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Abstract. This article presents a new self-adaptive prediction-correction method for solving
a class of linear variational inequalities. At each iteration, it only needs to perform some
orthogonal projections onto simple convex sets and some matrix-vector multiplications. The
method makes use of a new descent direction to produce the new iterate and can be also
viewed as a projection-based descent method. Convergence of the proposed method is proved
under certain conditions. Numerical experiments are carried out to show the efficiency and
robustness of our new method.
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1 Introduction

Given an n X n matrix H and a vector ¢ € R™, the following constrained linear variational inequality
problem arises frequently in traffic equilibrium and network economics problems|[1-3], which is to find a

vector x* € S such that
(LVI(H,¢,S)) (z—z*)" (Hz*4¢) >0, Vzes, (1)
where
S=85 ={zreR"Az=b,z € X},
or

S=8={zreR"Ax <b,z e X},
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Ae R™™ be R™, and X is a simple nonempty closed convex subset of R™. For example, X is the
nonnegative orthant {x € R™|x > 0}, or a box {x € R"|l <z < u}, or a ball {z € R"|||z| < r}.

By introducing Lagrangian multiplier y € Y = R™ and y € Y = R’ to the linear constraints Az = b
and Az < b, respectively, we obtain an equivalent form of LVI(H, ¢, S), denoted by LVI(M, ¢, 2): Find
u* € Q, such that

(u—u*)" (Mu* +q) > 0,Yu € Q, (2)
where
x H —AT c
" M= g= Q=X xY.
Y A 0 —b

Since the projection onto X is trivial, problem LVI(M,q, Q) can be solved by some projection-based
methods[4-12]. The alternating direction method is an attractive projection-based method for the above
problem LVI(M, q, Q); see [4,5,9-12], for example. Recently, paper [9] proposed the following alternating
direction method for solving problem LVI(M, ¢, Q) with S = Si:
Given (z%,9y*) € X x R™, compute &* via
7 = Pyt — i(w +AT(AZE — by — ATy 4 o). 3)

Then, find the next iterative point by
oF 1 = Py [aF — 7o Bi (2% — 2%)],
Y = yh — i (AZF - b),

where
(z¥F — &%) T By(a¥ — %) + || AZ> — b|?

S NCEE D R FEETE
and 0 < 7 < 2,up > ||[H+ATA||, By, = upl — (H+ AT A). The method is simple in the sense that, at each

iteration, it only to perform two projections onto simple set X and some matrix-vector multiplications.
Moreover, it adaptively select the parameters py so as to improve its efficiency(see Step 4 of Algorithm
3.1 in [9]).

In what follows, we assume that the constraint set Y in problem LVI(M, g, ) is a proper subset of
R™ and focus on this special class of linear variational inequality problems. Note that this special class
of variational inequalities can be expressed as follows, denoted by problem LVI(H, ¢, W)[6]: Find a vector
w* € W, such that

(w—w)"Qw*)>0 Ywe W, (4)

where
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T Hr+c— ATy
w = y ,Q(w) = z W =X xY x R™.
z Ar—z—10

The purpose of this paper is to present a self-adaptive prediction-correction method for solving problem
LVI(H, ¢, W), which inherits all nice properties which the method in [9] has.

The paper is organized as follows. In Section 2, we summarize some basic definitions and properties
used in this paper, then we formally propose the new self-adaptive prediction-correction method, and
the global convergence of the method is proved. In Section 3, we report some preliminary computational

results of the proposed method. Section 4 gives some concluding remarks.

2  Algorithm and Convergence

We first give some basic properties and related definitions used in the subsequent sections. For a vector x €

R™ and a matrix C € R™"*", we denote ||z|| = Vz Tz as the Euclidean-norm and ||C|| = max{ [C=] [l|lx]| #

[E]

0} as the matrix 2-norm. Let K be a nonempty closed convex set in R", and we use Pk|-] to denote the

orthogonal projection mapping from R™ onto K. That is,
Pg[z] = argmin{||z — y|,y € K}.

