martin space. In the case
of a classical Brownian motion, Kp(t,s) = 1jg4(s), K} is the identity map on
L3([0,T); ]Rd), and Hp is the space of absolutely continuous functions, vanishing at
zero, with a square integrable derivative.

We denote by Ry = Kz o K : H — Hp the operator

R = /0 Ku () (Kjye) (s)ds.

We remark that for any ¢ € ‘H, Ry is Holder continuous of order H. Indeed,
4 T 4 . o
Rixo) (1) = [ (Kl (5)(Kige)' (5)ds = EIBB'(0)],
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and consequently

(Rire)' (1)~ Rur)'(s)] < (B(Bf — BP)) " ot — s/

By Fubini’s theorem and if f € C*(0,T) with A+ H > 1, v € L?(0,T) then it holds

that
/ FA(K o), = /OT £(r) (/0 cH(r—t)H—irH—%v(t)dt> . (26)

The integral in the left hand side of (26) is a Riemann-Stieltjes integral for Holder
functions. At last if p,1p € L%([0,T];RY), then the scalar product on H has the
integral form

(o) = HOH =) [ [ s~ 27-2p(s), (0 st
and consequently for ¢ € L2([0,T]; R%)it holds that
Iol1, < 2HT2 ol o o ey (27)

Let C’I‘;O(]Rd) be the set of infinitely continuously differentiable function f : R — R
such that f and all of its partial derivatives have polynomial growth. If F'is a smooth
cylindrical random variable of the form F = f(B(p1),...,B(¢q)) for all ¢; € H,
then we define the Malliavin derivative operator VF' as the H-valued random variable
defined by

Wy = >0 ih
(VF, h)y Z f(B B(¢a)) (pi, h)w 28)

= &f ( (901) + 6<(P17 h>'H7 B 7B(S0d) + €<¢d7 h>7‘l7 ) |E=07
and one can easily see that B(¢1)(w + €Rpgh) = B(p1)(w) + €{p1, h)y

We recall here that D*P is the closure of the space of smooth and cylindrical
random variables with respect to the norm

k 1
1Ny = |EIFP + 3 BV FIfs |7,
j=1

and leo’f is the set of random variables F' such that there exist a sequence {({2,, F},),n >
1} such that Q, 1+ Q; as., F, € DkP and F = F,, a.s. on §,.

Proof of Theorem 3.2. Assume that H(Q|P,) < oo for all probability mea-
sure @ on C([0,T); R%) such that Q < IP,.

Following [5], we first consider

dQ
dP,

Q= (X)P.
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Here () is a probability measure on the space €; and

) dq dQ 0
H(QP) = / In (dP> dQ = (dP (X)> b (X)dP
_ dQ dQ B
— /C([O,T];Rd) In <d]Pm (X)) m(X)dIP:p = H(Q|P.,).

Using [2], there exists a predictable process N = (Ny(t),..., Ny (t)), t € [0,T] such
that

H(Q|P,) = H(Q[P) = / (1) 2d.

By Girsanov’s theorem, the process (Bt)ogth defined by
. t
Bt == Wt —/ N(s)ds
0

is a Brownian motion under Q, and by the transfer principle, it is associated with
the Q-fractional Brownian motion (Bf?)o<;<7 defined by

BH = / Ku(t, s)dB; — / Ki(t, $)dWs — (KuN) (1)
= Bt (KuN)(t).
Thus, under Q, X satisfies the following SDE on R¢
dX; = z+b(t, X)dt+ow (t, X)) dWi+o g ()dBI +oy (t)d(KgN)(t), = e R (29)
Now, let Y the Q-solution of of the following SDE on R
dY; = x + b(t, Yi)dt 4+ ow (t,Y;)dW; + o (t)dB}. (30)

Then, the law of the process (Yz)o<t<r is exactly P, and (X,Y) is a coupling of
(Q,P;) under Q. Thus its follows that

[ledm (Q,]Po:)r < EQ(‘dLl(Xa Y)|2> = EQ({/OT | X — Yt!dtr).

