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ABSTRACT. In this work, we study the Penalty-proximal method and let us give some algo-
rithms of resolution known as the e-Proximal point algoritms. These results will be given
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1. INTRODUCTION

The purpose of this work is double. On one hand, we are going to present in a detailed
enough way, the general principles of penalty methods. On the other hand, we are going to
study the works of A. Auslender et Al ([1]) and let us give algorithms of resolution known as
e-Proximal penality. These results will be given within the framework of a nondifferentiable
optimization.

Results of diverse numerical essays will illustrate the behavior of the algorithm and finalize
its efficiency will be afterward presented.

Consider the following optimization problem:

(P) { a:=1Inff(x)

subject to x € C,

where
.Ci={z eR":gi(x) <0, i=1,....,m}
. f is a finite value and not necessarly differentiable convex function;
. gi,i=1,...,m, are convex functions of C'.
Suppose that lim f(z) =400 (ie., fis inf-compact).

|zl —+o00)

The penalty methods constitute a family of particularly interesting algorithms of the double
point of view of the principal simplicity and the practical efficiency. There are two variants
for these methods, the most used: the exterior penalty methods and the interior penalty
methods.

The e-Proximal penalty method, be going to lead us to introduce the exterior penalty
methods. For it we content with presenting the principle of these methods. Then, their
principle comes because the problem

(P) { a:=Inff(z)

subject to x € C

is equivalent to the following unconstrained problem:

(EP) ac:= xngJi {o(z) = f(z) + Ye(2)},
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where
0 ifzeC,
Ue(x) =
+oo ifx ¢ C
is the indicator function of the set C.
So, the general principle of these methods consists in replacing the probblem (P) by the
following unconstrained problem:

(Pr)  ar = Inf {p(x,r) = f(x) + rh(z)},

zeR?

where 7 > 0 and h(z) is a function defined on R™ such that

(7) h is continuous;
(77) h(x) >0 Vo eR™,

(7i1) h(x) =0 <= xz€C

so that when (r — +00) the obtained solution Z(r) tends to T € S (solutions set of (P)).
r is called penalty coefficient, h is called exterior penalty function. It is not difficult to
build functions h(z). For example:

h(z) =Y (gi(x))
called classical penalty function;
h(z) = g (x)
i=1

called interior penalty function, where

g; (x) = Max(0, gi(=)).

The choice of an appropriate value of the penalty coefficient r results from a compromise:

. on one hand, » must be chosen large enough so that the point Z(r) obtained is close to
all the solutions;

. on the other hand, if r is chosen too large, the function ¢ can be ill-conditioned where
from numerical difficulties in the search for the optimum without constraint.

This explains why the penalty methods are generally implemented under iterative shape in
the following way:

We begin by choosing a penalty coefficient r; of not too much raised value (to avoid the
numerical difficulties) then we resolve the problem without constraints:

(Pr) = Inf {o(z,m1) = f(x) +rih(x)}.

Let Z(r1) be the obtained point.

If the quantity r1h(Z(r1)) is enough weak, Z(r1) is a good approximation of the optimum,
and the calculations are ended. Should the opposite occur, we shall thus choose a penalty
coefficient 7o > 71 (for example: 79 = 10r;) and we shall resolve the new problem without
constraint:

(Pry) oy = Ian {o(x,r2) = f(x) + r2h(z)},
TER™
we shall obtain a new point Z(r2), and so on.

The following algorithm shows the necessary steps of the resolution:

Algorithm 1:

Step 0: (k=0)

We begin by choosing a penalty coefficient rg, a precision 6 > 0, (k = 0).

Step 1: (k > 0)
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We resolve the problem without constraints
Qry, 1= I,,?Rf {(P(.T,’I“k) = f(l’) =+ ’I“kh(l')} .
zeR™

Step 2:
Let Z(ry) be the obtained solution. If

rh(Z(rg)) <4

then Z(ry) is a good approximation of the optimum and the calculations are ended.
Should the opposite occur, we choose a penalty coefficient 741 > r (for example: 7511 =
10ry), K — k + 1, we return to the step 1.

Remark 1. In every step k of the previous process, it is advantageous to use the point Z(ry_1)
obtained in the step £ — 1 as an initial point of the used algorithm of optimization.

2. MAIN RESULTS

2.1. The Proximal Regularization.

A method allowing to find the minimum of a non necessarily differentiable convex function
is the proximal method of J.J. Moreau ([3], [6]).

Its principle is the following one: to the problem

(1) o= Inf f(z)

rE€R™
we associate the following problem:

1
® oyi= It Py = o)+ 5l -}
zeR™, yeR™
The relaxation algorithm applied to this problem is transformed and engenders a sequence
{mk, yk} such that zFt! be a solution of the problem

a:= Inf {F(l’vyk) = f(a) + : Hx kaQ}

zeR? 2

k+1 be a solution of the problem

1 2
o= Inf {F(karl’y) — f(PY) 4 = ka+1 _ yH } _ kL
yeRn 2

and y

k+1 i5 a solution of the problem

Inf{fawr%meﬂf}.

zeR?