The following well-known properties of the projection operator will be used below.
Lemma 2.1. Let K be a nonempty closed convex subset of R™. For any z,y € R"™ and any z € K, the
following properties hold:

(« — Pr(2])" (= — Pxlz]) < 0. (5)

1Prcla] = Pyl < llw = yll* — |Px[e] — @ +y — Pr[y]|*. (6)

From (6), we can see that the projection operator Pk|-] is nonexpansive, that is,
1P [z] = Prlylll < llz—yl. (7)
It is well known[15] that problem LVI(H, ¢, W) is equivalent to the projection equation

w = Pwlw— Q(w)],

where § is an arbitrary positive constant. Let

e1(w, B) x — Px[z — B(Hz +c — ATy)]
e(w,B) =1 ex(w,p) |= y — Pyly — B2
es(w, B) B(Az —z—b)
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denote the residual function of the projection equation, thus problem LVI(H, ¢, W) is equivalent to finding
a zero point of e(w,3). In the literatures[9-12], |le(w, )| was viewed as a measure function, which
measures how much w fails to be a solution point of problem LVI(H, ¢, W).

For any given w € R""?™_ the magnitude |e(w, )| is dependent on 3. The following lemma plays
an important role in our later convergence analysis.

Lemma 2.2. For any w € R""?™ and 0 < 31 < 32, we have

le(w, B)|| < lle(w, Ba2)], (8)
e le(w, B0l - llew, 82)
€ wvﬁl € w?BQ
b1 = B2 ' ©)
Proof. See Lemma 1 of [13] and (2.6) of [14]. Q.E.D.

Throughout this paper, we make the following standard assumptions.
Assumptions:
A. X and Y are simple closed convex sets. That is, the projection onto the set is simple to carry out.
B. H is a positive semi-definite matrix.
C. The solution set of problem LVI(H, ¢, W), denoted by W*, is nonempty.
We are now in the position to describe our method formally.
Algorithm 2.1 A Self-adaptive Prediction-correction Method.
Step 0. Choose an arbitrary point w® = (2°,9°,2%) € W, and set a small number £ > 0 for the solution
accuracy, o > 0,7 € (0,2),0 € (0,1), and a nonnegative sequence {;} satisfying Y ;-7 < oo, set
k:=0.
Step 1. If

le(w®, )| <e,

then stop; else, goto step 2.
Step 2.(prediction step) Set

fk:PX[(L‘k—i(HIk‘FC—ATyk)], (10)
223
1
y* = Pyly* — —2", (11)
Mk
1
Zh =k - —(AxP — 2F — D). (12)
K

Step 3.(correction step) Set

By(xF — %) + AT (Az* — 2% —b)
dwr ) = |l - )+ (At -k )| (13)
(" —7*) — (Az* — 25 —b)

4
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where By, = uxl — H. Then compute step size ay by

1t T, e — 0+ g - P "
' ld(wk, )2 ‘
Determine the next iterate w*+! = (z#+1 ¢F+1 k1) via
whtt = Py [w® — agd(w®, pz)). (15)
Step 4.(adjust ug)
pr/(L+ k), if w <o,
pes1 =4 (L +w)mw,  if w>1/o,

i, otherwise,

where
_ ||Axk:+1 _ Zk+1 o b||
[T =2

Set k:=k + 1 and goto Step 1.
Remark 2.1. The strategy of adjusting {py} is similar to the technique presented in [6]. From ~; > 0
and Y7 v < 00, it follows that

20 (1 4+ ;) < oo.

Then, the sequence {ux} is bounded, due to its updating rules in Step 4. That is to say,
inf{ug }5° := fmin > 0, sup{ux}3° := fmax < 00.

From now on, we assume pimi, > || H|| to ensure that the matrix pil — H is positive definite.
Remark 2.2. At each iteration, the method only need to perform some projections onto simple sets and
some matrix-vector multiplications, and thus its computational load is quite tiny.

To prepare for the convergence analysis of the new algorithm, we establish an important result.