Let us now estimate the distance between X and Y on C([0,T]; R™) and C([0, T]; R"™)
with respect to dpi. Using [12] the equations (29) and (30) can be considered as
pathwise integral equations driven by a-Hoélder functions with o < H. We notice
here that the Holder regularity is straightforward for the driving function B since it
is a fractional Brownian motion under Q (so has almost-surely a-Hélder trajectories

T
for any o < H). Moreover, since / IN(s)|?ds < oo a.s., then KyN € CH([0,T])
0

a.s. (see [8], [12]).
We have

X,-Y, = / b(t, X,)—b(s, Y2) dt+/ (ow (. X0)~ow(s, Y2)) th+/ ou(D)d(KaN)(8).
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Using the change of variables formula for a-Holder continuous function (see [17],
Theorem 4.3.1) and the stability assumptions (H;), (Hs) and (Hg) we obtain

dom (T .
K=V = 2303 [N = Yo (0dKaN) 0

i=1j=1
T

+ o2 / (X; — Ya, b(t, X;) — b(s, V) padt
0

d n T ) ) ) )
+ 2 [ v (o) - o s, v
i=1 k=1 (31)
d m 7 o .
< 223 [ = Ve atea ()
i=1j5=1
d n T ) ) ) )
+ 23 [ =) (o X0) = o (s Y ) aw

i:lj]g:l T
+ 25/ \t—s|’9dt+26/ | X; — Ys|%dt.
0 0

T K
From (26) and the definition of the operator Kj; as (Kj;¢)(t) = / ©(r) 80 a (r,s)dr,
S 7‘

since X —Y € C*([0,T]; R?) and N is a square-integrable process in R™, we obtain

[ (i = il wdven v
_ /T(Xg _ ni)ajg}(t)(/t cxr(t— )35 N (0)d0 ) di
0T T . . A.O H—3 ,g_1 :
:/0T</e (XZ—nl)ag(t)cH(t—Q) 515 dt) N (0)do
:/0 Kot (X7 = Yol 10.17) (O)N7 (0)do.

On the other hand, if o* is the transpose matrix of o, we obtain from the inequality
(27)

d m .7
23°3° [ (X = Yo k)0
=1 =
T
=2 [ i3y (X = ¥)10) (0), N (0)) et
< 2/|Ky (o (X =Y )1 om)ll20,m) [N 220,1)
<2l|oy (X = Y)1omllulINlz200,)
< 202H)"*TH o}y (X - Y)1 017l 20,0 1N | 220,1)
< 22H)" 2T ||o || sos 0.0 1 X = Y200 IN 1 2207

We report this estimation in (31) and using the fact that 2eab < 4€%a? + b2 with
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e = (HT*  |loy|[% .11/ (2K))/? to get

X - Y* < (2H)1/2THH0HH000T]HX Y| 20,1) IVl 2(0,7)
- /\t—s\ﬂdwzc/ |X; — Yi|?dt
+ 2T|low ||se;j0,m | X — YHLQ%T) ,
< HT|lon| 0 (2/K) [ INWPd+4K [ 1 - Yiar
+ 2KT? + 472 |ow |2, 0]
when ¢ = K.

By the Gronwall Lemma, it follows that for any ¢ > 0
— [T —
XY < HT?HHUHHgo;[O,T](Q/K)/O exp[dK (T—t)]| N (1) Pdi+2 K T*+4T>|ow] |2, 0 7-

So for the metric dr,, we may write that

2
|:VV1,dL1 (Q,]PI):| < E; / Y|2dt
< T2H||UH||2 [OT]@/K)
X @/o IN(t) /]t exp[4K(r—t)]dr)dt+2KT2+4T2Haw\|§o;m].
Since ~
T —~ 1—e KT
expldK (r — t)|dr < ——,
| explaR(r = tlar < —
we write R = =1- elN{T, with K > 0, and consequently
2 2H
(Wi, (@ P2)] < E = HT |lon|Bomere r(58g | ING)Pdr)
+  4T? HUWH :[0,7]
< 207 pH(Q[P,),

Proof of Theorem 3.3. To prove Theorem 3.3 we will require the following two
lemmas.