Thus a simpler iteration : =

The following theorem summarizes the most remarkable properties of this method.

Theorem 1. ([3]) Let us suppose f a convex function. Denote ¢ the following function:
1
(3) p(y) == Inf § f(@)+ 5 lz =yl -
r€R™ 2
(a) For all y € R", there exists an unique solution T(y) of
1
inf { 1)+ 5 1o =0l
xeR?
(b) p(y) is a convex differentiable function of gradient
(4) Veo(y) =y —Z(y)

and one has

Ve(y) € 0f(Z(y)).
(¢) The sequence defined by

(5) :L,k+1 — f(l‘k)
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converges to an optimal solution of Inf f(x).
zeR”

(d) The iteration x*+' =T (a*) also spells
(6) 2" = b 1+ Vo(a(y))
Definition 1. The function ¢ : R — R defined by
1
o) = Inf { )+ 5 le =}

rER™
is called regularized of the function f on R".

According to the previous theorem, we indeed understand why ¢ one is regularized. It pre-
serves the good properties of f (convexity, even minimum) but moreover, it is differentiable.

Proof. (Theorem 1)
(a) The function
1
ox) = f(2) + 5 llz =y’

is strictly convex at x, where from the uniqueness of the solution.
(b) Let y1, y2 and Ty, Ty be the associated solutions.
For t € [0,1], denote T = tZ1 + (1 — t)T2. We have

to(yr) + (L= t)p(ye) = tf (@) + (1 = )f(@2) + 5 [T1 = y1|* + 154 T2 — 2

> f(tT1 + (1= )T2) + 3 [t@1 —y1) + (1 — 1) (T2 — o)

= f(@) + 31T — tyr — (L — )yl

> Inf {f@) + %o —tyn — (1= el } = ltys + (1 - D)yo).
zeR”

For the calculation of the gradient, we choose some direction w € R™, and a real t > 0. We
have

, ey +iw) — o(y)
= l
¢ (y, w) “ 11110) n
the directional derivative of ¢ in the direction w. We have

oy +tw) — o(y) < FEWY) + 3 1[E(Y) — (v + tw)|* - e(y)
=3 z(y) — (y + tw)|” — 3 |Z(y) — y)?

2 2 —
=5 lwl” +t(y - z(y))'w.

then
ply+tw) —ply) 1
t =2

which implies

Since
¢ (y, —w) > —¢ (y,w)
then,
0 (y,w) > —¢ (y,—w) > (y — T(y))'w.
Thus
¢ (y,w) = (y — T(y))'w, for all w,
hence

Vo(y) =y —=(y).
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Since Z(y) realize the minimum in the expression (3), we have

0€a(f(z(y)) + % IZ(y) = yI*) = v —T(y) = Voly) € If (@ (y)).
(c) Denote T some solution of the problem Inf f(z).

rER?
Given that 2#+1 = Z(2*), we have necessarily

FzF ) + % kaﬂ _ xk”

what implies that the sequence {f(z*)},  is decraising and since it is lower bounded by
f(Z), it converges to f. Besides, we also deduct that from it the series

(7) M:ZkaJrl 7#&‘”2

keN

2

is convergent, and thus

®) (kirﬁoo) Hmkﬂ B ka =0

Show that {xk} ren 1s bounded. Since ¢ is convex, we can deduct that
P(T) = p(a") + (Ve (a*))' (T — 2").
Hence
p(@) 2 p(a*) + (2" — ") (@ — o).
Besides, f(z*) > f(Z), what leads to
(SL‘k o xk—l—l)t(f . SL‘k) <0.
We can then write

kaﬂ _TH2 _ kaﬂ _ ka2 + ka _§H2 + Q(karl _ xk)t(wk —7)

< fla*+t =M+ ok -2

It holds that for all &,
(RS —EHQ < ||2° — 7||* + M < +oo.

Thus the sequence {xk} BN is bounded, it admits, thus, cluster points. Let * one of them.
Let t € [0, 1], we can write

fzFh + % Hx’“” — x’“HQ < fta*H (1 -0)7) + % Htmkﬂ —(1-t)T — x’“HQ
or
fzPh + % Hx’““ — kaQ <tf(z**H+ A -t)f@) + % Htm’“*l —(1-t)7 — kaz

Let {xkl }k, be a subsequence of {z*}, _ convergent to 2*. The subsequence {scklﬂ}k,
converges so to x* because
lim
(k' —+00)
Taking the limit in the previous inequality, we obtain

f@®) <tf(@™) + (1 =) f(T) + % 11— t)@ — ")

! !
ka +1_ Lk

’:0.