Lemma 2.3. For any solution point w* € W*, we have
(w* —w*) Td(w", ) > |2 = 2|5, + prlly® — 7517 + pill2* - 2| (16)
Proof. Setting v = 2% — (H2* + ¢ — ATy*) /s, and z = z* in (5), we have
(z* — 2" [(ueI — H)z* + ATy* — c — pz¥) <0,

that is
(% — 2*) [ By (z® — z%) + ATy — (HZ" 4+ ¢)] > 0. (17)

Similarly, we have

7" —y") Ty —g") — 2] > 0. (18)
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Furthermore, because w* € W* is a solution of LVI(H, ¢, W), we can get
(@ —2")T[(He* +¢) = ATy ]+ (5" —y") T (Az* = b) > 0, (19)

and
Az* — 2z —b=0. (20)

By adding (17)-(19), it follows that

(@ =) "[Bi(a® = 2%) + AT (" =y + 0 —y") Tl (y* = 7°) = 2F + Az b

> (zF — )T H (" — o).

Since H is positive semi-definite,

Thus
(@ —2*) T [Be(a" —2") + AT (" =) + 0" — ") T = 9*) — 2" + A" —b] > 0.
It follows that

(ij _ x*)TBk(xk _ .Tk) + (yk _ y*)T[Mk(yk _ gk) _ Zk —|—A.’f3k _ b]
+ =g (" ArT - b) > [t = 2, 4 llyt - P
which is equivalent to the inequality

(2% —2*) T By(a® — 2%) + (" —y*) " (y* — 7*) — 2F + Az* — 3]

(21)
+ (" =75 T (N = 2) = ok = 2F, + eyt — 5F)
From (12) and (20), we obtain
pelle* = 2
— et — 2k — |
= (Azh — 2k —b)T(Azk — 2k — b) (22)
= (AxF —2F — Az 4+ 2) T (Azk — 2F —b)
= (b —a2)TAT(Azk — 2% —b) — (2F — 2*) T (Az¥ — 2F —b).
Then by adding (21) and (22), we get (16) immediately. Q.E.D.

Remark 2.3. Note that w* € W*, when w* = w* . Therefore, we conclude that ||d(w”, uy)|| # 0, when
w® ¢ W*. This fact explains that the step size (14) is well-defined.
Remark 2.4. In fact, Lemma 2.3 has proved that —d(w”, uy) is a descent direction of the merit function

1]|Jw® — w*||*> whenever w* € W is not a solution of LVI(H, ¢, W).

6
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In the following, we assume that the Algorithm 2.1 generates an infinite sequence {w*}, otherwise,
an approximate solution w* € W is obtained.
We first investigate the technique of identifying the optimal step sizes along the descent direction

—d(w®, uy). To justify the strategy of choosing the step size ay as in Step 3, we use
wF(a) == Py [w® — ad(w®, u)).

to denote the temporary point w* taking o as the step size along —d(w", uz). The following lemma
motivates us to identify the optimal step size along this direction.

Lemma 2.4. For given w* and j;; > 0, we have
Or(a) := [[w* — w*|? — [|0*(a) — w*|| = Pi(a),
where
Op(a) = —a?||d(u®, Bi) > + 2a(l|2* — 2*|F, + plly® — 7717 + |15 — 24%).

Proof. Because w*(a) := Py [w® — ad(w¥, ut)], by setting z = w* — ad(w”, i) and y = w* in (6), we

obtain
[@* (@) — w*|? < [lw* — ad(w, pr) — w*|* = Jw* — ad(w", p) — @* ()|,
and consequently
Or(a) = w* — @™ ()| + 2a(w — w*)Td(w", ) — 2a(w* — @*(a)) Td(w*, pr),
Since w* is a solution, it follows from Lemma 2.3 that

Or()

v

lw* —@*(@)|? + 2a([la® — 2|15, + pally® — "1 + will=* = 2°)1%)
—2a(w® —@*(a)) " d(w", )

= Jw* —@"(a) - ad(w®, u)|* — o®||d(w", u)|?

+2a(]|z® — 2|5, + mlly® — 7007 + uill 2 - 2%

> —a?|ld(w®, )|+ 2a(]|2® = Z*F, + plly® =781 + pll=" =20

= Ou(a)
We get the assertion of this Lemma. Q.E.D.

