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A UNIFORMLY CONVERGENT METHOD BY NON STANDARD
FINITE DIFFERENCE METHOD ON ARBITRARY MESHES FOR A
SYSTEM OF SINGULARLY PERTURBED SEMILINEAR
CONVECTION-DIFFUSION

M. GHORBANZADEH, A. KERAYECHIAN

ABSTRACT. In this paper, a numerical solution for a system of singularly perturbed
semilinear convection-diffusion is studied. The scheme is based on locally exact schemes
or on locally Green’s functions. It is proved that the numerical scheme has first order
accuracy, which is uniform with respect to the perturbation parameters. A monotone
iterative method is applied to computing the nonlinear difference scheme. Numerical

results confirms the theory of the method.

1. INTRODUCTION

Consider the following system of [ coupled singularly perturbed convection-diffusion

equations: Find u = (uy,...,u) € (¢*(0,1) N[0, 1]) such that
Lu:=—FEu’ + Bu + C(z,u) = f(z), (1.1)

x € Q=1(0,1), u(0) = u(l) = 0, with £ = diag{ey,...,&} , where 0 < g; << 1 for

i=1,...,0 are known small positive diffusion coefficients, and f = [f;(z)]\_; is a vector-
valued right hand side and C(x,u) = (c1(z, w1 (), ..., w(z)), ...,z u(x),. .., w(z))T,
u;(z) € ¢(0,1) and ¢; are nonlinear functions for ¢ = 1,...,l. Suppose that the functions
¢, by and f; for i = 1,... [, are sufficiently smooth. Furthermore, we shall assume that
B is diagonal with diagonal elements b;(z) for ¢ = 1,... [, and define

Br foél[(ifll]|bk($)| >0 for k=1,...,L (1.2)
We assume that b;(x) > 0 fori = 1,...,[. In other words, we assume that the ith equation

of problem () has a strong boundary layer at x = 1, [I5]. Suppose that the matrix
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Cu = [2a], ;=1 satisfies the condition
¥ 2

where C, = [c*ij]ﬁjjzl and C* = [c}]!

ijli,j=
that for two matrixs A and B, we write A < B if a;; < b;; for all 7 and j. Note that

1 are M-matrices and c.j, ¢j; are constants. Recall

if in problem (), C'(x,u) = Au, then we have a linear version of singularly perturbed
convection-diffusion. Linss and Dresden [I1], Linss [1Z], Linss and Madden [13], Madden
and Stynes [[4] and Gracia and Lisbona [9] have done some works for linear version of
proplem (IT). Bellew and O’Riordan [3], Cen [6], Amiraliyev [1] and Andreev [2] used
the finite difference method for a coupled system of two singularly perturbed convection-
diffusion equations. In one dimension with discontinous data has been investigated in
[@]. And in linear version we have some results in [5] and [8]. Our goal is to construct
an e-uniform numerical method for solving problem on arbitrary meshes by applying
non standard finite difference, that is, a numerical method which generates e-uniformly
convergent numerical approximations to the solution. The paper is organized as follows:
In Section 2, we establish some a priori estimates of the solution and its first derivatives. In
Section 3, we construct a numerical method by applying the non standard finite difference
method. In Section 4 we prove uniform convergence of the numerical method on arbitrary
nonuniform meshes. In Section 5, we construct a monotone iterative method for solving
the nonlinear difference scheme and prove that the iterative converges e-uniformly to the
solution of problem (). In the last section numerical results are presented, which are

in agreement with the theoretical results.

