Iterative Linear Algebra for
Constrained Optimization

Hilary Dollar
Keble College

University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy

Michaelmas 2005



This thesis is dedicated to my parents [an and Janice Dollar.



ITERATIVE LINEAR ALGEBRA FOR CONSTRAINED OPTIMIZATION
Hilary Dollar, Keble College, University of Oxford
A thesis submitted for the degree of Doctor of Philosophy
Michaelmas 2005

Abstract

Each step of an interior point method for nonlinear optimization
requires the solution of a symmetric indefinite linear system known
as a KKT system, or more generally, a saddle point problem. As
the problem size increases, direct methods become prohibitively
expensive to use for solving these problems; this leads to iterative

solvers being the only viable alternative.

In this thesis we consider iterative methods for solving saddle point
systems and show that a projected preconditioned conjugate gra-
dient method can be applied to these indefinite systems. Such a
method requires the use of a specific class of preconditioners, (ez-
tended) constraint preconditioners, which exactly replicate some

parts of the saddle point system that we wish to solve.

The standard method for using constraint preconditioners, at least
in the optimization community, has been to choose the constraint
preconditioner and then factor it. However, even the most basic
choices in constraint preconditioner can be prohibitive to factor.
We shall propose an alternative to this method: implicit factor-
1zation constraint preconditioners. We exhibit how these can be
effectively applied whilst only having to factor smaller sub-blocks
of the saddle point systems, thus reducing the expected time and
memory costs of our iterative method. Numerical experiments are
provided which reveal that the benefits of using implicit factoriza-
tion constraint preconditioners compared to the standard method

can be very dramatic.
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Chapter 1

Introduction

1.1 The Problem

One of the core components of computational mathematics is the optimization
of an objective function involving unknowns that may be constrained in some
way. Optimization problems occur in many different areas — nature, business,
and engineering are just a small subset of such areas.

The field of continuous optimization has undergone a dramatic change since
1984 with the “interior point revolution”. Each iteration of an interior point
method involves the solution of a symmetric and indefinite linear system known
as the Karush-Kuhn-Tucker (KKT) system (or, more generally, a saddle point
system), which we shall assume to be of a sparse nature. The most common
approach reduces the indefinite system to a smaller positive definite one called
the Schur complement and then uses the Cholesky factorization to solve the
system. However, this reduction produces a more ill-conditioned system which
is a lot denser than the former [63]. As a result, methods involving the solution

of the indefinite system are often preferable. This indefinite system takes the

form
H AT
T (1.1.1)
A —-C Yy d
~——
H c

where H € R™*" C' € R™*™ are symmetric and A € R™*" m < n, and A has
full row rank.

The interior point methods considered in this thesis are presented in Chap-
ter 2; the spectral properties of the resulting saddle point systems are also

analyzed in that chapter. Equation (1.1.1) can be solved either directly or by
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the use of an iterative method. We shall consider suitable direct methods in
Chapter 3 and then describe possible iterative methods in Chapter 4.

In Section 2.4.2 we show that the coefficient matrix in (1.1.1) is indefinite.
This appears to imply that the conjugate gradient method isn’t a suitable
method for solving such saddle point systems; however, with the use of con-
straint preconditioners, we can effectively apply this method. We shall derive
the resulting methods in Chapter 5 and also give theoretical results about the
associated convergence properties. For the cases of C' = 0 and C' symmetric
and positive definite, preconditioned conjugate gradient-based methods (of-
ten called projected preconditioned conjugate gradient methods) are already
known, but we reveal that there is a projected preconditioned conjugate gradi-
ent method which can be used when C'is symmetric and positive semidefinite;
when C' = 0 or C' is symmetric and positive definite, this new method encom-
passes the two previously known methods.

The standard method for using constraint preconditioners, at least in the
optimization community, has been to choose the constraint preconditioner and
then factor it. There is no reason this should be any more efficient than
solving (1.1.1) directly. In fact, in Chapters 6 and 7 we will observe that
even the simplest choices can be impractical to use. However, we propose the
alternative of implicit factorization constraint preconditioners. In Chapter 6 we
introduce the idea of implicit factorization preconditioners for the case C' = 0.
In particular, we consider the Schilders factorization. We then extend this to
the case C' # 0 in Chapter 7. Numerical results are given in both chapters to
indicate how these preconditioners would behave in one iteration of an interior
point method.

To be able to use implicit factorization preconditioners we make a funda-
mental assumption about the structure of the saddle point system (1.1.1): the
first m columns of A are linearly independent. Although this is not generally
true, we can always carry out a symmetric permutation of the required saddle
point problem such that this assumption will hold. We will analyze different
choices of permutation in Chapter 8. Numerical examples involving the use of
interior point methods to solve test constrained optimization problems will be
presented.

We will have so far concentrated on the use of constraint preconditioners
within a conjugate gradient method. Several other preconditioners have been

suggested for solving saddle point systems that arise through the discretization
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of specific classes of partial differential equations; these preconditioners require
the use of a more general iterative method, for example, the Bi-conjugate
gradient method. We shall compare some of these preconditioners with the
implicit factorization constraint preconditioners in Chapter 9.

Finally, we will draw some conclusions and describe several extensions to

our ideas, some of which will connect our work to different application areas.

1.2 Definition of Optimization Problems

Optimization is the minimization or maximization of a function subject to a
set of constraints on its variables. Throughout this thesis we shall let x be a
vector of variables, f be an objective function, and ¢ be a vector of constraints
that the variables must satisfy. The function f is a function of x that returns

a real value that we wish to minimize or maximize. Since
maximum f(x) = — minimum (— f(z))

there is no loss in generality in restricting our optimization problem to being
that of minimization.

The generalized form of an optimization problem is

min - f(z)
subject to ¢;(z) =0, i=1,2,...,m; (1.2.1)
ci(x) >0, i=m+1,...,m,

where f: R® — R and ¢ : R* — R™. We call f the objective function, while
ci, 1 =1,...,m, are the equality constraints and ¢;, i = m + 1,...,m’ are the
inequality constraints. We define the feasible set C to be the set of points x

that satisfy the constraints:
C={x]c(z)=0,i=1,2,....m; ¢;(x) >0, i=m+1,....m'}, (1.22)
so that we can write (1.2.1) more compactly as

min f(z). (1.2.3)

zeC

Any point = that lies in C is said to be feasible and any = ¢ C is said to be
infeasible.
There are a number of important subclasses of optimization problems. If

m’ = m = 0 then we have an unconstrained minimization problem — this
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is the simplest of all the subclasses. The problems where 0 < m = m/' are
called equality constrained minimization problems and if 0 = m < m/ then we
have an inequality constrained minimization problem. Finally, if 0 < m < m/’
then the problem is known as a mized constraints minimization problem. For

consistency we shall assume that m < n.

1.3 Important Notation

Suppose that f(z) is at least twice continuously differentiable (f € C?).

Definition 1.3.1. The gradient, g(x), of the objective function f is defined
to be

9(x) = Vo f(z),
where V, f(z) denotes the vector of first partial derivatives, whose i-th com-
ponent is 0f(z)/0x;.

Definition 1.3.2. The Hessian, H(x), of the objective function f is
H(z) = V. f(x),

where the i, j-th component is the second partial derivative 0°f(z)/0x;0z;.

(Note: H(z) is always symmetric.)

Likewise, the gradient and Hessian of the i-th constraint are respectively
defined as a;(x) = V,¢;(z) and H;(z) = V,ci(z).

Definition 1.3.3. The Jacobian matrix is
aj ()

A(z) = (Vye(x)" =
ahy ()

We shall use the usual Euclidean inner product between two t-vectors u

and v, ie. (u,v) = S0 uv;.

Definition 1.3.4. If y is a vector (of so-called Lagrange multipliers), the

Lagrangian function L(z,y) is defined as

L(z,y) = f(z) = (y, c(x)) -
Its gradient and Hessian with respect to x are

g(z,y) = VioLl(z,y) = glx) — AT(x)y,
H(x,y) = vxw£<xvy) H<5U>_Z7;1%Hl<$>
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The i-th unit (canonical) vector is denoted by e;, whilst e is the vector
of ones and I is the identity matrix of appropriate dimension [41]. Given a
symmetric matrix M with, respectively, m,, m_ and my positive, negative
and zero eigenvalues, we denote its inertia by In(M) = (my, m_, mg).

We will use the following standard order notation throughout; see [19] for

more details.

Definition 1.3.5 (Order Notation). Let ¢ be a function of a positive variable
h, and let p be fixed.

e If there exists a constant «, > 0 such that |¢| < k,h? for all sufficiently
small h, then we write ¢ = O(h?). If p = 0, we write ¢ = O(1) and say
that ¢ is finite.

e If there exists a constant x; > 0 such that |¢| > kAP for all sufficiently
small h, then we write ¢ = Q(h?). If p = 0, we write ¢ = Q(1) and say

that ¢ is bounded away from zero.

e If there exist constants k; > 0 and x, > 0 such that kh? < |¢| < Kk, h?
for all sufficiently small h, then we write ¢ = ©(h?). If p = 0, we write
¢ = O(1) and say that ¢ is both finite and bounded away from zero.

1.4 Optimality Conditions

Let us firstly define what global and local minimizers are with respect to our

general optimization problem (1.2.1).

Definition 1.4.1. A point z* is called a global minimizer if x* € C and
f(z*) < f(x) for all z € C.

Definition 1.4.2. A point z* is called a local minimizer if x* € C and there
is an open neighbourhood N of z* such that f(z*) < f(x) for all z € CNN.
We say that x* € C is isolated if there is an open neighbourhood N of z* such
that f(z*) < f(z) for all x #£ 2* € CNN.

It can be extremely difficult to say anything about the solutions of optimiza-
tion problems because, in general, they may have many local, often non-global,

minimizers. We therefore need some optimality conditions; these conditions
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provide a means of guaranteeing that a candidate solution is indeed (locally)
optimal (the sufficient conditions) and they can also guide us in the design of
algorithms for solving such problems.

We will consider the unconstrained, equality constrained, inequality con-

strained and mixed constraint problems separately.

1.4.1 Optimality Conditions for Unconstrained Optimiza-
tion

The necessary conditions for optimality are derived by assuming that a point

x* is a local minimizer and then proving facts about g(z*) and H(z*). We

shall not show the proofs to these theorems — proofs can be found in [45] and

62).

Theorem 1.4.3 (First-Order Necessary Conditions). If z* is a local minimizer
of f(x) and f is continuously differentiable in an open neighbourhood of x*,
then g(x*) = 0.

Theorem 1.4.4 (Second-Order Necessary Conditions). If x* is a local min-
imizer of f(x) and V[ is continuous in an open neighbourhood of x*, then

g(x*) =0 and H(z*) is positive semidefinite.

Suppose that we have found a point that satisfies the above conditions. We
can guarantee that it is a minimizer, an isolated one, provided the following

second-order sufficient optimality conditions are satisfied.

Theorem 1.4.5 (Second-Order Sufficient Conditions). Suppose V2 [ is contin-
uous in an open neighbourhood of x* and that g(x*) = 0 and H(x*) is positive

definite. Then z* is an isolated local minimizer of f(x).

1.4.2 Optimality Conditions For Equality Constrained
Minimization
When constraints become involved in the problem we must take the role of

the feasibility region into account. Given equality constraints, the necessary

optimality conditions are as follows.
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Theorem 1.4.6 (First-Order Necessary Conditions). If z* is a local mini-
mizer of f(x) subject to c(x) = 0 and f and c are continuously differentiable
i open neighbourhoods of x*, then, so long as the set of constraint gradients
{Vei(z*), i = 1,...,m} is linearly independent, there exists a vector of La-

grange multipliers y* such that

c(x*) = 0 (primal feasibility),
g(z*) — AT (z*)y* = 0 (dual feasibility).