Clearly, O () means the progress made by the new iterate w**1(a) at the kth iteration. Therefore,
in order to accelerate the convergence, it is reasonable to choose
= (la* — 2%, + il — 752+ 2l — 22)/d ', )|,
7
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i.e., the optimal value of o maximizing the quadratic function ®j(«) which provides a lower bound
function of Oy (a). Based on numerical experiences, we prefer to attach a relax factor 7 € (0,2) to a,

and simple calculation show that
Op(rar) = 7(2 = 7)@(an) = 7(2 = T (||z* — |5, +plly® — 7517 + uill=" = 28)%). (23)
Remark 2.5. It follows from (23) that
[t —w*|? < = w*|? = 7(2 = a2 — 2|, + plly® — 5517 + pille® = 27, (24)

The following lemma shows that the step size ay is bounded away from zero.
Lemma 2.5. For all £ > 0, we have
(675 2 Sy (25)

where ¢ > 0 is a constant.

Proof. It follows from (8) and (10)-(12) that

| By (zF — z%) + AT (Az* — 2% —b)||
= (el — H)(z* — 2%) + up AT (2% = 2¥)|

< (pmax + [[H2" = 2| + pmax || Al ]|2° — 2¥|
< (pmax + [ H| + pmax || Al w* — @,
and
e (y* — 57) + (42" — 27 —b)|]
= [lue(y” = 7") + (AZ" — Ax®) + (Aa* - 2F — b))
< pmaxlly® = 7+ IANZ* — 28 + pmax12* — 2|
< (2ftmax + || Al w* — 2",
and

I(y* — 7*) = (Az* = 2% —v)|
< 1+ MmaX)”wk - wk”v
This and the definition of d(w*, uz,) imply
", vk >0, (26)

ld(w®, )| < erl|w” —w

where
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a =1+ A+ [H] + (3 + [|Al) tmax-
From g > fimin > ||H]||, it is true that
lz* = 2|5, = (" = 7*) " (min] — H) (2" —2)
2 Amin”xk - 'fk”Qa
where Ay is the minimum eigenvalue of the positive definite matrix pin — H. Then, it follows that

2% = @*|1%B, + ually® = 717 + k2" = 247 2 eaflw® — @)%, (27)

where ca = min{Amin, fmin, 113, - Therefore, from (26)(27) and the definition of ay, we have
(697 2 S,

where ¢ = 7cy/c2. This completes the proof. Q.E.D.
We are now in position to prove the global convergence of the proposed method.

Theorem 2.1. The sequence {w*} generated by Algorithm 2.1 converges to a solution of LVI(H,c, W)

globally.

Proof. Since 7 € (0,2) and «y, > 0, it follows from (24) that

ookt — w2 < ok — w2 < - < u® — w2 < oo,

which means that the sequence {w*} is bounded. Thus, it has at least one cluster point, denoted as
w>® = (2,9, 2°) T, and {w*i } be the corresponding subsequence converging to w>. Again from (24),

we have
7(2 = Dag([l2* — 2B, + plly® — 7517 + pillz* = 28)7) < [k —w* P = [ok Tt —wt |

Summarizing both sides of the above inequality, we get

Y {r@ = mar(lla® —2MIE, + il — 78I + uill=t - 2417}
k=0

o0

< D {lwk = ot =l —wt?)
k=0

< —wt)?

<  +o00,

which together with (25) means that

lim [|l2* — 2¥(|%, = lim pelly* — 5| = lim g3 2" — 28> = 0.
k—o0 k—o0 k— o0
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Thus, from pg > pimin > 0, we have
lim % — 2%3, = lim y* — | = lim [|s* — |2 =0, (28)
k— 00 k— 00 k—o0

On the other hand, from (8) (10) and fimax > fk > fmin > ||H||, it is true that

2 — %)%,
> (aF — )T (pnin] — H) (2" — 7¥)
Z mim”flj]C _-ikHQ

A
/\Inin”el(wkv 1/:“1?) H2
2 )\min||61(wk71//j‘max)”27

where A, is the minimum eigenvalue of the positive definite matrix pumin/ — H. In a similar way, we

can prove that
ly* = 5*1 = lle2(w", 1/ )|l > llea(w”, 1/ ppmax) |l
and
125 = 28]l = lles(w®, /)| = lles(w®, 1/ pmas),
Therefore, from the above three inequalities and (28), we have
T (¥, 1/ )| = 0. (29)

Taking the limit in (29) along the subsequence {w"’ } and using the continuity of the operator |e(-, 1/ timax) |/,

we have
lle(w™, 1/ pimax) || = 0.