Lemma 4.1 (See [10]) Let the assumptions (Hy)-(Hz)-(Hs), (Hy)-(Hs) and (Hg)
be satisfied. For two different initial points x,y € R?, the solutions Xi(z), X¢(y) of
the SDE (15) satisfy

E|X,(x) — X,(y)|> < exp(—4KnT?)|z -y, ¢ > 0. (32)
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If furthermore

ow(@,) —ow @, I 7, + llon(@) —ou @l 2,
|z =y

ollzip = sup ,

then there exist some positive constant K such that for L := AKyT?1+| ]aH%ip(élf(\Q—i-
1)

E sup |Xi10(z) — Xeso(y)[? < 2exp(—4RnT?% + 4L)a -y, t,7> 0. (33)
0<0<r

Lemma 4.2 Let the assumptions (Hy)-(Hz)-(Hs), (Hq)-(Hs), (Hg) be satisfied
and V;X; be defined as above. Then we have

E |1V Xil 210/ Fs| < llon (X exp | - 4BT>le = sl ve,s > 0. (34)
If moreover ||o||Lip < 00, then with the same L as in Lemma (4.1), we have

E[St;p HVsXeH[?o,Tm/fs} < 2exp {2th - SI] low(Xo)llo,7): >0 (35)

Proof. We explain here why the first inequality (34) holds. Let w}‘{(t), wk,(t) be
respectively the j-th and the k-th coordinate of wy(t) and wyy (¢) , which are a one-
dimensional fractional Brownian motion and standard Brownian motion. We apply
the chain rule for the Malliavin derivative operator V (see [1]), we obtain for any
1§k1§m,1§%1§mandt,820,

m d
Ve X{ = Z/ Obi(u, Xu) Vs i X, du—l—a}];l(s X5) ZZ/ 8;0% u, X (u ))Vsle wH(du)
+ othi(s, X)) + ZZ/ ot (u, X (1)) Vg jy XLl (du).

k=11=1

Now we fix s and for t > 0, we set Y := V,X; which is an m X d matrix. We also
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denote by Z;

divill3; =

+

=YY, a d x d matrix. Then by Itd’s formula we have

dHV XtH?—l .
2Zszk1X AV s 1 X| + Z > AV, X2, V5 XY,

ki=1:i=1 ko,k3=112,i3=1

m d ) d ]
23 N Vi Xi0bi(t, Xe) Vi, Xidt + 2 Z > Vo Xi00 3 (t, X0) Vs gy Xiwly (dt)
k1=114,l=1 k1,7=114,0=1

n d
2 Z Z Vi Xi 00y (t, X0V 5, Xiwyy (dt)

P>
(

27

2
Vo Xi 005 (6, X0) Vg, X1 )t

Mg

Il
—
-
Il
_.

il

<
I

M=

Vo Xl (t, XV, Xl) d

M=
.M&

k=1 ky=14l=1
d m d
25" za(B)Obi(t, Xp)dt + 3 ( > (oo (t, X)) di
id=1 =1 il=1
m d n d
22 Z zy(t )aZO'H(t Xi)w )+ Z ( Z zi(t 8IUW (t Xt)) dt
J=lii=1 k=1 =1

Zil (t)@la% (t, Xt)w‘]}/ (dt).