2. PROPERTIES OF THE CONTINUOUS PROBLEM

To estimate the error in our difference approximation, we shall require some bounds

for the derivatives of the solution of problem (), we assume that
!
Y >0, 2550 and o<
- an 8uz 8Uj
J=1

and strict inequality hold at least for one k, i.e.,

rel0,1] and i,57=1,...,1, (2.1)

l
8ck

e (2.2)
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By the mean-value theorem we have
C(z,u) = C(z,0) + Cyu(x). (2.3)

By substituting (23) in (D), we have
— Eu’ 4 Bu' + Cyu(z) = f(z) — C(z,0). (2.4)

Lemma 2.1. Ifu = (u(z),...,w(z))?, Lu > 0(< 0) in Q and u(0), u(1) > 0(< 0) then
u(z) > 0(<0) in Q .
Proof. Let u;(x) be minimum at ¢; fori = 1,... 1, i.e, u;(¢;) = minu;(x) and also assuming

€

If w;(t;) > 0 the lemma is proved. So let u;(t;) < 0. If u;(¢;) = uk(t;) for k =1,...,1,
then it follows that u'(¢;) = 0 and u”(¢;) > 0. By (22)

Lu|;, := —Fu’ (t;) + BU'(t;) + Cau(t;) < Cuu(t;) = us(t;)Cy.1.

In this case according to (22) since ux(t;) < 0, the kth component of Cyu(t;) is negative,
which is a contradiction to the assumption of the lemma. If there is a £ with 1 < k£ <[

such that w;(t;) < u(t;) then

1"

—eju; () + b (t)uj(t;) + Y

If Zm Lt au ~(t;) < 0, it is obvious that the right hand side of the above inequality

P dc P
m=1m; 5 (tj) = 0, then since Wjj > 0, we have 3! _ L B (ty) > 0.

Thus the right hand side is negative and again we reach a contradiction. So the lemma is

is negative. If 3!

proved. O

I. Boglaev [4] has proved the following lemma.
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Lemma 2.2. Let u be the solution of (I) and suppose(T3), (Z3) and (Z22) hold. Then
for x €[0,1] and n =0,1

Cll+¢." exp(—ﬁ’“x)] b, < —0,

€k

uy (z)] <
—_-n Bk(l—df)
C[1+ € eXp(——Ek )N be > B,

here and throughout the paper, C' denotes a generic positive constant independent of &y,.

3. CONSTRUCTION OF DIFFERENCE SCHEME

The kth equation of () is as follows
— ety + (2l + cp(,ur, ug, . . w) = fi(®), (3.1)
up(0) =uk(1) =0 for k=1,2,...,1,
On w = [0, 1], we introduce a non uniform mesh
T ={0=xg<a <...<ay_ <azn=1} , hi=zi —

Let G; be the Green’s function for the operator —€k% + bk(:ci)% on [z;_1,x;41]. In this

case the exact solution of (B) is

Ti+1

ue(%) = Upi—107, () + U1 O () + Gri(z, 8)r(s)ds, (3.2)
where
Ui(s) = —cr(s,ur(s), ... aw(s)) + fu(s),
and
1 k()0 (2) mio <2< s < apn,
Gri(x,s) = ————
—EKwki(s) (@)l (s) miog <s <z <y,
1 exp(—bk;i(ﬁti+1—x))
I _ 5 /N _ I
Pri(@) = 1 exp(_b’“i(hghi*l)) , ki (@) =1 = (),

ek
where in the above we have set wg(%;11) = Ugi+1, Uk(Ti—1) = Upi—1 and bg(x) = by, for

T € [Ti1, Titpa).
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We have
o) = s dy(o) + w0l (@) + [ Gualon,9)n(s)ds
Titl -
n / G(ws, s)n(s)ds, (3.3)
and
—by; exp(w)
wii(s) = OH(8)d' 1s(8) — oL ()T (s) = k : 3.4
w6) = S OIFh(0) — o)) = T e (3.4
£k
By (B3) and (B4) we can write
1 —bg.ih;
u(r;) = - exp(fb’“?i(?:hifl)) [(tpsie1 — unsi-1) exp( e ) + Unio1 —
—bp;i(hi+hi—1)
—b i hz + hif 11— eXp(’E—)
Uksit1 €xP( kil 1)) + . X