So w™ is a solution of LVI(H, ¢, W). In the following we prove that the sequence {w"*} has exactly one

cluster point. Assume that @ is another cluster point of {w*}. Then we have
§:= [[w™® — | > 0.
Because w™ is a cluster point of the sequence {w"*}, there is a ko > 0 such that
0
k() _ o0 < _
ke —we) < 2.
On the other hand, since {||w* — w||} is monotonically non-increasing (since (24) and that w™ is a
solution of LVI(H, ¢, W)), we have |[w® — w®| < [jwko —w|| for all k > ko, and it follows that
]
lw® = | > [[w> — b = [Jw* = w*| > 2, ¥k > ko,

which contradicts the fact that 0 is a cluster point of {w*}. This contradiction assures that the sequence
{w*} converges to its unique cluster point w™, which is a solution of LVI(H,c, W). This completes the

proof. Q.E.D.
10
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3 Preliminary Computational Results

In this section, we illustrate the necessity and efficiency of our methods. To this end, we also code the
algorithm proposed by Wang and Luol6].

Example 1. The example used here is a modification of the test minimax problem of Wang and
Liao[6],

- L 1 T T T
gl}él)r(l{rgleaéc{im Hx+c'x—y Az +0b'y}}.

In particular, A € R™*™ is a randomly generated matrix as suggested in [6],

A=B"B+C+D,

where every entry of the n x n matrix B and the n x n skew-symmetric matrix C is uniformly generated
from (—5,5), every diagonal entry of the n x n diagonal D is uniformly generated from (0,0.3), and every

entry of the vectors b and ¢ is randomly generated from (—1,1). Besides, we take
X =A{zlze Ry}, Y ={y e RY|ly| <1},

and

1 2 2
0o 1 2
H =
2
0 0 1

For any y € R"™, Py[y] by component is defined by

(Y4 )is it flyill <1,

P i=
(Py[y]) (y+)i/lly+ll,  otherwise,

where

(y+): = max{0,y;}.

Other parameters used in the Algorithm 2.1 are set as 7 = 1.95, 0 = 0.1,y; = 1. Actually, we limit the
adjustment of u; up to kpax = 100 times. It is hoped and anticipated that, after at most ky.x adequate
adjustments, the parameter u could be close enough to a proper value. For the method in [6], we take
v =1, B = 2||H + AT A||, and update the parameters 34 as yj in Algorithm 2.1. To solve the linear
subVI problem in Wang and Luo’s method[6], we utilize the quadratic-program solver ‘quadprog.m’ from

the Matlab optimization toolbox. In our tests, we take

11
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e=1x107% ¢°=2=(0,---,0)7,

and use the stopping criterion, ||w* —@*|| < € for both methods. All programs are coded in Matlab. ‘N’
denotes the dimension of the tested problem, and ‘IN’ denotes the number of iterations and ‘CPU’ denotes
the CPU time in seconds. We also code the proposed algorithm with a fixed parameter p throughout the
entire algorithm without any change, denoted in the tables as “Method (F)”, and “Method(V)” means
Algorithm 2.1.