Theorem 1.4.7 (Second-Order Necessary Conditions). If * is a local mini-
mizer of f(x) subject to c(x) and V2f,V?c are continuous in open neighbour-
hoods of x*, then, so long as the set of constraint gradients {Ve;(x*), i =
1,...,m} is linearly independent, there exists a vector of Lagrange multipliers
y* such that c(z*) = 0, g(z*) — AT (2*)y* = 0 and

(s, H(x*,y*)s) >0 for all s € N,
where
N = {s e R"|A(z")s = 0}.

Strengthening the requirement on H(x*,y*) gives us the sufficient condi-

tions:

Theorem 1.4.8 (Second-Order Sufficient Conditions). Suppose V2f and V¢
are continuous in open neighbourhoods of x* and that there exists a vector of

Lagrange multipliers y* such that c(z*) = 0, g(z*) — AT (2*)y* = 0 and
(s, H(x*,y*)s) >0 for all s e N,
where
N ={s e R"A(z")s = 0}.

Then z* is an isolated local minimizer of f(x) subject to c(x) = 0.

1.4.3 Optimality Conditions For Inequality Constrained
Minimization
Suppose that z* is a minimizer of the inequality constrained minimization

problem

m%@n f(z) subject to ¢(x) > 0.
TreR™
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We shall say that a constraint is active at «* if and only if ¢;(z*) = 0. The active
constraints play an important role in defining the minimizer, but the inactive
constraints play no part at all. We’ll denote the set of active constraints for a

given z* as A(x*) and call it the active set.

Definition 1.4.9 (LICQ). Given the point z* and the active set A(z*), we say
that the linear independence constraint qualification (LICQ) holds if the set

of active constraint gradients {Ve¢;(x*), i = 1,...,m’} is linearly independent.

Theorem 1.4.10 (First-Order Necessary Conditions). If x* is a local mini-
mizer of f(x) subject to c(x) > 0 and f and c are continuously differentiable in
open neighbourhoods of x*, then, so long as the LIC(Q) holds at x*, there exists

a vector of Lagrange multipliers y* such that

c(x*) > 0 (primal feasibility),
g(z*) — AT(2x*)y* = 0 (dual feasibility),
ci(z®)[y*li = 0 (complementary slackness).

The primal/dual feasibility and complementary slackness conditions are

known collectively as the Karush-Kuhn-Tucker (KKT) conditions.

Theorem 1.4.11 (Second-Order Necessary Conditions). If x* is a local min-
imizer of f(x) subject to c(x) > 0 and V2f and V¢ are continuous in open
neighbourhoods of x*, then, so long as the LIC'(Q) holds at x*, there exists a
vector of Lagrange multipliers y* such that primal/dual feasibility and comple-

mentary slackness hold as well as
(s, H(x*,y*)s) >0 for all s € Ny,

where

N+:{86Rn

(s,a;(z*)) = 0 if c;(z*) = 0 & [y*]; > 0 and }
(s;ai(z7)) 2 0 if ci(2*) =0 & [y*]; =0 '

The corresponding sufficient condition also holds:

Theorem 1.4.12 (Second-Order Sufficient Conditions). Suppose V2 f and V¢
are continuous in open neighbourhoods of x* and that there exists a vector of

Lagrange multipliers y* such that c(z*) = 0, g(z*) — AT (2z*)y* = 0 and

(s, H(z",y")s) > 0 for all s € Ny,
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where

N+:{S€Rn

(s,a;(x*)) =0 if ¢;(x*) =0 & [y*]; > 0 and }
(s,a;(x*)y >0 if c;(x*) =0 & [y*]; =0 ’

then z* is an isolated local minimizer of f(x) subject to c(x) > 0.

1.4.4 Optimality Conditions For Mixed Constraints Min-
imization
Suppose that z* is a minimizer of the inequality-constrained minimization

problem

min - f(z)
subject to ¢;(z) =0, i=1,2,...,m;

() >0, i=m+1,....,m.

The necessary optimality conditions are as follows.

Theorem 1.4.13 (First-Order Necessary Conditions). If x* is a local min-
imizer of f(x) subject to c;(x) = 0,7 = 1,2,...,m and ¢;(x) > 0, i =
m+1,....,m' and f and c are continuously differentiable in open neighbour-
hoods of x*, then, so long as the LICQ holds at x*, there exists a vector of

Lagrange multipliers y* such that

clx®) = 0 i=1,...,m (primal feasibility (a)),
c(z) > 0 i=m+1,...,m" (primal feasibility (b)),
g(z*) = AT (z*)y* = 0 (dual feasibility),
ci(x9)[y*]y = 0 (complementary slackness).

Theorem 1.4.14 (Second-Order Necessary Conditions). If z* is a local min-
imizer of f(x) subject to ¢;(z) = 0, i = 1,2,...,m and ¢;(x) > 0, i =
m+1,....,m', and V*f and Vc are continuous in open neighbourhoods of
x*, then, so long as the LICQ holds at x*, there exists a vector of Lagrange
multipliers y* such that primal/dual feasibility and complementary slackness

hold as well as
(s, H(x*,y*)s) > 0 for all s € N,

where

NJF - {S <K <Saai(x*>> >0 Z.fci(aj*) =0& [y*]l =0

(s,a;(z*)) =0 if c;(z*) =0 & [y*]; > 0 and } ‘
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The corresponding sufficient condition also holds:

Theorem 1.4.15 (Second-Order Sufficient Conditions). Suppose V2 f and V3c
are continuous in open neighbourhoods of x* and that there exists a vector of
Lagrange multipliers y* such that ¢;(x) = 0,1 = 1,2,...,m and ¢;(x) > 0,
i=m+1,....m gla*) — AT (z*)y* = 0 and

(s, H(z",y")s) > 0 for all s € Ny,

where

N, = {S — (s,a;(z*)) =0 if c;(z*) =0 & [y*]; > 0 and } |

(s,ai(z7)) 2 0 if ci(2*) = 0 & [y]; = 0

then z* is an isolated local minimizer of f(x) subject to c(x) > 0.

We shall make use of some of these optimality conditions in Chapter 2 when

we derive some of the interior point methods.



Chapter 2

Interior Point Methods

From this chapter onwards we shall restrict ourselves to constrained optimiza-
tion problems. We shall also simplify the equality constraints to be linear

constraints which can consequently be written as
Ar —d =0, (2.0.1)

where A € R™*" is of full rank, d € R™, and m < n. For the treatment of
more general problems refer to [39, 62, 87].

In the 1980s there was a large leap made in the solving of constrained
optimization problems. The discovery originally came about by considering
linear objective functions, i.e. f(z) = b’z for some vector b, and formulating
them as nonlinear problems. These are then solved with various modifications
of nonlinear algorithms such as Newton’s method [54, 62]. In these methods
all of the iterates are required to satisfy the inequality constraints strictly, so
they soon became known as interior point methods. This idea has since been

generalized to other forms of objective function.

2.1 Equality Constrained Problems

Suppose we wish to solve an equality constrained minimization problem of the
form

1
m%@n f(z) = §[ETQ[L’ + b"x subject to Av —d =0,
zeR"

where A € R™*" is of full rank, () € R™*" is symmetric, positive semidefinite,
beR"and d € R™.

11
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If x* is a local minimizer of this problem, then the second-order necessary

conditions (Section 1.4.2) imply that

Az* —d = 0, (2.1.1)
Qr*+b—Aly* = 0. (2.1.2)

_xy ] - [ _db] . (2.1.3)

The system (2.1.3) is known as the Karush-Kuhn-Tucker (KKT) system and

is an example of a saddle point problem. We need only solve this system to

These equations can be expressed as

Q A"
A0

find z*; no interior point method is required.

2.2 Inequality Constrained Problems
Consider the convex nonlinear optimization problem
min f(z) such that ¢(x) >0, (2.2.1)

where 2 € R”, and f : R” — R and ¢ : R” — R™ are convex and twice
differentiable. Interior point methods introduce slack variables, s, into (2.2.1)

to transform the problem into
min f(x) such that ¢(x) —s=0 and s> 0. (2.2.2)

We then replace the non-negativity constraints of (2.2.2) with a logarithmic
barrier term in the objective function, resulting in

/

min f(z) — ,uZln s; such that c(x) —s=0. (2.2.3)

=1

The first-order optimality conditions for this problem are

g9(x) — A(z)"y
y-ps—e =0, (2.2.4)

clx)—s
s >0,

e o o o
v
o
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where S = diag {s1, S2, ..., 8w}, y is a vector of Lagrange multipliers, and e is
as defined in Section 1.3. Primal-dual methods modify (2.2.4) by multiplying

the second equation by S, resulting in the system

g(x) = Alx)"y
SYe—pe =
clr)—s =

s >0,

?

’ (2.2.5)

b

= O O O

>0,

where Y = diag{y1,v2,...,Ym } . The following system is solved to find the

Newton direction:

H(z.y) 0 —Al(z) | | Az —g(z) + AT (z)y
0 Y S As | = ue — SYe . (2.2.6)
—A(x) 1 0 Ay c(x) —s

By eliminating As from (2.2.6) we obtain the saddle point system

H(z,y) —Ax)"
—A(x) -Sy!

N J/

H

Ax
Ay

with
As = —s+ Y (ue — SAy).

This gives us Algorithm 2.2.1: an interior point method for solving inequality
constrained optimization problems of the form given in (2.2.1). The positive
barrier parameter, u, is gradually reduced to guarantee the convergence to the
optimal solution of the original problem (2.2.1). In practice, this parameter is
generally reduced to be of the order 1075,

At an optimal point, x*, sfyf = 0 for ¢ = 1,...,m’. As we draw near to
optimality we find that at the k" iterate of the interior point method when
i € A(z), where A(z*) is the active set defined in Section 1.4.3, [s*];/[y*]; =
O(uy); for i & A(x*), [s"]:/[v*]; = O(ui"). The O(u;, ") behaviour of some of
the entries in SY ~! will result in H being very ill-conditioned when we draw
close to optimality. One way that the optimization community combats this
is to split the matrix SY ! such that

SAYXl 0

Sy~ = 71
0 S7Ys

Y
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Algorithm 2.2.1 Interior Point Method for Inequality Constrained Problems

Require: z° and (s%,¢°) >0
for k=0,1,2,... do
[ v
Choose % € (0,1) and set pu* = o | =——

m

Solve the following linear system

AzF
AyF

Hay")  —Aa"
L —Aah s |

H

_ [ —g(a*) + A(a*)Ty*
e(a®) — pH Y] e

Set Askt = —s* + [V*]7} (ke — [S*]AyF)

Choose x* € (0,1)

Choose o as the first element in the sequence {1, [x*], [x*]?, X*]*,...}
such that (s* + aFAs* yF + ok AyF) > 0

Form the new iterate

(851 My = (85, 2%, ) + P (ASY, Ak, Ayh)

end for

where S4[Ya.' = O(ui 1) and S7[Y7] ! = O(i[). System (2.2.7) becomes

H(z,y) —Aa(@)" —Az(x) Az —g(x) + Aa(z)ya+ Az(2)yz
—A(z) —SaY ! 0 Aya | = ca(z) —pY'e
—Az(x) 0 — Syt Ayr cr(z) — puYs'te

where A(z)T = [ Aqg(z)t Az(x)T ] . Eliminating Ayz we obtain

H+ ALS;'yzA; - AT
—Ay —Sa4Y

Ax
Ay

—g+ ALya+ pA7S; e
cA— uYgle

As we approach the optimal solution the entries of S A(x)Ygl become small, as
do the entries of AZS-!(x)YzAz; the system is well behaved in the limit [45].