Hence 1—¢
f@) = f@) < ——lz - .
If we take a limit when ¢ tends to 1, we find that f(T) = f(z*).
(d) We have
Vo(zF) = 2F — 2F Tt —= 2FH = 2k 4 V().
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An iteration of the Proximal algorithm is thus equivalent to one step of gradient on the
regularized function. O

Remark 2. For a concave function h, we deduct the function ¢ in the following way:

) o) = S {(z) = 3 Iy =21}

Thus
Vely) = (zy —v),
where y realize the Sup in the expression (9).

We thus have the following Proximal algorithm:
Algorithm 2:

Step 0: (k=0)
Let 2° € R™, a precision § > 0, (k= 0).
Step 1:

Find zF*! solution of the problem

1 5|2
zeR? 2

Step 2:

If ka“ —z* H < 6 then ¢! is a good approximation of the optimum and the calculations
are ended.

Else, make k — k 4 1 and return to step 1.

Remark 3. The same remark as the Remark 1. In every step k, it is advantageous to use the
point 2~ obtained in the step k — 1 as initial point of the used algorithm of optimization.

To resolve the problem of optimization (P), A. Auslender et Al ([1]) have proposed an
algorithm of resolution allowing to find a minimum of (P). They coupled the Proximal method
with that of type exterior penalties and also suggested resolving a sequence of unconstrained
problems of the following shape:

zeR?

(10) (P) a:=Inf {f@’“) +rih(ah) + % Hx - ‘”kHQ}

whose every solution is calculated with a precision ¢.
Hence, we obtain the following e-Proximal penalty algorithm:
Algorithm 3:
Step 0: (k=0)
Let us given 2° € R” a precision 6 > 0, ° be given, (k = 0).
Step 1: (k> 0)
Find zF*! solution of the problem

I e R R | Sy IR R | (s

Step 2:
Stopping test.
The convergence of this last sequence will be shown in the last paragraph.

2.2. Resolution of The Problem (P).
Consider the following optimisation problem:

- { a:=Inff(x)

subject to x € C,

where
C:={zeR": ¢gi(x)<0,i=1,...m}.
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We introduce the penalty functions i which satisfie the following conditions:

(i) h is convex of a Cl;
(#3) h(z) >0, Vo € R";

(7i1) h(x) =0 <= xz€C.
Set
S = argmiélf(m) ;o a=Inf{f(x):zeC},

z€
and fy := f + rph. Denote S* the following set:
Sk = {zx e R": fi(z) < a}
and S § the following set:
SF:={z cR": fi(z) < a+6}
and
S5e={zxeC: f(z)<a+d}.

We need also to the following elementary result:

Lemma 1. Let C be a convex set, then C is bounded <= D¢c = 0, where D¢ is the directions
set of C defined by

Do:={deR":d#0, z+Ad e C, Ve e C, YA >0}.

We have the following lemma:
Lemma 2. If the function f is inf-compact, then fi, is also inf-compact for k > k.
Proof. We have

Sc St cst vk and S= r]gs’f.
Indeed;
Sc St vk= Scrkws’f.

On the other hand, let x € r]gsk, then

fe(z) < a, Yk = f(z)+rih(z) <o, VE.

Thus

flx)+ lim 7rgh(z) <a= lim riph(z) =0.
(k—>+00) (k—>+00)

Since " lim )rk = 400, we have h(z) = 0. This implies x € C. Hence
—400

(fz)<a and z€C) = f(z)=a=—2€ 85 = F;SkCS.

Then, it holds that S = QS’“.

S is a nonempty compact set because f is inf-compact. Show that there exists k € N such

that S* be compact.
Suppose S* is not compact Vk € N. Let T € S. We define

K, = {deR”: || =1, Z+td € S*, Vt>0}.

We have K}, # 0. Indeed; S* is not a bounded closed convex set, then according to the
Lemma 2 there exists at least d # 0 such that

T4+tde S* vt >0,
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take H%l” € Kj. Since K}, is compact and Kj,1 C Ky, Vk, we have QKk # (), where

NKj = {deR”: ldll =1, 2+ td € ns™, Vt>0}

={deR": |d|=1,T+tde S, Vt >0}

this implies that S is not a bounded set, thus a contradiction.

Then, 3k € N such that S* be a compact set (consequently Sk is a compact set for all
k> k).

But, we know (classical result of convex analysis) that f is inf-compact <= I\g such that
Sxo(f) is compact, where Sy, (f) is a level set of f. It holds, according to this result, that fi
is inf-compact. [l

Definition 2. Let h : R — R be a convex function. We call Prox mapping of h the mapping
defined as follows:

1 n
y—V(y,z) =hy) + 5y - z|* (zeRY.