€k bk;i

_bk;i(hi"!‘hi—l))
x

T _ (s —x;_q €eX M — eX
/ (1 — exp(2its = Timi)yy oy SPEET) — oxpl «

Ti1 €k bk;i

[ e s 35

Now we approximate ¥y (s) and f(s) for s € [z;_1,x;41] by their values at z; (¢y(s) =~
Ui(x;), f(s) =~ f(z;)). Then we obtain

Ui = ug(zy) ~ ! X
ki k\Li) — 1— eXp(ibk;i(}Zjhiil))
—by.ih; —bpi(h; + hi_
[(Uk;z’—H - Uk;i—l) exp( i ) + Uki—1 — Ukt eXp( k’ ( 1)) +
Ek Ek
T —bg.ih; € —bp;ihi— —bg.ih;
L G L X ety LIS DY) B =L
b €k b €k €k
—bgi(hi + hi—1) \,—¢€k bi;ihi
— exp( . =) 5 (1= exp( )) — hall] := vk (3.6)
k ki Ek

Having the above approximation for (BI), we introduce by the non standard finite differ-

ence method the following scheme

—ep0(hiz1, M) [Vkim1 — 20k + Uggigr] +

B(hi—1, hi)brsi(Vksir — Vkgim1) — (i) = 0, (3.7)



450 M. GHORBANZADEH, A. KERAYECHIAN
where
V(i) = —cr(@i, vy -, 01) + fro(0).
Now we find a(h) and B(h), such that the scheme (B7) is exact for (8). By substituting
(B1) in (B21), we have
Ay (Ugsim1 — Vgig1) + Brge(x;) =0, (3.8)
fori=1,..., N — 1. where
2era(hi_1, h; )(exp(M) - 1)

A:—€Oéhi_,hi— _Bhi—7hibi7
' i1, hi) 1—- exp(_bm(’;:hl 1)') (i 1l
and

2a h,i, ,hi —b ,zhz

B = —1+ ( ibm(lrf—hi—ﬂ [hl_l(l N eXP( - )) +

by (1 — eXP(’T» Sk
—by.i(h; + h;— —bg.ih;
hoxp( Ry e oty

€k €k

In (BR) A; and By must be zero. By setting A; and B to zero we obtain

biloxp(“522) — exp(~et))

a(hi—lahi) = b,“ br;ihi—1 ’
2ep[hi—1(exp(Z2=) — 1) + hy(exp(—= =) — 1)]
and
B(hi_1, hi) = 1 exp( 222 ) — 2 4 exp( L)
T 2h,_ 1 (exp( ’“hl) 1)+ h; (exp(M) — 1)’

Remark 3.1. For uniform mesh, the scheme (BZ2) becomes the IL’in scheme [I0].
By appling a(h;_1, h;) and B(h;—1, h;) in (BZ0) we obtain
GkiVkiim1 + kiU + VeiVksion + (24, V1, - -, 0) — fi(z) =0, (3.9)
for k=12 ...l and 1=1,2,...,N —1,
where

—bk~i[eXP(M) — 1]
hii[exp(222) — 1)] + hy[exp(=220=L) — 1))

ki =

bialexp (P2 ) — exp( ==t ))]
hii = bk,h briihi1 )
hialexp(P) — 1] + hyfexp(tty 1]
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and
—bi[1 — exp(M)]

hi_ 1[exp(b'”h ) — 1] + hy [exp(M) —1]

we note that in (89), gx; + hgi + % > 0, for k=1,2,...,0,i=1,2,...,N — 1 and the

Vei =

Y

term h;_ 1(exp(b’“ iy 1) + by (exp(M) — 1) is positive, also gi; and ~y; are negative.