2.2.1 The Central Path

The above method can also be considered in terms of the central path. Suppose

that we consider the inequality problem as defined in (2.2.2):

min f(z) such that ¢(x) —s=0 and s> 0.
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central path
neighbourhood
7

e

Figure 2.1: Central path, projected into space of primal variables z, showing
a typical neighbourhood.

Theorem 1.4.13 gives the following first-order necessary conditions:

c(r) —s

g(x) — AT (2)y
SiYi

(s,y) =

|
o o o o

, 1=1,...,m,

The central path C' is parameterized by a scalar 7 > 0 such that each point
(7, Yr, $r) € C solves the system

clx)—s = 0,

glx) = Al(x)y = 0,
sy = 1, i=1,...,m/,

(s;y) > 0.

We note that these conditions differ from the first-order necessary conditions
only in the term 7 on the right hand side and the inequality sign becoming a

strict inequality. The central path is defined as

C={(zr,yr.5,)}.

In Figure 2.1 we see a plot of C' for a typical problem, projected into the space

of primal variables x.
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Instead of taking Newton steps directly onto C, interior point methods take
Newton steps towards points on C' for which 7 > 0. To achieve this, a centering

parameter o € (0,1) and a duality measure 1 defined by
S
= 3 ;s

are introduced. We then solve the system

clx)—s = 0,

g(z) = Al (z)y = 0,
SYe = ope,

(s,y) > 0.

Note that by setting = o we exactly obtain (2.2.5). Thus, Algorithm 2.2.1
is equivalently given by this central path idea.

2.3 Mixed Constraints Optimization Problems

Let us consider how to solve constrained optimization problems of the following
form:
min flx
z (@) (2.3.1)
subject to Ar —d =0 and z > 0,

where f(x) has continuous first and second derivatives, z € R", d € R™ and
A € R™" has full row rank m. As in the previous section, interior point
methods usually replace the inequality constraints with logarithmic barriers

to obtain
min f@) = p i Inw;

(2.3.2)
subject to Axr —d =0,

where (1 is a barrier parameter [34, 39, 62, 87]. Any finite solution of (2.3.2) is

a stationary point of the Lagrangian function
L(z,y,p) = f(x) —y" (Av —d Zlnaz]

For the conditions of the stationary point we write

VoL(z,y,p) = Vof(r)— ATy —puXle=0, (2.3.3)
V,L(z,y,u) = Az —d=0, (2.3.4)
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where X' = diag{z;", 25", ... 2!
Let s = uX'e, i.e. XSe = pe, where S = diag{s;,ss,...,5,}. The

first-order optimality conditions for the barrier problem are therefore given by

Az = d, (2.3.5)
Vof(x) — ATy = s, (2.3.6)
XSe = pe. (2.3.7)

The interior point algorithm applies the Newton method to solve this sys-
tem of nonlinear equations. We obtain the Newton direction by solving the

system of linear equations:

A 0 0 Az &
-5 0 —-X As &u
where
& = d— Az,

éd = S—fo—l—ATy7
§ = XSe— pe.

This gives us Algorithm 2.3.1 which is an interior point method for solving

mixed constraints optimization problems of the form given in (2.3.1).

By eliminating As from (2.3.8) and rearranging we obtain the symmetric

indefinite system of linear equations

Veof (z) + SX1 AT
A 0

Az
~Ay

— X1

_ | Sl (2.3.9)
&p

The system (2.3.9) is a KKT /saddle point problem. Once this system has

been solved a positive step length « is chosen such that (r+aAx, y+aAy) > 0,

and the variables are updated according to z « = + aAz, y «— y + aAy and

i «— T, where 7 € (0,1). (Sometimes a different o may be used for z and y.)

2.3.1 The Quadratic Programming Problem

If the function f(z) is a quadratic function, then the associated optimization
problem is known as a quadratic programming problem. Suppose f is expressed

as

fz) = %xTQx + b,
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Algorithm 2.3.1 Interior Point Method for Mixed Constraint Problems
Require: 3° and (2°,s%) > 0
for k=0,1,2,... do
Choose o* € (0,1) and set pu* = o* (W}Z[S’“])

Solve the following linear system

A 0 0 AzF d— AxF
Vo f(2%) AT —I —AyF | = | s" =V, f(a") + ATy
—[S*] 0 —[X* As* —pe + [ X*][S*]e

Choose x* € (0,1)

Choose o as the first element in the sequence {1, [x*], [x
such that (s* + a”As* 2% + o Az*) > 0

Form the new iterate

k:]2

("1 2" yE) = (55, 2%, 0F) + of (ASF, Ak, AyF)

end for

where () € R™ "™ is a positive semi-definite matrix and b € R™. The corre-

sponding KKT /saddle point system is

1 YT oyl
Q+5X A Az _ Ea— X, | (2.3.10)
A 0 —Ay &p
where
& = d— Ax,

& = s—b—Qu— ATy,
& = XSe— pe.

2.3.2 Mehrotra’s Predictor-Corrector Method

The interior point method introduced in Section 2.3 is no longer the most
commonly used version in practice. Soon after its appearance, Mehrotra’s
predictor-corrector variant [57] became a very popular method. The main
difference between the predictor-corrector approach and the previous algorithm
is the choice of search direction. In the predictor-corrector method the new

search directions are selected by the solution of two linear systems. Firstly we
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solve
A 0 0 ATF d— AzxF
Vaeof(2®) AT —1 —AYF | = | 8= V.f(@h)+ ATyF |,
—[Sf 0 —[X% As* [(X*][S*]e

and As*, AZ*, Ay* are called affine directions. The search directions are then

given by
A 0 0 AzF d— Ax*F
Voo f(2¥) AT =1 —Ayt | = sh— Vo f(a") + ATyE
—[SY] 0 —[X*] Ask —pie + [X*][S*)e + [AX*][ASHe

As in the original variant, the variables As* and As* are usually eliminated
from these linear systems and saddle point problems are obtained.

This variant significantly reduces the number of iterations of the interior
point method. Although this reduction is at the cost of us needing to solve
two linear systems instead of one, we note that the matrix is the same in both
the systems. It has been found in practice that the reduction in iterations
easily compensates the requirement of solving these two systems, particularly

because we need only factorize the coefficient matrix once.

2.4 General Structure of the Linear Systems

In the previous sections of this chapter we have shown the need to be to able

to solve an important class of indefinite linear systems. These systems are of

z] - [Z] (2.4.1)

where H € R™" C' € R™™ are symmetric and A € R™*". We shall assume

that m < n and A is of full rank. Another reasonable assumption for us to

a saddle point structure

H AT

A —C

~—————
H

make is that H and C are positive semi-definite. More shall be said about this

assumption in Chapter 5.
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2.4.1 Invertibility Conditions

If H is invertible, the saddle point matrix can be factored into block triangular
factors:
H AT

1 0 H 0 I H AT
A —C AH™' I 0o S 0 1

where S = —(C + AH'AT) is the Schur complement of H in H. We are

able to derive a number of important properties about the saddle point matrix

H = . (2.4.2)

from this factorization, as well as it forming the basis of many popular solution
algorithms.

Assuming H is nonsingular, it is clear from (2.4.2) that H is nonsingular
if and only if S is also nonsingular. Unfortunately this is a very general state-
ment and it may be difficult to say much about the invertibility of the Schur
complement S.

We shall firstly consider the case C' = 0. When H is symmetric positive

semidefinite, we have the following result, [8].

Theorem 2.4.1. Assume that H is symmetric positive semidefinite, A has
full rank, and C = 0. Then a necessary and sufficient condition for the saddle
point matriz H to be nonsingular is that ker(A) Nker(H) = {0}.

Proof. Let u = [ v ] be such that Hu = 0. Hence Hx 4+ ATy = 0 and Az = 0.
)
It follows that 2" Hx = —aTATy = —(Az)Ty = 0. Since H is symmetric

positive semidefinite, 27 Hx = 0 implies that Hx = 0, and therefore z €
ker(A)Nker(H), thus x = 0. Also, y = 0 since ATy = 0 and AT has full column
rank. Therefore u = 0, and H is nonsingular. This proves the sufficiency of
the condition.

Assume now that ker(A) Nker(H) # {0}. Taking x € ker(A) N ker(H),

x
x # 0 and letting u = 0 we have Hu = 0, implying that H is singular.
Hence, the condition is necessary.

This is easily extended to the case of C' symmetric positive semidefinite,
[3].
Theorem 2.4.2. Assume that H is symmetric positive semidefinite, A has full

rank, and C' is symmetric positive semidefinite (possibly zero). Then a neces-

sary and sufficient condition for the saddle point matriz H to be nonsingular

is that ker(A) Nker(H) = {0}.
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2.4.2 Spectral properties of saddle point matrices

As will be seen in later chapters, the spectral properties of saddle point matrices
are relevant when solving the equations by direct and iterative methods. We
shall assume that H is symmetric positive definite, A has full rank, and C' is
symmetric positive semidefinite (possibly zero). Then from (2.4.2) we obtain

I ol|[H AT |1 —H AT :[H 0]’ (243
—~AH' I A -C 0 I 0o S

where S = —(C + AH'AT) is symmetric negative semidefinite. It therefore
follows from the Sylvester Law of Inertia [41, p. 403] that H is indefinite, with
n positive and m negative eigenvalues.

The following result from [71] establishes eigenvalue bounds for the case
C=0.

Theorem 2.4.3. Assume H is symmetric positive definite, A has full rank,
and C' = 0. Let Ay and X\, denote the largest and smallest eigenvalues of H
respectively, and let o1 and o, denote the largest and smallest singular values
of A respectively. Let \(H) denote the spectrum of H. Then

AMH)Cc I UIt,
where | .
Pt () ()]
and

1
It — l)\n, 3 (Al +4/ A2 +40%)} .
This theorem can be extended to the case C' # 0 [77]:

Theorem 2.4.4. Assume H is symmetric positive definite and A has full rank.
Let Ay and \,, denote the largest and smallest eigenvalues of H respectively, and
let o1 and o, denote the largest and smallest singular values of A respectively.
Let \(H) denote the spectrum of H. Then

AMH)C I UIt,

where

_ ) 1
I = [5 ()\n — el = /0w + ICl) +4ag> . (Al Ny +4a72n)}
and .
It = l)‘"’i (A1 + \/)\%4—40%)] :
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2.4.2.1 Quadratic programming problem

As we saw in Section 2.3.1, in each iteration of the interior point method we

are required to solve a system involving a saddle point matrix of the form

Q+SX~' AT
A 0

At the optimal point z}sf =0 for ¢ = 1,...,n. Let us define two index sets A

and 7 as follows.

A = {je{1,2,...,n}|s; #£0}, (2.4.4)
T = {je{l.2,....n}x; #0}. (2.4.5)
These two sets form a partition of the index set {1,2,...,n}. It is easy enough

to prove that the two sets are disjoint: if there were an index j that belonged
to both sets, then we would have z7s; > 0, contradicting the complementarity
condition zfs; =0 for i =1,...,n. Hence ANZ = 0.

The result AUZ = {1,2,...,n} is known as the Goldman-Tucker theorem
[87]. Note, as for inequality constrained problems, the set 4 is often known as
the active set (see Section 1.4.3).

For the interior point methods given in Section 2.3 we have s¥ /2% = O(u; ")
for i € A, and s¥/x¥ = O(us,) for i € T as we draw close to the optimal point.