Remark 4. The mapping V is strongly convex.

Put

Prox(h; x) = arg min ¥(y, x).
yeRn

We have, according to R.T. Rockafellar ([7], Theo.31.5, p.340),
(12) |Prox(h; z1) — Prox(h; x2)|| < |lz1 — x2||

We have the following lemma:

Lemma 3. Ify = argminV¥(y,z) and V(z,z) < ¥(y,z) +¢ then
yER™

Iz =7l < V2.

Proof. Since W is strongly convex, we have
_ 1 —
\Ij(yal‘) < \I](y,l‘) - 5 ||y - y||2a for all Y.
For y = 2z, we have
_ 1 _
U(g.2) < (za) -5 e -7

Then
U(y,2) < U(7,2)+e— 1z -7

= [lz —7l° < 26 = |2 -7l < V2.

2.3. Study of the Convergence.
Let {:ck} ., be a sequence satisfying:

f(xkﬂ) + rkh(:z:kﬂ) + % kaﬂ — xkuz < f(z) + rph(z) + % Hsc — :rk'HZ + £k,

where
e">0 and ZE" < +o0.
n

Retake the Algorithm 3. We have the following theorem:
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Theorem 2. ([1]) Let {e"} be a sequence satisfying " >0 and > e" < +oo. Let {ry} be a
n
sequence such that

rer1 > 1 > 0 and 111?17% = +o00.

Then the sequence {xk}k which satisfies

P+t g [0 =t < 1)+ mbte) ¢ g oot et

15 bounded.

Proof. First of all S # 0 (f is inf-compact). Let T € S. Put
. 1 2
y* = arg min {‘I’(y,mk) = fr(y) + 5 Hy - :E'“H } :
yeR™ 2

we remark that

(2P %) < minU(y, %) + £~
yeR?

Then, according to the Lemma 4, we have
o < v

On the other hand, y* = Proxz(fy;2*) and T = Prox(fy;Z). According to the expression
(12), we have

o =] < [l ==

Then
e B e T e R
< 2k + ka —TH < M+ V2ek < +o0.
k
Consequently {xk} is a bounded sequence. [l

In the following theorem, we shall show that every limit point of this sequence is an element
of S.

Theorem 3. Let {z°}_ be a convergent subsequence which converges to T, then T is an optimal
solution of (P).

To show this theorem we have need to the following lemma:
Lemma 4. Let S¥ be the set
SF.={zeR": fi(z) <a+d}.
There exists Mf > 0 (k is defined in the Lemma 3) such that
(13) <g.r—y>= M|z —y|
forallz ¢ S¥ ye S, gedfu(x), k> k.

Proof. Let z be the intersection point of [z, y] with the boundary of SJE such that = ¢ S¥ and
y € S. Then fi(z) = a+d. On the other hand,

fr(z)>a+d (k>k)= fulz)— fily) >a+6—a=24.
But we know that

flay—a) < fly)— flo) and f(z)~ fy) < f @0 —y)
(classical result of derivation), then we have

Ii(2) = i) < filz 2 —y) < filz,z = y).
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But
p=y+ @ —y) = 0 < file,z—y) = file, 2 @ - y)
— ful@,z—y) > i oz —yll = filz, 2 —y) > M} |z -y
with

0 / /
Mg = inf{ﬁ, y €85,z € FT(S§)} > 0.
12" =yl
Since S¥ C S¥, we have M} > MF, thus
(14) filx,z —y) = Mf ||z — y||, for all k > .

If f; is a differentiable function at x, we have

fol@,z —y) =< Vfi(a),2 —y >
Else, let g € 0fi(z), then g = imV f;(z;), where z; — x.

Then 3
fo(@i, 2z —y) =< Vfi(r:),z —y >> Mf lzi — vl
= lim < Vfi(x;),z —y >> lime |z: — vl
T (A
—< g,z —y>> MF||lz —yl|
thus wich shows the lemma. |

For the proof of the previous theorem, we consider the following notations inspired of ([1]):

1
() == sup inf ||z —y||; T5° := {x eR": fi(z) <a-+ —7’,%(5)} ;
yES’We 2

Ak = SFUTE, ¢,.(0) := sup 1r€1f lz =yl epy = r;lglz(sj

EA
Akp =AY + B(0;\/22,); @1p(0) = sup 1nf llxz —yll;
YEAS kp®
and
Wit := S + B(0; gk, p(i) (9))-
We have

(k—+00,6—0)
To show the Theorem 6, we have need also to the following definition:

Definition 3. Let C C R™. The relative interior of the set C, denoted ri(C), is defined as
follows:

(16) ri(C):={ze€C:3e>0, (x+eC)Naff(C)CC}

with
x+eC:={yeR": |z —y| <e}
and af f(C) is the affine hull of C.