4. UNIFORM CONVERGENCE OF THE SCHEME

Lemma 4.1. Suppose A is a matriz such that a; > 0 and a;; < 0 for (i # j) and
i,j =1,...,n. Also assume that Y, _ a;, >0 for j =1,...,n. Then for every arbitrary

vector n = (n1,...,n,)T we have

[17llo00 < AN [loo -

Proof. Suppose for the element j of 7, ||7|lww = |7;|. Without lose of generality, let
Inj| = n; (otherwise we consider ||An| = || — An]|).

n

(An); =D apme = agmi+ Y apme = agmi+ > alml,

k=1 k=1,k#j k=1,k+#j

(since ajr < 0 for j # k). Therefore

(An)j—m > azmi+ D> alml —

k=1,k#j
> agn; + Z |k — Z%kﬁg
k=1,k+j
= Z ajk(me —n;) > 0.
k=1,k#j
So
(An); > n; > 0.
Hence

14Nl oo = max |(An)x| = [(An);| = n; = [nfloc
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Theorem 4.1. The non linear difference scheme (32) on arbitrary meshes converges

e-uniformly to the solution of problem (31):
N ] < — N
0<i<N <kl furl@:) = vea| < Ch -, h 0<i<N-1 i
Proof. We now estimate the error

Zyyi = ug (%) — Vpgi, 0 <0 <N,

in the approximation of the problem (B=I) by the nonlinear scheme (89). now we subtract

(B21) from 2e,cv(h;—1, h;) times of (B3), then by using the fact that

_ . , 1—ex b'“ lh @i —bii(s —
26]@06(}7/@717 hz) [ p( ) / [1 . eXp( bk,z(i xzfl) )]dS +
Ti—1 k

1— eXp(—bk;i(}?’c‘i‘hi—l)) br.i
by,ihi —bg;i(hit+hi— )
exp(Z5™) — exp(ZHEh) /w[ex (i =9))
b - P €k 7

we have

—bg.ihi
ZEkQ(hi_l, hz) 1— eXp(:—k) %

|
1— eXp(—bk;z(]:Lk“l‘hz—l)) bk;i

[ - e D)t +

ki L1 + P Zisi + Vi Zrsie1 —

exp(%) _ exp(%:hwﬂ) o1 b (st — 9)
- | =)
[Vr(s) — x(x;)]ds] = 0. (4.1)

We note that for s € [x;_1, ;] we have

ce(s,u1(8), . w(s)) = eplag, ui (), .. w(z;)) — /IZ %d%

and for s € [x;, x;11] we have
d
culs,ua(s)s . un(s)) = culws, un ()., wa(w;)) / s 4.

and by the mean-value theorem for s € [z;_1, x;]

8Ck
ce(xi, ur (), .o, w(wy)) = ep(Ti, vig, - - Ul —{—Z
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so for s € [z;_1, 2]

L dc de
k k
o) = -3z [ T,
Vils) = els) e ou; +/s dz "
and for s € [x;, x;41]
!
Ock de
Vr(s) — Yp(z;) = — ‘ 8_uij;i - /I Edl‘-
Jj=1 ¢
Therefore () reduce to
0ck
ki Zizi—1 + hiZii + Vi Lisip1 + Z =
7j=1
2era(hizq, hy) Lo exp( bklh R /x [—1+e p(_bkﬂ'(s - Ii—l))] X
oy b (hithi—1) b.; N x
1 —exp(——+) k; i1 €k
(/$Z dckd )d eXp(-bg:hi) —eXp<__bk;i(}?k+hi—l)) y
s dx bkz
Tit1 . _
[ et =) / 9% 1yas) = w(s). (42)
T; Ek dx

By lemma =4 and the fact that ¢ is sufficiently smooth we have

2 < e+ ot ep(CRU )

By lemma B0 we have
1Z]loo < [[¥]o0-
By doing some algebra, we can show that ||¢(s)|| < Ch. Thus

17|00 < ||¥|lee < Ch.