Therefore, for small values of u, we are able to approximate H by

5 [ @+ batag(snp A
A 0

We can conclude that the eigenvalues {)\;} of @ +SX ! can be approximated
by

’)\z| ~ —, izl,...,ﬁ,

Q

|)\z| 0i, i:ﬁ+1,...,n,

where {g;} are positive constants.
Using Theorem 2.4.3, an interval that the spectrum of H, A\(H), lies in can
be approximated for small u by

AMH)CI-UIt~T UTT,
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where
B } 9 2 20, 2
e N 1+(u01) o 1+<M0)
20 On 21 01
0 2/1072”}
L ’ 01
and
~ 1
It = {)\m§<)\1—|—\/)\%+40%)}
- [ Ql:|
~ On, — | >
1

where « is a positive constant. As p grows smaller, both the intervals I~ and
It grow in length but one end of each of the intervals remains fixed. It is
therefore theoretically possible that the eigenvalues of H remain the same as
1 approaches zero, however, we can use Gerschgorin’s Theorem to prove that

n of the eigenvalues grow proportionally to i

Theorem 2.4.5 (Gerschgorin’s Theorem). Every eigenvalue of a matriz A lies
in at least one of the circular discs with centers a;; and radii Y, ai;|. If k
of the circular discs form a connected domain which is isolated from the other

discs, then there are precisely k eigenvalues within this connected domain.

Suppose we let D; denote the Gerschgorin disc associated with row i of our
matrix 7-7, then for i € A

I - i
Di={z€C:|z—qi——[s| < Y layl+ D lazl}, (2.4.6)
H j=Lj#i j=1
fori el
Di={2€C:|z—qi—pla}] % < Z lqij| + Z laji|}, (2.4.7)
J=1j#i Jj=1
and fort=n+1,...,n+m we have
Di={z€C:[z[ <) ain;} (2.4.8)
j=1

where ) = {¢;;} and A = {a;;}. For small ;x we can therefore conclude that
the eigenvalues {\;} of H can be approximated by

N o~ 2 oiea
I

| = pi, i€ZU{n+1,...,n+m},
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Figure 2.2: Maximum and minimum values of |\| associated with the KKT
matrix for problem CVXQP2_S (m=25, n=100) plotted against the inverse of
the barrier parameter, 1, as Mehrotra’s Predictor-Corrector Method for finding
T* progresses.

where {p;} are positive constants. Therefore, as we draw near to optimality
the saddle point systems will become very ill-conditioned.

We shall consider a small subset of problems from the CUTEr collection of
quadratic programming problems [47] and use Mehrotra’s Predictor-Corrector
Method to find the optimal value z*. When solving the saddle point system
we shall use the backslash operator in MATLAB®7.0 for the few examples in
this section. We shall store the matrices in the sparse format of MATLAB®,
see [36].

Figure 2.2 shows how the maximum and minimum absolute eigenvalues
vary with the barrier parameter, u, as we run our algorithm for finding x*
for the problem CVXQP2_S. We observe that initially the value of i increases
because the starting choices of sy = e, xg = e and yy = e are far from s*, x*,
and y*. Once the values of si, x, and y; have been modified enough by the
algorithm, the value of i starts to decrease and we start to converge towards
the optimal solution. We find that, as expected, the maximum eigenvalue has

the expected @(%) behaviour as we approach optimality. The eigenvalue of
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Figure 2.3: Maximum and minimum values of |A| associated with the KKT
matrix for problem DUAL1 (m=1, n=85) plotted against the inverse of the
barrier parameter, u, as Mehrotra’s Predictor-Corrector Method for finding x*
progresses.

minimum absolute value also has the predicted ©(1) behaviour. This behaviour
starts to occur almost immediately once the value of i starts to decrease in
this problem. The problem CVXQP2_S has m = 25, n = 100 and a KKT
matrix with 820 non-zero entries. This corresponds to just 5.2% of the entries
in the KKT matrix being filled with non-zero values — a density of 0.052.
Figure 2.3 shows how the maximum and minimum absolute eigenvalues
vary with the barrier parameter, u, as we run our algorithm for finding x*
for the problem DUALL. This problem has n = 85 and just one equality
constraint (m = 1). The corresponding KKT matrix has 7201 non-zero entries
giving a density of 0.97. For u < 107 we obtain the expected @(i) behaviour
of the maximum eigenvalue and ©(1) behaviour of the eigenvalue of minimum

absolute value.
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2.5 Other applications requiring the solution
of saddle point problems

Saddle point problems also arise in a variety of other applications. We shall
indicate a couple of these applications here, but they will not be covered in
the remainder of the work. The first example comes from an application in

incompressible fluid dynamics:

Example 2.5.1 (Stokes). Mixed finite element (and other) discretization of

the Stokes equations

—

~V?i+Vp = f inQ
V-iu = 0 inQ,

for the fluid velocity % and pressure p in the domain Q C R? or R? yields
linear systems in the saddle-point form (2.4.1) (for derivation and the following
properties of this example see [28]). The symmetric block H arises from the
diffusion terms —V?2 % and AT represents the discrete gradient operator whilst
A represents its adjoint, the (negative) divergence. When (inf-sup) stable
mixed finite element spaces are employed, C' = 0, however for equal order
and other spaces which are not inherently stable, stabilized formulations yield
symmetric and positive semi-definite matrices C' which typically have a large-
dimensional kernel — for example, for the famous Q;—P, element which has
piecewise bilinear velocities and piecewise constant pressures in 2-dimensions,

C' typically has a kernel of dimension m/4.

The following example comes from image reconstruction and nonlinear im-

age restoration applications [30]:

Example 2.5.2 (Weighted Toeplitz least squares). Consider the weighted

Toeplitz least squares problem

min || By — ¢||3, (2.5.1)
Yy
where the rectangular coefficient matrix B and the right-hand side ¢ are of the
form
DAT Db
B = and c¢= : (2.5.2)
ul 0
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Here, A is a Toeplitz matrix, D is a non-constant diagonal matrix with real
positive entries, b a given right-hand side and p > 0 a regularization parameter.
If Ais m by n (m < n), then it is straightforward to see that the problem
(2.5.1) with B and ¢ as in (2.5.2) is equivalent to the saddle point problem

D=2 AT
A —putI

)

where the auxiliary variable x = D(b — ATy) represents a weighted residual.

A comprehensive list of other applications can be found in [8].



Chapter 3

Direct Solution Algorithms for
Saddle Point Problems

Suppose we use one of the interior point methods described in the previous
chapter to solve a constrained optimization problem. The most expensive part

of the algorithm is finding the solution of the KKT system

H AT T b
= , (3.0.1)
A —c ||y d
——
H c

where H € R™", (' € R™*™ are symmetric and A € R™*", for each value of
1, the barrier parameter. In this chapter we shall consider how we might solve
these systems by the use of direct methods. In the following chapter we will

look at a different class of methods that could be used: iterative methods.

3.1 Gaussian Elimination

One of the most widely known direct methods is that of Gaussian Elimination.
This method transforms a linear system into an upper triangular one; in order
to do this it applies simple linear transformations on the left. Suppose that

we wish to solve a system

Hu = ¢,

where H € C¥*V is a square matrix. The main idea is to transform H into
an IV x N upper triangular matrix U by introducing zeros below the diagonal,
first in column 1, then column 2, and so on. To do this we subtract multiples

of each row with subsequent rows. We can think of this as being equivalent to

28
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premultiplying ‘H by a sequence of lower triangular matrices Ly:

mel...LngH: U.
N——’

L—l

We can then obtain an LU factorization of H,
H = LU,

where U is upper triangular and L is unit lower triangular. Backward and
forward substitutions are then used to solve the linear system.

In practical Gaussian elimination methods the matrices L are not formed
and multiplied together. Instead, the multipliers ¢;;, are computed and stored
directly into L [81]. To increase the stability of the Gaussian elimination
method a pivoting procedure is often added into the algorithm: this may be
in the form of complete pivoting [81] or threshold pivoting [23]. We can view
this as there being a permutation matrix P such that PH = LU. A column
permutation may also be applied to increase the stability: this can be viewed
as there also being a permutation matrix ) such that PHQ = LU.

The computation cost of this method can be expressed as
23 2
work = §N +0O (N ) flops,

where each addition, subtraction, multiplication, division or square root counts

as a flop (floating point operation) [81].

3.2 Cholesky-Type Factorization

It is a basic belief that structure should be exploited when solving a prob-
lem. In the previous section we introduced Gaussian elimination as a possible
method for solving systems of linear equations; this is a very general method
which can be used to solve nonsingular systems of equations. A variant of the
LU factorization is the LDM™" factorization where H is factored as LDM7T with
D diagonal, and L, M are unit lower triangular matrices. We observe that the
LDM? factorization can be found by using Gaussian elimination to compute
H = LU and then determining D and M from the equation U = DM7T. An
alternative algorithm for computing L, D, and M can be found in [41, Section

4.1.1]. If H is symmetric, then we have the following theorem:
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Theorem 3.2.1. If H = LDM? is the LDM?" factorization of a nonsingular

symmetric matriz 'H, then L = M.

Proof. The matrix M YHM~T = M~'LD is both symmetric and lower trian-
gular and therefore diagonal. Since D is nonsingular, this implies that M 'L

is also diagonal. But M 1L is unit lower triangular and so M 1L = I. O]

This result halves the amount of work required to carry out an LDM?
factorization when it is applied to a symmetric matrix. If ‘H is symmetric and

not positive definite, then pivoting may be necessary (see Section 3.2.2).

3.2.1 Symmetric Positive Definite Systems

If H is positive definite, then the factorization H = LDL” exists and D has
positive diagonal entries [41]. If H is also symmetric then we can factor it
such that H = LD2 (LD§>T, where D = diag(dy,ds,...,d,) is given by
the factorization H = LDLT and Dz = diag (Vdi,V/ds, ..., \/dy) . Suppose
we set L = LD%, then the factorization H = LLT is known as the Cholesky
factorization.

More efficient algorithms for computing the Cholesky factorization are

available than that suggested by the construction of L above, see [41].

3.2.2 Symmetric Indefinite Systems

If a matrix, H, is symmetric and indefinite, then, although it may have an

LDLT factorization, the entries in the factors can have arbitrary magnitude.
A well known example for this can be found in [41]:

SR B P

The difference in magnitudes of the entries in the factors can cause stability

— e

problems. When carrying out Gaussian elimination a pivoting strategy is
applied to try to improve the stability of the method. However, many of
the pivoting strategies suggested would destroy the symmetry of the problem
if we were to use them, and, hence, we would lose the “Cholesky speed” of
our proposed algorithm; symmetric pivoting must be used, i.e., H «+— PHPT,

to maintain the symmetry. Unfortunately this does not always stabilize the
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LDLT computation because small entries on the diagonal will not be removed
and so large numbers will be found in the factorization.
Fortunately this sort of factorization can be modified to give a stable fac-

torization for symmetric indefinite systems. This factorization takes the form
H=PT'LDLTP,

where P is a permutation matrix, L is unit lower triangular, and D is a block
diagonal matrix with blocks of dimension 1 and 2. This factorization was de-
veloped by Bunch and Parlett [13] after initial ideas suggested by W. Kahan
(1965) (in correspondence with R. de Meersman and L. Schotsman) using the
work of Lagrange (1759). The algorithm of Bunch and Parlett is stable with
a cost comparible to that of a Cholesky factorization for symmetric positive
definite matrices. They use a pivoting strategy which is like that of com-
plete pivoting [11, 12]. Alternative pivoting strategies have subsequently been
developed which generally require fewer comparisons. The Bunch-Kaufman
pivoting strategy is now widely accepted to be the algorithm of choice with
many implementations available (for example, MA27 and MA57 from the HSL
library [24, 22] are based on such algorithms but additionally take sparsity

into account).