Proof. (of Theorem 6) Denote
KZZ{SZEi z* ¢ S, ysgéSZ;}, Ke:={s>k:s¢ K}.

We shall show that there exists s such that * € K¢, for all s >3
Indeed; if z* ¢ S¥, y* ¢ S¥, we have (2° — y®) € Ofi(y*).



EPSILON-PROXIMAL POINT ALGORITHMS FOR NONDIFFERENTIBLE CONVEX... 185

Indeed; according to the definition of y® we have for all y,

FrW) > fey®) + 3(ly* — 2> = |ly — 2°|1%)
> ) i<y -2ty —at > — <y —ady — a2 >)
> )+ <y -2ty — > —<y+y -yt —aty—a°>)

(y =y —y>+<y—y’y—a°>)

N[—=

> fru(y®) +

<y =28y —y>+<y—yy—y +y° —a°>)

N[

> fr(y®) +

> fioly®) + 32 <yt — 2%y —y >+ |y -2,

which implies

Je) = @)+ <a® =y’ y—y° >.

According to the Lemma 7, we have
<z —yly —y>> M(;EHyS —y, forallyeS,
on the other hand, owing to this formula
<=y Y —y>=<2 =y —y>+ <y -yy —y>
> My ly* =yl + ly* — ol

Thus

<a® =y, " —y ><|z° -yl lly* -yl

= ||lz° =yl ly* —yl > MF [ly* -yl + |lv° — I

9

it holds that
(17) Iz —yll = M5 + |ly* — yll
The Lemma 4 and the formula (17) give

25t =yl < flz*T =y + lly* — vl
(18) _
< V25 +||2° -yl — Méf < V25 +||2° =y

We remark that if s is too large, the formula (18) does not satisfied; then there exists 5
such that z* € K¢, for all s > 3.
We notice that if s > s, then we have two cases:

¢ SF and y* €S or x° € S¥ and some y°.
CIf s ¢ SZ; and y° € SZ;, according to the Lemma 4, we have
Hxsﬂ — ySH <2, = 2" € S¥ + B(0; /2¢;)

s k
= 2°tl € AF + B(0; /2¢5) = A?

then z°T! € Wy,.
. If 2° € S} and some y°, we have 25+ € Wi.

Indeed;
F@) +rsh(y®) + 5 ly* —2*|” < f(2) + 5 [l —2*||*, Vo e S
— f(y*) +7rsh(y®) < f@) + § |l —2*|®, Ve e S
< a+ 3r2(6).
Hence

S 1 S S
fs(v%) §a+§7“§(5):>y eTy.
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According to the Lemma 4, we have
H:ES+1 — ySH <\2e5 = 2T € T§ + B(0;/2¢,)

— g5t ¢ AS 4+ B(0;/2e,) = zstl e AP = 25t € Wy,
Where from the following conclusion: x*t1 € Wy, for all s >3, then
d(x*, ) < qgp(s)(0), for s >3+ 1.

If we make the limit on s when s tends to +o0o and ¢ tends to 0, we find a result according
to the expression (16) of the Definition 3. O

Stopping Test:
We notice, first of all, according to the Theorem 1 that

(% — 2 € A(f + rxh) (™),

then,
§ € Oh(a"h) = g1 = (@ — 1) — i) € Df ().

For the stopping test in the Algorithm 3, we propose the following test:
Hgk+1H Hl,kJrl o l,kH < gk’
where giy1 € Of (xFF1).
We have the following proposition:

Proposition 1. Let § > 0, if ||gisl| |2 — 2F|| <6 then f(z*T') < f(T) + 6, where T is
an optimal solution of (P).

Proof. Admitting that

)

kaﬂ _ xk” ~ HE_ karl‘

then, we have
f@) = fa" )+ < gpar, T — 2™ >

— f(@) > f(@*) — |lgrga || ||T — 21|
— f(@) > f(@*) = |lgrga || || 25 HE — 28|

= f(@) = f(@") =6 = f(a") < f(@) + 0.
O

2.4. Numerical Experiments.

In this paragraph, we propose some numerical examples illustrating the convex nondiffer-
entiable programming algorithms that we displayed in this work.

Let us remind that the previous algorithms consist in resolving a sequence of unconstrained
problems every problem of which must be resolved by the Algorithm 4 below by making the
linesearch given by the expression (20) below.