5. MONOTONE ITERATIVE METHOD

In this section, we construct an iterative method for solving the nonlinear difference

scheme (BM) which possesses the monotone convergence. This method is based on the

approach used in [A].
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Additionally, we assume that c(z,ui(x),...,w(z)) in (BdD) satisfies in (=3).
We introduce the linear version of (B9) as follows

!
GiWisi1 + Wi + WiWeio1 + Y kWi + fi(wi) =0, (5.1)

j=1

for k=1,2,...,1 and i=1,2,...,N — 1. In (B0), suppose c,, > 0, ¢,y <0 (p # q)
and Z;Zlcpq >0 for p,g=1,2,...,1.

The iterative method is constructed as follows. Choose an initial mesh function Vk(o) =
(Vk(;%), Vk(g), Ces Vk(;(j\),) satisfying the boundary conditions Vk(;%) = Vk(;% = 0. The sequence

{Vk(")}n>1, for k =1,...,1, is defined by the following recurrence formula:

gklZlgz 1 + (h’kl + ckk Z)ZIE:T;) + PykZZIE si+1 + Z cij(n - sz( V( 1))? (52)
J=Llj#k
(n) _ ) _ ; _
20 =7 =0 1<i<N-1 , k=12...,1

Vil =V z) 0<i<N,
R (2, VYY) = V8T + VY + VI + e VY VST 4 fu(w),

where R} (z, Vk(n_l)) is the residual of the difference scheme (B4) on Vk(n_l).
We say that V,(x) is an upper solution of (89) if it satisfies the following inequality.

GV kio1 + i Vi + 6V iksior + ce(@i, Vi, -, Vi) + fi(zi) > 0.
Similarly, V. (z) is called a lower solution if it satisfies

IkiV i1 + PV + iV giin + (@i, Vi, - Vi) + fizi) <0.
Upper and lower solutions satisfy the inequality

V(@) < Vi),

fori=0,1,....,N , k=1,2,...,land x € W™
Theorem 5.1. Let V,(CO) and K,&O) be upper and lower solution of (139) and let ¢ (x, Vi(z), ..., Vi(z))
satisfies (I23). Then the upper sequence {V(n)}nzl generated by (B23) converges monoton-
ically from above to the unique solution Vi, of (FQ), the lower sequence {V ™} generated

by (B3) converges monotonically from below to V.

(n+1
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on W", and the sequences converge at the linear rate

1 !
l Zj:l Chji — ijl Cikji

=1 %
Zj:l Crji

Proof. We consider only the case of the upper sequence. If Véo) is an upper solution then

from (B9) we conclude that
0 —(0 —(0
R, V) = gVt + hiaVied + Vil + el Vi Vi) + filw) 2,0

from (B2) we have

l

0)
_RZz(x7 Vk( ) - ngZIS: 1) 1 + (gkz + ckk: Z)Z]E: z) + ’Yk’LZk ji+1 + ch] zZJ i S 0.
7j=1

By lemma P71 we have Z < 0, therefore

=A<V L A==

)

To show that Vk(l) is upper solution of (B9) we must prove that Rzi(Vk(l)) > 0.
Using the mean-value theorem and the equation for Z ,gl), we represent RP(z, Vk(l)) in the

form
!

(2, V) =3 (¢ ac’“)z V>, (5.3)

k:] i
j=1 Vi

from (A33) we conclude that Vk is an upper solution. By induction we obtain that
ZM(x) < 0,2 € w" and V,;?H) < Vk(g) n =1,2,..., and prove that {V,in)} is a mono-
tonically decreasing sequence of upper solutions. We now prove that the monotone se-
quence {V,(Cn)} converges to the solution of (B9).

Similar to (B=3), we obtain

therefore

B 1 (g4 )20 42D 4 S 2
Jj=1,j#k
!