3.3 Schur Complement

Let us assume that H and H are nonsingular, then by (2.4.2) the matrix
S=- (C’ + AH *1AT) is also nonsingular. Expanding the saddle point system

gives

Hr+ Ay = b, (3.3.1)
Az —Cy = d. (3.3.2)

Premultiplying both sides of (3.3.1) by AH ™! we obtain
Az + AH ATy = AH 0.
Using (3.3.2) and rearranging gives

(C+AH'A")y=AH b —d. (3.3.3)
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This is a reduced system involving the (negative) Schur complement —S =
C + AH'AT. Once we know y* we can use (3.3.1) to obtain z* :

Hr*=b— Aly*. (3.3.4)

This method is really just block Gaussian elimination applied to (3.0.1). Ob-

serve that using block LU factorization we get the system

I 0| H AT x| I of|b
—AH' T A —Cl|lyl| | -AH* 1| ]|a]
ie.,
H AT

|-

We can solve this system by the use of block back substitution. This leads
to the two reduced systems (3.3.3) and (3.3.4). If H and —S are symmetric

positive definite then we can use methods such as Cholesky factorization or

b
0o S d—AH‘lb]'

preconditioned conjugate gradients to solve these systems (see Sections 3.2 and
4.2.2 respectively).

In structural mechanics this method is known as the displacement method.
In electrical engineering it is called the nodal analysis method, whilst in opti-
mization it is the range-space method. In all these applications H is symmetric
positive (semi)definite and C' = 0.

If m is sufficiently small and if the linear systems involving the coefficient
matrix H can be solved efficiently, then this method will be attractive. Its
main disadvantages are that H must be nonsingular and S may be full and
too expensive to compute or factor (even though the saddle point system was
originally assumed to be sparse).

In cases where H is positive semidefinite and singular, the Schur com-
plement reduction method may still be applied by firstly making use of the
augmented Lagrangian technique (Section 5.2) to produce an equivalent saddle

point system in which the (1,1) block is nonsingular.

3.4 Nullspace Methods

In this section we shall assume that C' = 0, ker ANker H = {0}, and H is
symmetric and positive definite in the nullspace of A. The nullspace method

assumes that we have
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e A matrix Z € R™ ("™ such that AZ = 0; that is range(Z) = ker 4,

e A matrix Y € R™™ such that [ Y Z } spans R"; that is range(Y) =
range(AT).

Any solution Z of the linear equations Ax = d can be written as
r=Yz, +Zx,. (3.4.1)

The saddle point system (3.0.1) can therefore be expressed as

H ATy z o] | ™| [b
A0 0 0 I 2 d
Y
Y
Premultiplying this expression by Y7 gives

YTHY YTHZ YTAT T, Y7Th
ZTHY Z'HZ 0 e, | =| 27 |. (3.4.2)
AY 0 0 Yy d

In practice Y is often set to be equal to AT. In this case we observe that an

m X m system determines :E";:
AA"z: =d. (3.4.3)

Since A is of full rank, AAT is symmetric, positive definite; we could there-
fore solve this system using the Cholesky factorization method on AAT if the
dimension of the system is small enough [41, p. 143]. From (3.4.2), having
found 7 we can find 27, by solving

H__x°f =-b

zzvy A

(3.4.4)

where
H,, =Z"HZ, b, =Z"(HATz —b).

The matrix H is symmetric and positive definite in the nullspace of A, hence
ZTHZ is symmetric and positive definite. A Cholesky factorization could be
used to solve this system or the conjugate gradient method applied to compute
an approximate solution to the system (3.4.4). We will look at the application
of the conjugate gradient method in Chapter 5.
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Substituting x7 into (3.4.1) will give us a (possibly approximate) solution
for x*. Using (3.4.2) with (3.4.1) we obtain a system that can be solved to

give a (approximate) solution for y*:
AATy = A(b— Hx™). (3.4.5)

If we used a Cholesky factorization to find z7, then this same factorization
could be employed to solve (3.4.5).

Nullspace methods are quite popular in optimization, where they are usu-
ally referred to as reduced (or projected) Hessian methods [39, 62]. The nullspace
method is also used extensively in structural mechanics where it is known as
the force method, since x, the vector of internal forces, is calculated first. In
fluid mechanics this method is called the dual variable method, and in electrical
engineering it goes under the name of loop analysis [8].

Nullspace methods are particularly attractive when n —m is small. If Z is
sparse then it may be possible to factor Z7 HZ explicitly, otherwise iterative
methods might be used. This method is less attractive if n — m is large, and
it cannot be directly applied to the case C' # 0 (see Section 5.3). However, its
main difficulty lies in the necessity of needing a nullspace basis Z. Different
nullspace bases can be used implying that there is a whole family of nullspace
methods.

One possible candidate for Z is known as the fundamental basis. Let P
denote a permutation matrix such that AP = [ A A } , where A ismxm

and nonsingular. It is straightforward to verify that the matrix

~ | —ATA,

Z="P (3.4.6)

is a nullspace basis for A.
In principle there are many possible choices for P such that the resulting
Ay is nonsingular. One possibility for selecting P is to carry out an LU fac-
torization with pivoting of A7, i.e., use Gaussian elimination to find ﬁ, L and
U such that AT = ﬁLU, L is unit lower triangular, and U is upper triangular.
We shall consider other possible methods for choosing Pin Chapter 8.
Backward stability of the nullspace method for two different choices of Z

is shown in [1, 2].
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3.5 Solving ill-conditioned systems

The effects of changes in the ¢ and H on the exact solution of Hu = c are
well known [41, 52]. Let u denote the exact solution of Hu = ¢+ Ac, and let
Au = u — u. Then

[Au]

[l

|Ac]

lell

JAull < 17 Ac]  and

< k(H)

(3.5.1)

where k(H) = ||H||||H ™| is called the condition number of H. Equality can
be achieved in both of these inequalities.
When the matrix is perturbed by AH, the exact solution u of the perturbed

system satisfies
(H+AH)i=Hu=¢c, or U—u=—(H+AH) ' AHu. (3.5.2)

Ignoring second order terms, an approximation to (3.5.2) is satisfied by Au ~
u—1u:

HAu = —AHu, or Au=—H 'AHu, (3.5.3)
giving the bounds
[Au|

[l

[AH]
< w(H) (3.5.4)

1Au] < || HHIIAM] ull - and

Equality can hold in these relations for any vector ¢ [52]. Since these bounds in
(3.5.1) and (3.5.4) can be achieved, when H is ill-conditioned we might expect
substantial relative inaccuracy in the computed solution.

Most of the widely used numerical methods provide a computed solution of
a linear system which is typically the exact solution of a nearby problem (see,
for example, [41, 52]). In particular, when solving the symmetric system Hu =
¢ in finite precision with any backward-stable method, the computed solution
u is the exact solution of a nearby system involving a perturbed symmetric
matrix H :

Hi = c,

where H = H + AH and AH = (AH)" . The most common backward-stable
methods performed on a machine with unit roundoff u will produce a pertur-
bation AH which satisfies

AR < uyy [[H]],
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where 7y is a function involving a low-order polynomial in N and characteris-
tics of H (such as the growth factor). This function 7y is known under various
conditions for different classes of problems [52].

We have seen in Chapter 2 how H can become ill-conditioned as we draw
near to the optimal point when solving a quadratic programming problem with
an interior point method. However, the structure of H means that the singular
values split into two well behaved groups. Wright [86] shows that this, along
with the way errors form in the right hand side ¢, results in © having absolute
error comparable to machine precision. Thus, the ill-conditioning of H does
not noticeably impair the accuracy of the computed search direction.

The size and structure of some of the constrained optimization problems
have started to outgrow the software packages available for solving saddle point
problems through direct methods [9]. In the following chapter we shall consider

how such systems may be solved via iterative methods.



Chapter 4

Iterative Solution Algorithms
for Saddle Point Problems

Direct methods for sparse linear systems are often unsuitable for solving large

ﬂ - [Z] (4.0.1)

where H € R™" C € R™™ are symmetric and A € R™*" with m < n. As

we assumed in Chapter 1, the coefficient matrix is sparse, so the linear system

saddle point problems of the form

H AT

A —-C

—_——
H

(4.0.1) may be solved efficiently with iterative solvers. We shall firstly consider

stationary schemes and then go on to look at Krylov subspace methods.

4.1 Stationary Iterations

Stationary iterations are now more commonly used as preconditioners for
Krylov subspace methods, but they have also been popular for many years as
“standalone” solvers. Another common use for these methods is as smoothers

for multigrid methods, see [8, Section 11].

4.1.1 Arrow-Hurwicz and Uzawa methods

Arrow, Hurwicz and Uzawa developed one of the first iterative schemes for
the solution of a general type of saddle point system [3]. The Arrow-Hurwicz
and Uzawa methods use simultaneous iterations for both z and y, and can be

expressed in terms of splittings of the coefficient matrix H.

37
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Uzawa’s method is particularly well known in fluid dynamics, especially for
solving the (steady) Stokes problem [72]. For simplicity we assume that H is
invertible and C' = 0, but generalization is straightforward. Uzawa’s method

is given in Algorithm 4.1.1: the parameter w > 0 is a relaxation parameter.

Algorithm 4.1.1 Uzawa’s method.
Choose xy and .
for k=0,1,... do
Tpr1 = H (b — ATy),
Yet1 = Yr + W(ATgyr — d).
end for

The iteration in Algorithm 4.1.1 can be written in terms of a matrix split-
ting H = P — Q as the fixed-point iteration

Ug+1 = Pleuk + ,PilC,
T
, and wu, = )
0 —11 ’ [yk]

| b
9 c= d
(4.1.1)

If, instead, we eliminate z; from the iteration in Algorithm 4.1.1, then we

H 0 0 —AT
L)oo

obtain
Yor1 = Yk +w (AH (b — ATy) — d) . (4.1.2)

This is nothing but a Richardson iteration for solving the linear system
AH'ATy = AH'b— d.

If H is symmetric and positive definite, then the Schur complement AH AT
is also positive definite. If A\ is the largest eigenvalue of AH*AT, then it

is known that the Richardson’s iteration (4.1.2) converges for all w such that

O<w<

Y
>\max

see [72].
Solves with the system H may be too expensive, so the Arrow-Hurwicz

method can be used instead. This method may be regarded as an inexpensive

alternative to Uzawa’s method.
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In Uzawa’s method, Algorithm 4.1.1, finding xj,; by solving a system
involving H is equivalent to finding the minimum of the quadratic function

irelliR{l% fr(x) = % (x,Hz) + (x,b — Ayy,) . (4.1.3)

We can therefore derive a less expensive method by taking one step in the
direction of the (negative) gradient of fi(z) with a fixed step length «. The

resulting Arrow-Hurwicz method is given in Algorithm 4.1.2.

Algorithm 4.1.2 Arrow-Hurwicz method.
Choose xy and .
for k=0,1,... do
L1 = T + (b — Hay, — Alyy),
Ykr1 = Uk + w(Azpp — d).
end for

As we did for the Uzawa method, we can recast the Arrow-Hurwicz iteration

into a fixed-point iteration induced by the splitting

i 0 lr—H —-AT b
“ 1 s Q = @ , €= , and Uy = Lk .
A -1 d Yk

0 -1
(4.1.4)

Convergence of this method is usually rather slow, so various improvements

P =

have been suggested, including the idea of a preconditioned variant. For more
details see [8].

4.2 Krylov Subspace Methods

In this section we will consider Krylov subspace methods for solving (precon-
ditioned) saddle point problems. Rather than discussing all existing methods
and implementations, we will describe the main properties of the most com-
monly used methods.

4.2.1 General Krylov Subspace Theory

Suppose we wish to solve a system of the form

Hu = c. (4.2.1)
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Let up be an initial guess for the solution u and define the initial residual to
be ro = ¢ — Hugy. Krylov subspace methods are iterative methods whose kth

iterate uy, satisfies
ug € up + Kp(H,ro), k=1,2,..., (4.2.2)

where

Ki(H, 7o) = span{rg, Hro, ..., H* re} (4.2.3)

denotes the kth Krylov subspace generated by H and ry. Krylov subspace
methods are typically used to solve large sparse systems. They involve finding
an “optimal” solution in a given space, augmenting the space, and repeating
the procedure. The basis for I (H, ro) given in (4.2.3) is not used: an orthog-
onal basis for the Krylov subspace is usually created instead. More complete

descriptions of Krylov subspace methods can be found in [49, 72, 84].