Example 1. Consider the following problem:

a:=Inf {f(:c) = m?éfc(sctAisc +blx + c@)}
1=
subject to sc% + 329 4+ 221 <0,

2 -1 2

A1:<1 4>7b1:<_1>761:4;
2 1 0

A2:<1 4>7b2:<2)762:_5;
25 2 4

A3:<05 2>7b3:<_3>7c3:37

(P)

where
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P Pl ne) | ol time
initial total | ¥ Th) | Tk | K TRIT Ikl - S
[
(2,0) 4| 196 (—0.391,0.210) | 3.49 | 10* | 10=* | 107%6.0 | 10~2.0 0.17
(4,3) 6 | 268 (—0.460,0.236) [ 3.49 [ 10°|10°%| 1078 10722.0 0.22
(-2,1) |5][379 (—0.404,0.215) [ 3.48 [10° | 107 | 10792.0 [ 10787.0 0.28
Table 1
e-Prozimal Penalty algorithm: (§ = 1079)
17{ —o—x0%(4.3)
10 4 —o—x0=(2.0)
91
8 4
74
6
3
FI1GURE 1. The objective function value at each step
Example 2. Consider the following optimization problem:
P) a:=Inf{f(z) =max(2z +2, (z +1)% 2> +1)}
subject to 2x 4+ 3 < 0.
.’I,'O k k k41 k time
mitial | 5| ot | TR | F@R) e ek | reh(@®) | sk = llgell |25 =2t |
5 4115 —15]3.25 [10*[10~*[107°5.6 | 10~'%5.5 0.06
62 7126 —1.5[3.25 [ 107|107 | 107®5.6 | 10~%5.5 0.06
—412 4115 —15[3.25 [107]107*[107°5.6 | 107 '%5.5 0.05
Table 2

e-Prozimal Penalty algorithm: (6 = 10~11)

Example 3. Consider the following optimization problem:

a = Inf{f(z) = max(fi(z), f2(x))}

(P) subject to {
x

where

fix) =23+ 22 — 29 — 21 — 1; fo(z) = 3% + 222 + 221209 — 1621 — 14ao + 22
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—0—x0=5

—O— x0=62

FicURE 2. The objective function value at each step

Y k & S = time
initial k total | ** Fl@e) | | ex rih(z”) llgr |l ||z*+E — 2k 5
(2,0) 6 |20 (2,-1)| 14 10° [ 1076 [ 107%9.0 | 10795.0 0.05
(—4,3) |6]24 (2,-1)] 14 10° [ 107°{107%9.0 | 10793.0 0.05
(6,—7) |6]24 (2,-1)| 14 10° [ 107° [ 107°9.0 | 10773.0 0.06

Table 3
e-Proxzimal Penalty algorithm:(§ = 1078)
16
—o—x0=(2,0)
|\ —o—x0=(8,-9)
15
14
13 4
12 4

F1GURE 3. The objective function value at each step

Example 4. Consider the following optimization problem:

a:=Inf{f(z) = max(fi(z), fo(z), f3(z))}
r1—22+1<0
200 —1 <0 ’

(P)

subject to

where
filz) =21+ 23 fo(z) = (21 + 22)% f3(2) = (221 + 322)°.
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N Fa) M) | ol time
initial total | ¥ Th) | Tk | €k T Ikl - S
||mk+1 _ ka
(3,2) 6|35 (=0.5,0.5) | 0.5 10° [ 107° | 107 76.7 | 10~ 75.7 0.06
(5,4) 6|33 (=0.5,0.5) | 0.5 101107 10779.1 [ 10779.8 0.05
(—=2,—4) |6 |27 (—0.5,05) | 0.5 1051076 107 10761.2 0.05
Table 4
e-Proxzimal Penalty algorithm: (§ = 1075)
Example 5. Consider the following optimization problem:
a:=Inf {f(x) = m_%xf((mtAix + btz + c,)}
(P) bicct t z1+23<0
subject to 91y +1<0
where
1 0 1 1
A= 11 0|, b= -1 ], c1=0;
0 01 0
1 00 0
A2= -1 10 ,b1= 1 ,022—2;
0 01 0
1 -1 0 0
A3 = 0 1 0 s bl = 0 , C3 = 2;
0 0 1 0
20 k k Sk = time
mnitial i total | ¥ Flon) | 7 Ck rrh(z") g - s
ka+1 _ kH
(1,2,4) 36 (0,-0.5,0) [ 2.25 [10” [107” |107'6.3 | 107934 0.11
(2,8,0) 19 (0,-0.5,0)[2.25 [10* [107* [107%6.3 | 1071914 0.06
(—2,—1,5) 37 (0,-0.5,0) [ 2.25 [ 1019 [ 107191071914 | 107%6.9 0.11
Table 5
e-Proxzimal Penalty algorithm: (§ = 1079)
Example 6. Consider the following optimization problem:
—z 4 x|+ el if <0
a:=Inf f(z) =
(P) 22 + |z + el else
subject to x4+ 1 < 0.
Y k & S = time
wnitial K total | F@e) | e | e rih(a”) lgr| ||z~ — 2| s
1 1133 —1][4718 101 10711 1071156 | 107124.3 0.05
-2 5 | 14 —1[4718 [10° | 107 [ 107°5.6 | 107%4.3 0.06
—1.5 5 | 14 —1[4718 [10° | 107 [ 107°5.6 | 107%4.3 0.05
Table 6

e-Prozimal Penalty algorithm: (6 = 10~11)
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2.5. Comments and Conclusions.