1, V) = 3 (6 ac’“ Z" <0, (5.4)

YK ]z —
Jj=1
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We take the absolute values of both side of (54),to obtain

l
n+1) n n+1 n
_ngZli z+1 - (hkl + Ckk z)Z( v ’ykizlg,zil) - Z Ck] ZZ]( 2+1) -
j=Lj#k

80
Z Chii — 7o) 2. (5.5)

Since anﬂ < 0, (63) reduces to

n 1 n 1 n 1
gl Z0EY )+ (i + ) 1200 + 2050 +
l l

n * ack n
STl 2 =Y (e, - >\ Zm). (5.6)

J=1j#k Jj=1

By definition || Z]|, = max | Zki|, and the fact that gy; < 0 and i < 0, we have
1<k<l,1<i<N—1

9hillZ7 Voo + (P + ) 127D oo + | 27D oo +
l

!
* n * ack n
Z ij;iHZ( +1)||oo < Z(ij;i )|Z( )| =
J=Lj#k j=1
!

% 8ck n
Z(Ck;j;i_ )IIZ( ||oo<zckﬂ Cotjii) |1 2™ |oos

J=1

therefore

(gkz + h’k’L + Ckkz + Vi + ch] 3 HZ(TH_DH < Z ck‘j i Cxkj; Z)HZ HOO
j=1

Since gg; + hii + Vi > 0, we have

I 1
Zj:l Chjsi — Zj:l Cukjii HZ(n)
]
Zj:l Chjsi

12049 | <

oo

SO

120 e < (12|, (5.7)

where

1 !
! Zj:l Crjsi — Zj:l Cukjisi

¢ = max

: l <1
=1 *
23:1 Crjsi
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This proves convergence of the upper sequence at the linear rate q. We have from (527)
and (B2) that the mesh function Vi (z) defined by

lim V,(cn) (z) = Vi(z) zecw”

n—oo

is an exact solution to (B™). The uniqueness of the solution to (B) follows from lemma
B0, Indeed, if by contradiction, we assume that there exist two solutions V) and V®

to (B9), then by the mean-value theorem, the difference §V = V() — V(2 satisfies the

difference problem

!
oc
IkiOVizi—1 + P Vi + Vi Vigia + Z a—v]f(svgz =0, (5.8)
J

Jj=1

By lemma B, ||6V||s < 0, therefore V() = /2, O

6. NUMERICAL EXPERIMENTS

We solve the nonlinear difference scheme (B) on uniform meshes by the monotone
iterative method (B2). The stopping criterion is

max [V"(z) — V" }(z)| <6,

TEW

where ¢ is the required accuracy. If at step n = n* the stopping criterion is satisfied,
then V(x) = V" (z), 2 € w", where V(z) is the corresponding numerical solution. In the
absence of an exact solution for test problems, for fixed value of €, the nonlinear difference
scheme (B9) with N = 2048 is solved by the monotone iterative method (52) with the
stopping criterion § = 107°. This generates a reference solution V,.;(z). The basic feature
of monotone convergence of the upper and lower sequences is observed in all the numerical
experiments. In fact, the monotone property of the sequences holds at every mesh point
in the domain, of course, this is expected from the analytical considerations.

Example 1. Consider the following test problem
1
—€1U/1/ + ?)U/l + (Ul + §U€)) — Uy = fl(l') ul(O) = U1(1> = O,

1
—Equly + U — uy + 2us + gug = fo(z) uz(0) =wuy(1) =0.
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N |eg=10"" e5=10"1 ]|, =102 =102, =102 e=103 |, =10"% e, =10"*
32 | 1.771e-4  2.999e-4 | 6.506e-4 0.0031 5.392e-4 0.0048 5.392e-4 0.0048
64 | 0.453e-4 0.75e-4 3.248e-4 0.0009 2.794e-4 0.0024 2.793e-4 0.0024
128 | 0.114e-4  0.189e-4 | 1.114e-4 0.0002 1.452e-4 0.0012 1.421e-4 0.0012
256 | 0.029e-4  0.047e-4 | 0.307e-4 0.0001 0.821e-4 0.0005 0.717e-4 0.0006
5121 0.007e-4  0.012e-4 | 0.079e-4 0.0000 0.438e-4 0.0001 0.360e-4 0.0003

TABLE 1. Maximal approximate error EME for the monotone iterative

method (B2) applied to the test problem 1.