4.2.2 Preconditioned Conjugate Gradient Method

The conjugate gradient (CG) method is one of the best known iterative tech-
niques for solving sparse symmetric positive definite linear systems. The
method converges to the solution via the minimization of the H-norm of the
error as the Krylov subspace is increased at each step [51]. If H € RV*V,
then the method will take at most N steps to calculate the exact solution but
rounding errors may prevent this. The systems being solved also frequently
had N being prohibitively large. However, in practice, convergence to accept-
able accuracy often occurs after only a few steps [69]. The CG method is given
in Algorithm 4.2.1.

Algorithm 4.2.1 Conjugate Gradient Method.

Choose uyg.
Set rg = ¢ — Hug and py = rg.
for k=0,1,... do
ap = <7”k,7’k> / <Hpkapk> )
Uk4+1 = Uk + Ok Py,
Tht1 = Tk — QO Hpg,
Br = <7'k:+177"k+1> / <7“k,7“k> )
D1 = Tht1 + Bibr-
end for

This method uses a 3-term recurrence relation, so as we increase the sub-

space from which we seek a solution, we need only recall the approximations
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from the two most recent subspaces to produce the w;, that minimizes |ex||,,,
where e, = u — uy is the error at the kth step. Hence, the memory require-
ments will be small and so is the computation for each iteration. The error

can be bounded from above by the following (classical) convergence theorem

[41, 72, 81, 84]:

Theorem 4.2.1. After k steps of the conjugate gradient method, the iteration

error e, = u — uy satisfies the bound

e <2 (Y257 ) Tl (424

where £ = Apae(H) / Amin(H).

The bound (4.2.4) intuitively leads to the notion that if a matrix has small
condition number , then the convergence of CG will be rapid. However, the
converse isn’t true. Using this observation, we consider the idea of precon-
ditioning. The basic idea is to construct a matrix /K that approximates the
coefficient matrix H but such that little work is required for carrying out Ktv

for some given vector v. We can then consider solving
K 'Hu= K¢ (4.2.5)

instead of Hu = c. If K is a good approximation to H, then we might expect
the convergence of the CG method to be more rapid for the preconditioned
system (4.2.5) than the original problem.

The preconditioned coefficient matrix must be symmetric for us to apply
the CG method, so suppose that we choose a symmetric positive definite matrix
K, let K = MM?, and consider the system

M7 YHM v =Ke, v=M"u. (4.2.6)

The coefficient matrix M ~'HM 7T is symmetric positive definite, so the CG
method can be applied. We note that at the kth iteration, the preconditioned
method and the original CG method will (in exact arithmetic) produce the

same u; because we have

| e
= (u—up)" MM "HM TYMT (u — uy,)

”U_UkH?\/[*lHM*T = HMT(U_Uk

2
=l —wll3 -
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Theorem 4.2.1 shows that the convergence of the preconditioned conjugate
gradient (PCG) iteration depends on the eigenvalues of M~YHM =T which
are identical to the eigenvalues of K 'H because of the similarity transforma-
tion M~T(M~YHM-T)MT = K~'H. The preconditioned conjugate gradient
(PCG) method is given in Algorithm 4.2.2.

Algorithm 4.2.2 Preconditioned Conjugate Gradient Method.

Choose .

Set ro = ¢ — Huy.

Solve Kzy = ry.

Po = <o-

for k=0,1,... do
o = (25, 7%) | (Hpk, Pr)
Ug4+1 = Uk + Qg Py,
Thy1 = T — o Hpr,
Solve Kzpi1 = 1y,
Bre = (241, Thr1) [ (Zhs Th)
Prt1 = Zk41 + BeDk-

end for

The requirement that H and K are symmetric positive definite is needed
to prevent the possible breakdown in the calculation of a; and f; in Algo-
rithms 4.2.1 and 4.2.2. If our matrices do not fulfil this requirement, then we
will normally need to use another method. If the matrix is indefinite but sym-
metric, then we could use the MINRES or SYMMLQ algorithms [64]. Instead
of minimizing the H-norm of the error, the solution using MINRES is found
via minimization of the 2-norm of the residual in Krylov subspaces of increas-
ing dimension. SYMML(Q minimizes the 2-norm of the error over a different
Krylov space, and is based on the LQ factorization of the tridiagonal matrices

formed in the Lanczos method.

4.2.3 Generalized Minimum Residual Method

If our coefficient matrix, H € R¥*V is unsymmetric we can still seek to find
an approximation in a particular subspace which minimizes the 2-norm of the
residual. The Generalized Minimum Residual (GMRES) Method [73] is one
such procedure that is also robust. The algorithm generates an orthogonal
basis for the Krylov subspace via the Arnoldi method, Algorithm 4.2.3. Al-
gorithm 4.2.4 then gives the GMRES method which makes use of the Arnoldi

process.
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Algorithm 4.2.3 Arnoldi Method.

Given ¢ such that ||¢1]| = 1.
for j=1,2,... do
Qk+1 = Ha,
fori=1,2,...,7 do
ﬁz‘j = <@+17 Qi> )
Ti+1 = Q1 — hija,
end for
By = @l
41 = i1/
end for

Algorithm 4.2.4 GMRES Method.

Choose uy.

Set rg = ¢ — Huy.
Set 1 = 7o/ [|7o| -
for k=1,2,... do

Compute gr+1 and h; g, ¢ = 1,2,..., k + 1 using Arnoldi,

Solve the least squares problem min ||fe; — Hgi1xy|| to find yg, where
Yy

3= lroll,

Set up = uy + Qryr, where Q, € RV** has as columns the orthogonal

basis vectors g;.
end for
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The convergence of GMRES is not as clear as it is in the case of symmetric
problems. See [72, Section 6.11.4] for a concise description of the convergence
properties for this method. In a similar manner to the conjugate gradient
method, preconditioners are often used in conjunction with GMRES to im-
prove the rate of convergence. Left preconditioning, right preconditioning, or
a mixture of both may be employed. With left preconditioning we solve the
problem

K '"Hu= K¢

instead of the original problem, where K is the chosen preconditioner. For

right preconditioning the problem
HEK 'v=c

is solved and then we solve Ku = v to find u. If K; and K, are the left and
right preconditioners, respectively, then the mixed preconditioning means that

the problem
K "HEK; v = K 'e

is solved and then Kyu = v is solved to give u. It is important to note that left

preconditioning will change the norm in which we are minimizing the residual

when we apply GMRES or MINRES:

[ e LS Gl
= (Hu—co) 'K TKY(Hu —c)

2

4.2.4 Other Krylov Subspace Methods

Although GMRES is the “ideal” choice of iterative solver for large unsymmetric
problems, in terms of it producing the “optimal” solution in a Krylov subspace
at each iteration, it is often not used in practice. The GMRES method does
not have a short recurrence that can be exploited as in CG and MINRES, so
another vector must be stored at each iteration of the GMRES method and an
increasing amount of work has to be performed. This can result in the method
becoming prohibitively expensive to use if an acceptably accurate solution isn’t
found rapidly. We shall outline some methods which have been developed to

try to overcome this problem.
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Restarted GMRES

As we just noted, the GMRES method can have excessive computational and
storage needs. One way to try to curb this is the restarted GMRES method,
GMRES(m), which restarts the algorithm every m iterations with u,, being
used as the new initial guess. Although this can be successful, the problem of
finding a good m can be difficult because the convergence behaviour is not well
known. It is also not always the case that GMRES(m) performs better as m

increases. Indeed, it was shown by Embree [29] that there are some problems

which can be solved by GMRES(1) for which GMRES(2) stagnates!

Bi-Conjugate Gradient Method

Symmetric problems do not suffer from this ever increasing workload and stor-
age need because we can use a 3-term recurrence relation to form the or-
thogonal basis. Hence, one idea is to reinterpret the unsymmetric problem
as symmetric problem. Suppose that instead of considering the unsymmetric
problem

Hu = ¢,

we instead solve

with preconditioner
~ 0 K
K = ,
where K is a preconditioner for H, via the conjugate gradient method, see
Section 4.2.2. This leads to the Bi-CG method for H.
An extension to Bi-CG is the Bi-CGSTAB method [83]: this method is
really a combination of Bi-CG and GMRES(1). Further variations have been

developed from this idea to produce Bi-CGSTAB(l), [ > 1, which in essence is
a combination of Bi-CG and GMRES(]).

We have only touched on the subject of Krylov subspace methods in this

section. Table 4.1 summarizes the methods that we have introduced.
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Method Required 'H Type Recurrence | Required K
CG symm. def. optimal 3-term symm. def.
MINRES/SYMMLQ | symm. indef. optimal 3-term symm. def.
GMRES general optimal full general
Bi-CGSTAB general nonoptimal 3-term general

Table 4.1: Summary of Krylov subspace methods discussed in Section 4.2




Chapter 5

The Preconditioned Conjugate
Gradient Method Applied to
Saddle Point Problems

In Section 2.4.2 we saw that the linear systems (saddle point problems) we wish
to solve are indefinite. It, therefore, cannot be assumed that the preconditioned
conjugate gradient method can be immediately applied to solve the saddle
point problems. If we are able to use a conjugate gradient style method to
solve these systems, then we can use the known convergence theorems of PCG
to help us choose effective preconditioners. In the first two sections we shall
consider saddle point systems with C' = 0, but this will then be extended to
the case C' # 0.

5.1 Projected Conjugate Gradient Method for
the Case C' =10

Let us assume that C' = 0; as is the case in the mixed constraints optimization

problems of Section 2.3. The resulting systems take the form

z] - [Z] (5.1.1)

where H € R™*" is symmetric and A € R™*" (m < n) has full rank. We shall

assume that H is positive definite in the nullspace of A.

H AT
A 0

H

47
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5.1.1 CG method for the reduced system

We wish to solve the system (5.1.1) to find [#*Ty*7]7. We start in a similar
manner to Section 3.4 and go on to derive the projected conjugate gradient
method as found in [44]. Let Z be an n x (n—m) matrix spanning the nullspace
of A; then AZ = 0. The columns of A" together with the columns of Z span

R"™ and any solution z* of linear equations Ax = d can be written as
ot = ATa* + Zak . (5.1.2)
Substituting this into (5.1.1) gives

H AT
A 0

T, .* *
Atxt + 2

Y

= [Z] . (5.1.3)

Let us split the matrix H into a block 3 x 3 structure where each corner
block is of dimension m by m. We can also expand out the vector [z*7y*T]T
into a matrix-vector product, Yp*. Let Z = [ ZI' ZI' |T. Expression (5.1.3)

then becomes

H1’1 HLQ A{ A,{ Zl 0 I: b1
H271 H272 Ag Ag Zg 0 ZE; = bQ . (514)
A Ay 0 0 0 I y* d

35 p*

To maintain symmetry of our system we premultiply (5.1.4) by Y. Multi-

plying out the matrix expression Y''HY and simplifying, we obtain the linear

system
AHAT  AHZ AAT x| Ab
ZTHAT ZTHZ 0 T, | = ZTh | . (5.1.5)
AAT 0 0 y* d
We observe that an m x m system determines 2% :
AATz =d. (5.1.6)

Since A is of full rank, AAT is symmetric and positive definite. We could solve
this system using the Cholesky factorization of AAT if the dimension of the
system is small enough, [41, p. 143]. From (5.1.5), having found z* we can
find x7, by solving

*
szz - _bzv

(5.1.7)
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where

H,,=7Z"HZ, b, = Z"(HATz* —b).
The matrix H is symmetric and positive definite in the nullspace of A, hence
ZTHZ is symmetric and positive definite. Anticipating our technique, we
can apply the CG method to compute an approximate solution to the system
(5.1.7). Substituting this into (5.1.2) will give us an approximate solution for
x*. Using (5.1.5) with (5.1.2) we obtain a system that can be solved to give

an approximate solution for y*:
AATy = A(b— Ha"). (5.1.8)

If we used a Cholesky factorization to find 27, then this same factorization
could be employed to solve (5.1.8).