Basing itself on the results obtained in the previous experiments, we can make the following
remarks:

for the e-Proximal penalty algorithms, we have used the classical penalty functions

m
h(z) =Y (gi(x))>
i=1
and the sequence (r)r such that 7,1 = 107%.

Generally, the obtained solutions are enough precise.

The number of iterations depends, on one hand of the algorithm used to resolve the un-
constrained subproblems, on the other hand on initial points. This approach possesses the
property of the global convergence.

From a theoretical point of view, this approach uses the regularization of Prox. It makes
the regularity for the subproblems. So the idea to bring the resolution of primal problem to
a sequence of auxiliary problems.

The algorithm which we had used requiet the knowledge at least of a subgradient in every
step, and the value of the function to be minimized, then a difficulty concerning the determi-
nation of a subgradient which is, generally, difficult in practice.

3. APPENDIX

For the application of the algorithms of the results obtained previously in the case of
nondifferentiable problems, we need to introduce the BF'GS method within the framework
of nondifferentiable optimization for the resolution of unconstrained subproblems. Then we
give an algorithm concerning the line-search.

We saw in the previous algorithms that we need, in every step, to resolve a problem without
constraints whose objective function is nondifferentiable. For it we propose the BF'GS algo-
rithm. The calculation of a descent direction at xj, in this algorithm, requests the knowledge
of the value of f(zy) and an arbitrary subgradient g € 9f(xy).

Then we have the necessary steps of this algorithm:

Algorithm 4: ([5])

Step O:

Let 2° € R", k=0, go € 0f(x0), Bo = Id, 6 > 0.

Compute tg by a line-approach along the direction dy = —Bygo.

Compute

2! = 2% + do.

If [|gol| ||z — 2°|| < 4 stop, else go to step 1:

Step 1:

Compute t; by a line-approach along the direction

Compute z¥*1 by the following iterative process:
(20) g = ok trdy,
where

By =1d
(21) B =B, +(1+ 7231«%) (6k-0})  Okh-Brt+Bivk-9%
k+1 = Pk 8t ve 7 (8% vg) 5ty ’
with
O = 2" =2 v =gy — gk
Step 2:
If

lgell |25+ — 2| <

stop, else K — k + 1 and return to the step 1.
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3.1. Linesearch.
Before giving the procedure of the linesearch, we need to the following lemmas:

Lemma 5. ([4]) If 3to > 0 and g € Of (x +tod) such that < g,d >> 0, then there exists t > 0
such that
(i) t>t=<g,d>>0, Vg € df(x+ td)

(i1) t <t=<g,d ><0, Vg€ df(x+td).
Moreover, t minimizes f in the direction d and
dg € Of (x +td) such that < d,g>=0.

Proof. Consider the following convex function h(t) = f(x + td).
Let us notice at first that A(¢) > h(0) for t <0, and h(0) > h(t) for ¢t > 0. Let t > 0.
We have
(22) Oh(t) ={<d,g > g€ of(x+td)}
For t > tg, we have
flx+td) > f(z+tod) + (t — to) < d,g >> f(x+tod) = h(t) > h(to).

The function h(t) attains its minimum at a point ¢ € [0,%]. Then, V¢ <, Vg € df(x +td),
we have
h(t) > h(t) > h(t)+ (t—t) < d,g >,
hence
<d,g ><0.
On the other hand, V¢ > t, Vg € df(z + td), we have
h(t) > h(t) > h(t) + (t —t) < d,g >,
thus
<d,g>>0.
Finally, because ¢ minimize h(t) whithout constraints (because h(t) < h(0) < h(t) for
t <0), then 0 € h(t), hence
g € 0f (x + td) such that < d,g>=0.
O

To make our linesearch, we are going to be inspired by this lemma. Let us call ¢ the optimal
step in the direction of d.

We are going to try hard to frame ¢ by two values t; and to, such that:

(a) at t; we shall have a subgradient g; € 0. f(z);

(b) at to we shall have a subgradient g2 € 0. f(z + ta2d) such that

< g2, d>> —m|d|f?,

where 0 <m < 1.

Calculating a convex combination

g=An+(1-XAg2, 0<ALI

suitably chosen, we can arrive at the following conclusion:
(23) g€d:f(z) and < g,d>>-m]|d|>.