-
M&

T

14,

T~
I

1

Since Z; is a non-negative definite d x d matrix, there exists a symmetric d X d matrix
Z; such that Z; = ZtQ. Then,

dHVSXtH%-L

d m d n d
= 2 (Zi,VbZ})dt + ZZ(ZZ,VSJ}{ZZ>2dt+ SN UZ Vot Z7)dt
=1 j=1l1i=1 k=11i=1
m d ) n d )
+2) ) it )00 (t, Xy )y (dt) + 2 SO (oot (t, Xe)wiy (dt)
j=14,l=1 k=14l=1

IN

d
—2K Y (Z}, Z}ydt + M,

Nl:Al
—2K || Z4|5,dt + M,
= —2K||Yi[[F,dt + M,
< —ARNT* |V Xl [f) 7., dE + M,

where M is a local martingale. By applying the Gronwall’s inequality and a local-
ization procedure, we get

[V Xillfy 170/ Fs] < llom (X zys exp [ — 4E0T™|t = ]

The proof of the inequality (35) is similar to that of (33) (for further details, we
refer the reader to [10]).
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Proof.(Theorem 3.3)
Part 1.

Let (Xo, Yp) be a couple of R%valued random variables of law v, v5 respectively,
independent of of Bf and W such that E|Xo — Y| = Wy 4(v1,v4). Let X; (resp.
Y:) be the solution of (15) with initial condition Xy (resp. Yp). (Xy,Y:) constitutes
a coupling of v1 P, and 1o P;. Lemma (4.1) yields the estimate

1/2 —
E(1X: - Yil/(Xo,Y0)|) < [E(IX: = Yil/(X0,Y0))| " < exp(=2KnT?"t)| Xo — Yo,
whence
Wia(1 Py vaPr) < || Xy — Yil[1 < exp(—KnT?1t) W1 a(v1, vs). (36)

According to [16], for each t > 0, v — v P, is a contraction mapping on the complete
metric space (E, W) 4), where E = {v;E,|z| < oo}. Then, by the fixed point
theorem for contraction mapping, Pr admits a unique invariant probability measure
pe on By = {i; E, |z|> < 0o}. So for each s > 0

Wi (1t Ps, j1t) = Wi Ps Py, o Pr) < exp(—=EKnT?"t) Wy (11 Ps, i)

which yields p; Ps = py and so py = pis.
Now, for t > O fixed and any probability measure ,u of P, there exist some zy € R?
such that 1 Z Pyi(z0,dy) — [i weakly. But * Z Ppi(xo,dy) — p in Wy g-metric
ki=1 ki=1
by (36), so ft = u. Thus g4 is a unique invariant measure of P;.
Finally, taking 11 = v,v; = v in (36) we obtain (20).

Part 2.

First, suppose that we are given a well defined measurable function F' on €2 such
that the difference operator Dy, F(w) := F(w+hty) — F(w), h» € C" plays the role
of the Malliavin calculus on the space {2, the role of the Malliavin derivative operator
on H. Thus, with the above assumptions, the solution X (t,w) = (X¢(z,w))t>0 of
the SDE (15) is a measurable mapping in to C([0, T]; RY). Hence on RY, we admit
that X% (2,w) := X (x,w + hy ) satisfies

§t’“)(x,w) = Xi(z,w), if s<t;
X8 (2,w) = Xi(z,w) + 61 Xe(z,w) + /t b(X{ (2, w), a)da + /t o (X (2,w), a)wyda
S
+ / ow (X (2,w), a)wwda, if s> t,
t

(37)

i.e. after time ¢, (th’u) (x,w))s>¢ is the solution of the same SDE but with initial

value Xt(t’u) (x,w) = Xs(z,w) + 6¢(X¢(x,w)). Now for all real Lipschitzian function

f on R? with || f||1ip < 1, we have

Diyf(Xp(z)) =0, if t>T,
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and

Dy f(Xr(@)] = [F(XSE (@) — F(Xr(2)] < |1 X0 (@) — Xp(a)], i ¢ < T.