Let us consider the practical application of the CG method to the system
(5.1.7). As we noted in Section 4.2, the use of preconditioning can improve the
rate of convergence of the CG iteration. Let us assume that a preconditioner
W, , is given, where W, is a symmetric, positive definite matrix of dimension
n —m. Let us consider the class of preconditioners of the form W,, = Z7GZ,
where G is a symmetric matrix such that Z7GZ is positive definite. The
PCG method applied to the (n — m)-dimensional reduced system H,,z7 =
—b,,

preconditioning is used.

is as given in Algorithm 5.1.1 [41, p. 532]: the arbitrary choice of left

Algorithm 5.1.1 Projected PCG for reduced systems

Choose an initial point x7 .
Compute r, = ZTHZxz* +b,, 9, = (Z"GZ)"'r, and p, = —g,,.
repeat

a=r,"9,/p, " Z"HZp,,

rt=r,+aZ"HZp,,

g5 =(Z"GZ) "r},

b= (T;)Tg—;/rzTgm

Py =95 +Bp,,

9, < 9,

r, —r},

until a termination step is satisfied.

Gould, Hribar and Nocedal [44] suggest terminating this iteration when
r,(ZTGZ) r

rithm to avoid operating with the nullspace basis Z.

,, is sufficiently small. In the next section we modify this algo-
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5.1.2 CG method for the full system

Explicit use of Algorithm 5.1.1 would require knowledge of Z and the solution
of systems involving W5,. The algorithm may, however, be rewritten to make
explicit use of a preconditioner which has no need for Z at all. In the following

algorithm, the n-vectors z, r, g, p satisfy x = ZxZ+ATxA, Ztr=r,,9=124,,

and p = Zg,. We also define the scaled projection matrix
P=27Z"Gz)'Z". (5.1.9)

We will later see that P is independent of the choice of nullspace basis Z.

Algorithm 5.1.2 Projected PCG in expanded form

Choose an initial point x satisfying Az = d.
Compute r = Hr — b, g = Pr, and p = —g.
repeat

a=r"g/p"Hp,

T <— T+ ap,

r* =r+aHp,

gt = Prt,

B=(")Tg* /1y,

p——g"+Bp,

g<yg*,

r—rt,
until a convergence test is satisfied.

Note that the definition of g™ via the projection step ¢g* = Pr*. Following
the terminology of [44], the vector g+ will be called the preconditioned residual.
It is defined to be in the nullspace of A. We now wish to be able to apply the
projection operator Z(ZTGZ)™'ZT without a representation of the nullspace
basis Z. From [39, section 5.4.1] we find that if G is nonsingular, then P can

be expressed as
P=G'(I—-AT(AG'AT)TAG™Y), (5.1.10)

and we can find gt by solving the system

gt
ot |
whenever 27 Gz # 0 for all nonzero z for which Az = 0. The idea in Algorithm

5.1.3 below is to replace g* = Pr* with the solution of (5.1.11) to define the

same g*.

G AT
A 0

r0+ ] (5.1.11)
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Discrepancy in the magnitudes of g™ and r* can cause numerical difficul-
ties for which Gould, Hribar and Nocedal [44] suggest using a residual update
strategy that redefines r* so that its norm is closer to that of g*. This dra-

matically reduces the roundoff errors in the projection operation in practice.

Algorithm 5.1.3 Projected PCG with residual update (PPCG)
Choose an initial point x satisfying Az = d
Compute r = Hz — b

G AT gl |

vl |0
Set p=—g,y=vandr «r— Aly
repeat
a=r"g/p"Hp
T+ ap

rt=r+aHp
G AT + +
Solve g — "
A 0 vt 0
B=(rt)gt/r"yg
pe——g" +0p
g+—g*
re—rt— ATy*

until a convergence test is satisfied

Solve

The key point is that Algorithm 5.1.3 does not require the computation of
any nullspace basis but is a CG procedure for a symmetric and positive definite

system which yields the solution of the indefinite system (5.1.1).

5.2 Constraint Preconditioners

In Algorithm 5.1.3 a preconditioner of the form

G AT
A 0

K =

where G € R™™", is required. Such preconditioners are known as constraint
preconditioners [8, 55]. The term constraint preconditioner was introduced
in [55] because the (1,2) and (2,1) matrix blocks of the preconditioner are
exactly the same as those in H, Equation (5.1.1), where these blocks represent

constraints.
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For K to be a meaningful preconditioner for Algorithm 5.1.3, it is vital
that its inertia satisfies
In(K) = (n,m,0), (5.2.1)

see [42, Theorem 2.1].
The preconditioned system K ~!'H has very specific eigenvalues as given in

the following theorem. The proof can be found in [55].

Theorem 5.2.1. Let H € RH™X0Hm) be o symmetric and indefinite matriz
of the form

H AT
A 0

where H € R™" is symmetric and A € R"™*" is of full rank. Assume Z is an

H =

)

n x (n—m) basis for the nullspace of A. Preconditioning H by a matrix of the
form

G AT
A 0
where G € R™™ 4s symmetric, and A € R™*™ is as above, implies that the
matriz K~H has

Y

1. an eigenvalue at 1 with multiplicity 2m;

2. n—m eigenvalues A\ which are defined by the generalized eigenvalue prob-
lem
Z'HZx, = \Z"GZx,. (5.2.2)

This accounts for all of the eigenvalues.
Assume, in addition, that ZTGZ is positive definite. Then K~YH has the

following m + i + j linearly independent eigenvectors:

1. m eigenvectors of the form [07,yT|T corresponding to the eigenvalue 1 of

K~'H;

2.1 (0 < i < n) eigenvectors of the form [w™,yT|" corresponding to the
eigenvalue 1 of K~YH, were the components w arise from the generalized

eigenvalue problem Hw = Gw;

3.7 (0 < j < n—m) eigenvectors of the form [xL 0T, yT]|T corresponding
to the eigenvalues of K~'H not equal to 1, where the components x.

arise from the generalized eigenvalue problem ZTH Zx, = \ZTGZx., with

AL
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From the above theorem we observe that there are at most n — m + 1
distinct eigenvalues but we cannot guarantee the eigenvectors of the precondi-
tioned system, K ~'H, to form a set of n-+m linearly independent eigenvectors.
Indeed, it is often the case that G~'H has no unit eigenvalues, so i in the above

theorem 1is zero.

Example 5.2.2 (Minimum bound). Consider the matrices

H = K=

S N =
=N N
o = O
S W =
— o= W
o = O

so that m = 1 and n = 2. The preconditioned matrix K ~'H has an eigenvalue

at 1 with multiplicity 3, but only one eigenvector arising from case (1) of

T
Theorem 5.2.1. This eigenvector may be taken to be [ 0 01 } )

This implies that classical results for the dimension of the Krylov subspace
cannot be applied. However, it is possible to show that the nonnormality does

not hurt us considerably [55]:

Theorem 5.2.3. Let H, K € ROH™X(+m) and their sub-blocks be as defined
in Theorem 5.2.1 (using the same notation and assumptions). If ZTGZ is
positive definite, where Z is an n x (n —m) basis for the nullspace of A, then
the dimension of the Krylov subspace K(K~YH,b) is at most n —m + 2.

This decrease in the upper bound of the Krylov subspace from n + m to
n —m+ 2 can make the difference between an iterative method being practical
or impractical to apply. The eigenvalues of (5.2.2) are real since (5.2.1) implies
that ZTGZ is positive definite [14, 42].

Although we are not expecting or requiring that G (or H) be positive

definite, it is well known that this is often not a significant handicap.

Theorem 5.2.4 ([4, 20] for example). The inertial requirement (5.2.1) holds
for a given G if and only if there exists a positive semi-definite matriz A such
that G+ ATAA is positive definite for all A for which A — A is positive semi-

definite.
Z ] - [ Z ] (5.2.3)

Since any preconditioning system

G AT
A 0
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Z ] — [ : ] (5.2.4)

where w = v—AAu, there is little to be lost (save sparsity in ) in using (5.2.4),
with its positive-definite leading block, rather than (5.2.3). This observation
allowed Golub, Greif and Varah [40, 50] to suggest! a variety of methods for

may equivalently be written as

G+ ATAA AT
A 0

solving (5.1.1) in the case that H is positive semi-definite, although the scope
of their suggestions does not appear fundamentally to be limited to this case.
Luksan and Vléek [56] make related suggestions for more general G. Replacing
the original system by the equivalent system (5.2.4) is known as an augmented
Lagrangian technique.

Note, however, that although Theorem 5.2.4 implies the existence of a
suitable A, it alas does not provide a suitable value. In [50], the authors
propose heuristics to use as few nonzero components of A as possible (on
sparsity grounds) when G is positive semidefinite, but it is unclear how this
extends for general GG. Golub, Greif and Varah’s methods aim particularly to
produce well-conditioned G + ATAA. Notice, though, that perturbations of
this form do not change the eigenvalue distribution given by Theorem 5.2.1,
since if H(Ay) = H + ATAgA and G(Ag) = G + ATAGA, for (possibly
different) Ay and Ag,

Z'H(A)Z = ZTHZv = \ZT"GZv = \Z"G(Ag) Zv,

and thus the generalized eigenvalue problem (5.2.2), and hence eigenvalues of
K(Ag) "H(Ap), are unaltered.

5.2.1 Improved eigenvalue bounds for the reduced-space
basis

Constraint preconditioners are often used with little consideration of the spec-
tral properties of the resulting preconditioned system. In this section we con-

sider several natural choices for constraint preconditioners and analyze the

:-

'They actually propose the alternative

G+ ATAA AT
A 0

r+ AT As
s

although this is not significant.
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spectral properties; the aim is to use the results to guide us in our choice of
preconditioner. This analysis is new and has recently been published in the
work of Dollar, Gould and Wathen [21].

As in Section 3.4 when we considered the fundamental null space basis, we

shall suppose that we may partition the columns of A so that
A=1[A Ay,

and that its leading m by m sub-matrix A; and its transpose are easily invert-
ible. We reiterate that since there is considerable flexibility in choosing the
“basis” A; from the rectangular matrix A by suitable column interchanges,
the assumption that A; and its transpose are easily invertible is often easily,
and sometimes trivially, satisfied. Note that the problem of determining the
“sparsest” A; is NP hard [16, 17], while numerical considerations must be
given to ensure that A; is not badly conditioned if at all possible [38]. We
shall consider in detail how to choose A; in Chapter 8. More generally, we do
not necessarily assume that A; is sparse or has a sparse factorization, merely
that there are effective ways to solve systems involving A; and AT. For exam-
ple, for many problems involving constraints arising from the discretization of
partial differential equations, there are highly effective iterative methods for
such systems [10].

Given our assumption about A;, we shall be particularly concerned with

the fundamental basis matrix

7 —

I;L ] , where R = —A['A,. (5.2.5)

Such basis matrices play vital roles in Simplex (pivoting)-type methods for lin-
ear programming [7, 32|, and more generally in active set methods for nonlinear
optimization [38, 59, 60].

Let us partition G and H such that

Gun G
G21 G22

G = (5.2.6)

T
and H:[HH Hm],

H21 H22

where G1; and Hyp are (respectively) the leading m by m sub-matrices of G
and H. Equations (5.2.5) and (5.2.6) give

ZT'GZ =Gy + RT'GL + Gy R+ RTG1 R
and ZTHZ = Hyp+ R"Hj, + HynR+ R"Hy1R.
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To improve the eigenvalue distribution resulting from preconditioning H by K
we consider what happens if we pick G to reproduce certain portions of H.