Remark 5. 1) The e-subgradient g in the expression (20) is a subgradient nowhere, but it has
no importance.
2) The properties
g€df(z) and <g,d>>-m|d|?
mean that:
on one hand

ge&f@)=$f@+uﬁZf@ﬂ+t<@d>—£:¢<%d>§%
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thus ¢ is big enough (Lemma 9);
on the other hand,

<g,d>>—m|d|”
implies ¢ is enough small (Lemma 9). In this case we can take ¢ as an optimal step.

Let us envisage now the most current case where ¢ € |0, +00[. Suppose

g1 € Of(x + t1d)

such that
fl@+tid) = fz) —¢
and
g2 € Of (x + tad)
such that

flx +tad) > f(x) —e.
We have the following lemma:
Lemma 6. In order that
g=An+1—-Ng, 0<A<1
is an element of O-f(x), it is enough that

(24) At < gl,d > +(1 — )\)tg < gg,d ><0

Proof. We have
fly) > flr+td)+ < g1,y —x —t1id >, Yy

fW) = f(z+tad)+ < go,y —x — tad >, Vy.
By convex combination we obtain

Yy e R", f(y) > Af(z+t1d) + (1= N)f(z+tad) + A < g1,y —x — t1d >

+(1—=X) <g2,y—x—tad>.
Since
flea+td) > f(z)—e (i=1,2),
this implies
VyeR", fly) =2 f(z) —e+ <A+ (1= N)ga,y —x >

—()\tl < g1, d> +(1 — A)tz < go,d >).
According to the expression (21), we have
f(y) 2 f(@)+ <Agr + (1= Ngz,y — 2 > —,

hence the lemma is shown. |

Consequently the linesearch can be stopped with
g=An+ (1 —-N)g
as soon as A € [0, 1] satisfy simultaneously

<Agi + (1= Nga,d >> —m | d||?
(25)
Ay < gl,d > +(1 — )\)tg < gg,d ><0

Let us synthetize the previous results. We are going to execute a linesearch in two phases.
The first one consists in extrapolating t; so as to find one to if it exists there. The second
phase will be a sequence of interpolation between t1 and ts.

Algorithm 5: ([4])

15t Phase:

(a) Let t; >0 and g1 € df(x 4 t1d) such that < gi,d >< —m/||d|*.
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(b) Let t > t; be given. Compute f(z + td) and g € Of (x + td). We test
flz+td) < f(x) —e.
If yes, end (we take ¢ as an optimal step).
Else, we go to the following step:
(c) Test
< g,d>< —m||d|?.
If yes, ¢ is enough small. We shall put ¢t; = ¢, g1 = g; we lock up at (b).
Else, we go to the following step:
(d) Test
flz+td) > f(x) +t < g,d > —e¢.
If yes, stop, we set t; as an optimal step.

Else,

(e) set to =t and g2 = g and go to the second phase.
2¢ Phase:

(a') We test if there exists A satisfying simultaneously:

0<A<1
A< grd>+(1-)) < go,d>>—m|d|?

At < g1,d > +(1 — )\)tg < g9,d ><0.
If yes, end and we have
g9=2Ag1 + (1= A)g2
where
<g,d>>-m|d|* and g€ d.f(z).
We take
t= Ay + (1 — Nt
Else, we go to the next step: (b') We interpolate between t; and to: let t € Jt1,t[. We
compute f(z +td) and g € 0f(x + td). We test

flz+1td) < f(x) —e.
If yes, stop (we take ¢ as an optimal step). Else, we go to the next step: (¢ ) Compute < g, d >.
If

< g,d>< —m|d|*,
¢ is enough small: we proclaim ¢; = ¢ and g; = g and we lock up at (a'). Else, we go to the
next step: (d,) If <g,d>>0,tis too large: we proclaim to =t and g» = g and we lock up

at (a,). Else: (e/) end, we take ¢t as an optimal step. We summarize this paragraph by giving
a possible organigram for the linesearch. Generally, we choose m = 0.1 and ¢; = 0.
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3.2. Comments.

In the previous algorithm, we notice that:
e if (a) is not verified we go to (2);
e at (d) we have
ged.f(z) and <g,d>>—m|d|*;
e in the second phase, we have
g1 € 0f(x+t1d) and g2 € Of(z + tad)

< g1, d>< —m||d||* and < go,d >> —m||d|?
and also
flx+t1d) > f(z) —e and f(x+tad) > f(x) — ¢,
thus, according to the Lemma 10, we can find A satisfying (a’). Then, if the value A,
as in the organigram, satisfies (a') we stop, otherwise we go to (b');
e at (¢'), we have —m||d||* << g,d >< 0, then, it is finished because
< g,d>>—m|d|*
and that
flx+td) > f(zx)—¢
=g € 0-f(x).
0>t<g,d>
In the previous organigram:
if (1) take place then we are in (b);
if (2) take place then we are in (d);
if (3) take place then we are in (a');
if (4) take place then we are in (e').
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