Table 1: Numerical results for different p

v 5 10 15 20 25 30 35 40
Wang and IN 59 56 58 54 55 54 54 51
Liao’s method CPU 0.92 0.90 0.91 0.83 0.93 0.86 0.81 0.79
Proposed IN 4 4 3 2 2 3 2 2

Algorithm 2.1 CPU 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01

Table 2: Numerical results with randomly generated z° € (0, 1)

N 50 100 200 300 400 500 1000
IN 130 132 112 108 99 84 56

Method (F) CPU 0.02 0.08 0.46 1.89 3.79 6.18 37.63
IN 5 4 4 4 3 3 2

Method (V) CPU 0.01 0.10 0.19 0.68 1.67 3.47 40.62

Table 3: Numerical results with 2° = (1,---,1)T
N 50 100 200 300 400 500 1000
IN 68 189 195 232 176 148 130
Method (F) CPU 0.01 0.10 0.70 3.27 5.46 8.56 48.78
IN 6 ) ) 4 4 4 4

Method (V) CPU 0.01 0.11 0.20 0.75 1.67 3.37 40.90

We conduct the numerical study with dimensions varying from 10 to 1000, and with different initial
points. Table 1 reports the results with the initial points as 2° generated randomly between (0,1) ,
n =10, and po = v||H + AT A|| with different v; Table 2 reports the results with the initial points as x°

generated randomly between (0, 1); Table 3 reports the results with the initial point as 2° = (1,---,1);

12
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Table 4: Numerical results with randomly generated x° € (0,10)
N 50 100 200 300 400 500 1000
IN 200 330 336 396 472 490 296
Method (F) CPU 0.05 0.16 1.10 5.42 11.90 19.34 73.39
IN 8 7 7 7 7 6 6
Method (V) CPU 0.01 0.10 0.18 0.70 1.79 3.53 41.02

and Table 4 reports the results with the initial point z° generated randomly between (0,10). In Table
2-4, we set g = 2||H + AT A|| for the both methods: Method(F) and Method (V).

The results in the Table 1 indicate that the performance of the Algorithm 2.1 is much better than that
of Wang and Liao’s method. The reason for this result may be that Algorithm 2.1 only needs to perform
some projections onto simple sets and some matrix-vector multiplications in each iteration, while Wang
and Liao’s method need to solve a subvariational inequality problem, which is difficult to solve efficiently
and exactly in each iteration. Also from this table, we can observe that the number of iteration both
methods varies slightly with different initial parameters.

The results summarized in Tables 2-4 show that adjusting the parameter p significantly improves both
the CPU time and the iteration number compared to the case with fixed u. The self-adaptive strategy
make the method more robust than with a fixed p, and thus it is important to adapt p dynamically
according to different problems.

Example 2. To show the advantage of the new prediction-correction method for large scale problems,
we implement Algorithm 2.2 to a set of spatial price equilibrium problems. The details of these problems

can be found in [5], as follows:
m n

min Z Z(Cijxij + %hijx?j)'

i=1 j=1

n
s.t. E Tij = 8,1 =1,2,---,m,
j=1

m
Z:Z:Zj :d]7] = 1727"'7’”’
=1

x5 > 0,

where s; is the supply amount on the ith supply market, i = 1,---,m and d; the demand amount on the
jth demand market, j = 1,---,n. ¢; € (1,100), h;; € (0.005,0.01), s; and d; are generated randomly
in (0,100) for all ¢ = 1,---,m and j = 1,---,n, and the other parameters 7 = 1.98, 1o = 21| H]|,
ag = 05,02 = 2,3 = 0.1/n,v2 = 0.9/n, min = 5||H||, tmax = BO0||H||. The calculations were started

13
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with w® = 0 and stopped when

e (u®)]| [le2(u®)
llell "ol

for some prescribed ¢ > 0, where b = (s,d)". The computational results are given in Table 5 for some

max{| H} <eg,

m and n. The numerical results given in Table 5 show that Algorithm 2.2 is relatively efficient, and it is

Table 5: Number of iterations for different scale and precisions

m n  mxn e=0.1 e=10"2 e=10"3 e=10"*
5 10 50 12 33 126 239
10 10 100 13 36 132 273
10 15 150 17 99 178 264
20 25 500 21 62 183 409
30 40 1200 18 82 286 522

attractive from a computational point of view.

4 Conclusions

Based on the alternating direction method, we observe a new descent direction at each iteration, and
present a new self-adaptive prediction-correction method for LVI(H, ¢, S). The new method uses only
the function values and the total computational cost is very small. Thus, the new method is applicable
in practice. Under mild conditions, we proved the global convergence of the method. Some preliminary

computational results illustrated the efficiency of the algorithm.
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