Using Lemma 4.1, one easily deduces that

E||Dyf(Xr(@)|/F| < B|X{" (@) - Xr(2)]/ 5]
< exp (= 2K4T2(T — 1)) | X{"" (2) — Xy(x)|
= exp ( — 2KnT?(T —t))[6:(Xy)|
< exp (= 2KnT>(T — 1) )|low (£, X0)|[3
On the other hand,
d d d
Vol (Xp(@)]? = 3 (Varf (Xr(a zz Vo X (2))? = Ve X (@)} 11,
k=1 k=1i=1

Therefore by Lemma 4.2, we have for s < T

(V. (Xr(2)|/Fe| < B[VaXrllory/F < e K70 lom(Xo (@)l 0,11

hence, from lemma 3.2 ([16]) we have the concentration inequality for t < T

E exp[¢CT?(f(X7(z)) — Prf(x))]

T 2n 2KnT2"(T—t) 2
< exp{/ ]E[ CT2ne2Kn ||<TWH0T,7 _ CT2776—2K77T (T —t) ”UWHOTn 1:|dt
0

o5 7y T2 "¢
4K
r 2K T2 2
:exp{/ Ce” T¢)dt +
0

(1 _ e—ZI?nTQ’”l )}

ow (- x( )G 7,72 27¢
4K

(1 — e 2K

Thus, the transportation inequality (21) follows by Lemma 3.1 and Fenchel’s
theorem under the condition on ¢. Finally, the convexity of C' (with C'(0) = 0)

implies C(e‘Qf(TQ"tT%C) < C(TQWC)G_HN(T%“. Then

¢T(u> = sup {UCT277 _ /OT C(e—QI?TQ"tTQnC)dt . ||UH(‘5

O A Y St
¢=0

4K

2 2—2n 2
> sup {UC—C(TMC)/%_ ou (. x(OIG 7, T5"¢ }

= 4K
= ?i‘?g {UECTZW — (C(CT®M) + 9T oy (., CC(-))H?J,T,n/z)} :

Now, letting T tend to oo, we obtain (22) for the invariant measure p (see [5]).

Part 3.
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Let F be bounded dj:-Lipschitzian function on C([0,7]; RY) with |F|lLip < 1.
Then we have

T
|DeuF (X y()] < dps (X[l (@), Xpp.1y(2)) = / X% () — Xo()|ds.
By (37) and Lemma (4.1) we get for ¢ < s,

[low (&, Xt)HOTn

T _
E(’Dt,uF(X[o,T})\/ft) S/t e 2T (505 (X)) |dt < (1—e 2K/ (T 1)),

T
On the other hand, |V F'(X o 1)(7))] < / ||V Xy (2)|]0,7,ndr, hence
t

T ~
B(VEKon@)/7) < [ BV ona/Fldr < lon(X) R, [ om0 ar

2 - 2
. HUH(XT)HO,T,W(l_672K77T2’7(T—r)) < HJH(X,TV) T,

K - K
by (34).
Using Lemma 3.2 of [16] we obtain for all ¢ > 0
F(X0,11(2))—EF(X[o,7)(2))) <

~ N T _ N
exp</ C((L = e K726 Rydt +lloalir, | [(1—e—2K”T2”>/K12dt>'

By Lemma 3.1 again, the function

T N o2 22-20 7 [ _ o—2knT?10y]?
R+ 5 u — sup {UCTQU_/ C(€_2KT2ntT2nC)dt—H HHQTZC / l“]f\{/)] dt} _ d)g(?
0 0

is a Wi H-deviation function for P, 1 7 w.r.t the dj:-metric, which is exactly (23).
Finally, for the lower bound in (24) we use the fact that (1 — e 2K | <
1/K and C(¢) is increasing in ¢, which implies that C{((l — e_2KT2"t)/f(/)CT2”} <

C|(c1?)/K] and then /0 ! C[((1 — e 2KT") ) ¢T] < TC[(¢T?")/K). Therefore

o7 (u) > sup (u(ﬁn = T(C(CT*/K) + T |oy (., x(.)>|13,T,n/4f52)>-

¢=0
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