N | ane | Gne, | O, | O
32 10.949010.9713 | 1.0022 | 1
64 1 0.9752]0.9856 | 1.1615| 1
1
1

€2

128 1 0.9876 | 0.9927 | 0.8226
256 | 0.9936 | 0.9965 | 0.9065

512 - - - -
TABLE 2. The numerical order of convergence ay. for e; = g, = 1074,

and the uniform numerical order of convergence aj,. for all €1 and &3 in

Tablel, applied to the test problem 1.

up + 1ud —u I4+ui -1
In this example, ¢(x, uq, us) = e 21 s | S—j = ' 4 B =
—Uq 2U2 + guz —1 2+ Uy

3 0 . 1 -1

., fi(zr) =1 and fo(z) = 2. We consider C, =
01 -1 2
there is C* such that C, < % < C* for x € w" = [0,1]. In our numerical experiments,
the lower solution V@ (z) = 0 for z € (0,1) and V?(0) = V@(1) = 0. In Table 1 for

various values of € and N, we present the maximal approximate error Ey . = max En (),
xe@’]{,

> and by lemma 22

Ene(x) = |Vne(x) — Viese(x)| where V() is the numerical solution of the nonlinear
difference (B9) by the monotone iterative method (B=2).
Fig. 1. shows for very small €, the error is independent of € and decreases with IV, that is

the nonlinear difference scheme by the monotone iterative method converges e —uniformly.
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FIGURE 1. Ey,. with N = 128 and €1 = €5 = 0.001 and &; = g5 = 0.0001

for us(x) of the test problem 1.

The numerical order of convergence ay . and the uniform numerical order of convergence

@y are calculated as in [(].

Ry, = max |Vy(zier) — Van(ziex)],

JEEWN

— —
Ry = max Ry,
€k

=

— }%Aﬁs % R
N, = logy(=—), @y = (logy =),
R2N,Ek 2N
for k = 1,...,1, and are close to one (Table 2). This confirms the theoretical result in
Theorem B

Example 2. Consider the following test problem:

—eu” + b(x)u' + c(z,u) + f(z) =0, u(0)=u(l)=0,

c(x,u) =1 —exp(—u), b(z)

1, x < 0.9,

0.5, x> 0.5,

Consider the lower solution Vy(z) = 0, x € @" to (B™). We conclude that ¢, = min ¢, =

0<u<1

max ¢, = 1, where ¢, and ¢* are defined in (B).

0<u<l1
In Table 3, the maximal

approximate error is presented for various value of ¢ and N. The numerical order of

convergence oy, and the uniform numerical order of convergence @} are close to one,

which confirms the theoretical result in theorem E71. The approximate error Ey . with
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N |e=01]e=0.01|e=0.001]|e=0.0001
32 | 0.0062 | 0.0022 0.0038 0.0041
64 | 0.0032 | 0.0022 0.0018 0.0020
128 | 0.0016 | 0.0014 0.0008 0.0010
256 | 0.0007 | 0.0007 0.0003 0.0005
512 | 0.0003 | 0.0003 0.0002 0.0002
1024 | 0.0001 | 0.0001 0.0001 0.0001

TABLE 3. Maximal approximate error EME for the monotone iterative

method (B2) applied to the test problem 2.

1.2

£=0.0001
— — — £=0.001

0.8

0.6~

| e,

0.4

0.2~

S

0 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 :

FIGURE 2. Ey. with N = 128 and ¢ = 0.001 and ¢ = 0.0001 for the test
problem 2.

N = 128 and € = 1073,107* is depicted in Fig. 2. The maximum of the approximate

error is attained in the boundary layer at = = 1.
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