Let us consider the case where

G22 = HQQ, but GH =0 and G21 =0. (527)

Theorem 5.2.5. Suppose that G and H are as in (5.2.6) and that (5.2.7)
holds. Suppose furthermore that Hao is positive definite, and let

p = min | rank(As), rank(Hsy) |4+min | rank(As), rank( Hsy) + min [rank(As), rank(Hy,)] | .
Then K~YH has at most

rank(R* H}, + Hyy R+ R"H,,R)+1 < min(p,n —m) +1 < min(2m, n —m) + 1

distinct eigenvalues.

Proof. Now,

rank(ZTHZ — ZTGZ)
= rank(R"H}, + Hy,,R+ R"H,,R)
< min [rank(Hx R) + rank(R" (Hy, + Hi1R)),n — m],

and

rank(R" (rank(Hx R) + Hy, + H11R))
min [rank(R), rank(Ha;)] 4+ min [rank(R), rank(H3, + Hi1 R)]
min [rank(A,), rank(Hs; )] + min [rank(A,), rank(Hy, ) + min [rank(R), rank(H1)]]

IN A

p-

Since ZTGZ is, by assumption, positive definite, we may write Z7GZ =

WTW for some nonsingular W. Thus
WrZTHZW T =1+ W Y RTH!, + H,)R+ RTH, R\W T

differs from the identity matrix by a matrix of rank at most min(p, n—m), and
hence the generalized eigenvalue problem (5.2.2) has at most min(p,n — m)

non-unit eigenvalues. 0
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As we have seen in Theorem 5.2.4, the restriction that Hyy be positive
definite is not as severe as it first might seem, particularly if we entertain the
possibility of using positive definite Hyy + ATA A, instead.

The eigenvalue situation may be improved if we consider the case

G11 = H11 and G22 = HQQ, but Gzl =0. (528)

Theorem 5.2.6. Suppose that G and H are as in (5.2.6) and that (5.2.8)
holds. Suppose furthermore that Hy, + RT HL R is positive definite, and that

v = 2min [ rank(As), rank(Hay) | .
Then K—YH has at most
rank(R"H}, + HyR) +1 < v +1 < min(2m,n —m) + 1
distinct eigenvalues.

Proof. The result follows as in the proof of Theorem 5.2.5 since now ZT HZ —
ZT'GZ = RTH}, + Hy R is of rank at most v. O

Similarly when

Ggl == H21 and G22 == H227 but GH = 0. (529)

Theorem 5.2.7. Suppose that G and H are as in (5.2.6) and that (5.2.9)
holds. Suppose furthermore that Hy, + RT Hy, + Hy R is positive definite, and
that

p = min [ rank(As), rank(Hyy) | .

Then K—YH has at most
rank(R"H,,R) +1 < g+ 1 < min(m,n —m) + 1

distinct eigenvalues.

Proof. The result follows as before since now Z'HZ — Z1'GZ = RTH,, R is of
rank at most pu. O]
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In Tables 5.1 and 5.2 we illustrate these results by considering a subset of
linear and quadratic programming examples from the Netlib [35] and CUTEr
[47] test sets. Tables containing results for the complete set of test problems
from Netlib and CUTEr can be found in Appendix A.

All inequality constraints have been converted to equations by adding slack
variables, and a suitable “barrier” penalty term (in this case, 1.0) is added to
the diagonal of H for each bounded or slack variable to simulate systems that
might arise during an iteration of an interior point method for such problems,
see Chapter 2.

Given A, a suitable basis matrix A; can be found by finding a sparse LU fac-
torization of AT using the HSL [53] packages MA48 and MA51 [25]. An attempt
to correctly identify rank is controlled by tight threshold column pivoting, in
which any pivot may not be smaller than a factor 7 = 2 of the largest entry in
its (uneliminated) column [38]. The rank is estimated as the number of pivots,
p(A), completed before the remaining uneliminated submatrix is judged to be
numerically zero, and the indices of the p(A) pivotal rows and columns of A
define A;—if p(A) < m, the remaining rows of A are judged to be dependent,
and are discarded?. Although such a strategy may not be as robust as, say,
a singular value decomposition or a QR factorization with pivoting, both our
and others’ experience [38] indicate it to be remarkably reliable and successful
in practice. Further discussion on the computation of a stable fundamental
basis can be found in Chapter 8.

Having found Ay, the factors are discarded, and a fresh LU decomposition
of Ay, with a looser threshold column pivoting factor 7 = 100, is computed
in order to try to encourage sparse factors. All other estimates of rank in Ta-
bles 5.1 and 5.2 are obtained in the same way. The columns headed “iteration
bounds” illustrate Theorems 5.2.1 (“any G”), 5.2.5 (“exact Hs”) and 5.2.7
(“exact Hayp & Hy”). Note that in the linear programming case, Hy; = 0, so
we have omitted the “exact H,y” statistics from Tables 5.1, since these would
be identical to those reported as “exact Hoy & Hoq”.

We observe that in some cases there are useful gains to be made from trying
to reproduce Hyy and, less often, Hy. Moreover, the upper bounds on rank
obtained in Theorems 5.2.5 and 5.2.7 can be significantly larger than even the

estimates p + 1 and p + 1 of the number of distinct eigenvalues. However

2Note that if this happens, the right-hand inequalities in Theorems 5.2.5-5.2.7 will depend
on n — rank(A) not n — m.
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the trend is far from uniform, and in some cases there is little or no apparent
advantage to be gained from reproducing portions of H. We will carry out
numerical tests with the projected preconditioned conjugate gradient method

in the following chapter.

Table 5.1: NETLIB LP problems

iteration bound

rank any G | exact Hogy & Hay
name n m A Ao Hi1 His w+1 upper
80BAU3B 12061 2262 2262 2231 2262 0 9800 2232 2263
BLEND 114 74 74 37 74 0 41 38 41
D6CUBE 6184 415 404 403 404 0 5781 404 416
FIT2P 13525 3000 | 3000 3000 3000 0 | 10526 3001 3001
GROWT 301 140 140 140 140 0 162 141 141
MAROS-R7 9408 3136 | 3136 3136 3136 0 6273 3137 3137
MODEL 1557 38 38 11 38 0 1520 12 39
PILOT4 1123 410 410 367 333 0 714 334 411
QAP15 22275 6330 | 6285 5632 6285 0 15991 5633 6331
SCSD1 760 77 7 7 77 0 684 78 78
SIPOW2 2002 2000 | 2000 2 1999 0 3 3 3
WOODW 8418 1098 | 1098 1098 1098 0 7321 1099 1099

Table 5.2: CUTEr QP problems

iteration bound

rank any G exact Hoo exact Hoo & Hai
name n m A Ao Hqq Hio p+1 upper nw+1 upper
AUG2DCQP | 20200 10000 | 10000 10000 10000 0 10201 | 10001 10201 | 10001 10001
BLOCKQP1 10011 5001 5001 5001 5001 5000 5011 5011 5011 5002 5002
CONT-300 90597 90298 | 90298 299 90298 0 300 300 300 300 300
CVXQP1 10000 5000 5000 2000 5000 2000 5001 4001 5001 2001 5001
KSIP 1021 1001 1001 20 1001 0 21 21 21 21 21
PRIMAL1 410 85 85 85 85 0 326 86 171 86 86
STCQP2 8193 4095 4095 0 4095 1191 4099 1 4099 1 4096
UBH1 9009 6000 6000 3003 6 0 3010 7 3010 7 3010

5.3 Projected Conjugate Gradient Method for
the Positive Semidefinite C

We would like to extend the ideas of Sections 5.1 and 5.2 to the more general
form of saddle point problem. Given a symmetric n by n matrix H, a second

symmetric m by m matrix C' and a full rank m by n (m < n) matrix A, we
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are interested in solving structured linear systems of equations
H AT x r
= ) (5.3.1)
Y 0

A —C
by iterative methods. There is little loss of generality in assuming the right-

H

hand side of (5.3.1) has the form given rather than with the more general

T b
-1 -
H

For, so long as we have some mechanism for finding an initial (zo, yo) for which

H AT
A —-C

Azg — Cyo = d, linearity of (5.3.1) implies that (z,y) = (z¢o — z, yo — y) solves
(5.3.2) when b= Hxg + ATy —r.

In Section 2.2 we saw how such systems arise when solving inequality con-
strained optimization problems. While it would be perfectly possible to apply
a general-purpose preconditioned iterative method like GMRES or QMR to
(5.3.1), in a similar manner to Section 5.1 when C' = 0, it is often possible
to use the more effective preconditioned conjugate gradient (PCG) method
instead. Such a method is already known for the case of C' being symmetric
and positive definite [43], but we reveal that there is a projected conjugate
gradient method which can be used when C' is symmetric and positive semi-
definite; when C' = 0 or C' is symmetric and positive definite, this new method
encompasses the two previously known methods.

Suppose that C'is of rank [, and that we find a decomposition
C =EDE", (5.3.3)

where E is m by [ and D is [ by [ and invertible—either a spectral decomposi-
tion or an LDL” factorization with pivoting are suitable, but the exact form
is not relevant. In this case, on defining the additional variable z = —DETy,

we may rewrite (5.3.1) as

H 0 AT z
0 D' ET z | =101]. (5.3.4)
A FE 0 Y 0

By noting the trailing zero block in the coefficient matrix of (5.3.4) we observe

that the required (z,z) components of the solution lie in the nullspace of
[A E].
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Let the columns of the matrix

A
Z=|""
Zs
form a basis for this nullspace. Then
Z
[ v ] = w (5.3.5)
z Z2
for some w, and (5.3.4) implies
Hyw = Zir, (5.3.6)
where
Hy, =7ZHZ, +7iD'2Z, (5.3.7)

Since we would like to apply the PCG method to solve (5.3.6), our fundamental
assumption is then that Hy is positive definite. Fortunately this assumption

is often easy to verify. For we have

Theorem 5.3.1. Suppose that the coefficient matrizc H of (5.53.1) is non-
singular and has my_ negative eigenvalues and that C' has c_ negative ones.

Then Hyz is positive definite if and only if
my— +c_ =m. (5.3.8)

Proof. Tt is well known [42, Thm. 2.1] that under the assumption that Hy is
positive definite the coefficient matrix Fy of (5.3.4) has inertia (n + [,m,0).

We can use the Schur complement, Section 2.4.2, to factor Ey :

I 0 0 H 0 0 I 0 H'AT
Ey = 0 I 0 0 D! 0 0 I DET
AH™' ED I 0 0 —(AH'AT+0) 00 I

The result then follows directly from Sylvester’s law of inertia, since then
In(Ey) = In(D™!) + In(H) and D! has as many negative eigenvalues as C

has negative eigenvalues by construction (5.3.3). O

Under the assumption that Hj is positive definite, we may apply the PCG
method to (5.3.6) to find w, and hence recover (z, z) from (5.3.5). Notice that
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such an approach does not determine y, and additional calculations may need
to be performed to recover it if it is required.

More importantly, it has been shown in Section 5.1 and [15, 18, 44, 67] that
rather than computing the iterates explicitly within the nullspace via (5.3.5),
it is possible to perform the iteration in the original (x, z) space so long as the
preconditioner is chosen carefully. Specifically, let G be any symmetric matrix
for which the matrix

Gy=27lGZ, + Zy D' Z, (5.3.9)

is positive definite, which we can check using Theorem 5.3.1. Then the ap-
propriate projected preconditioned conjugate gradient (PPCG) algorithm is as

given in Algorithm 5.3.1 below - in this case y is not required.

Algorithm 5.3.1 Projected Preconditioned Conjugate Gradients (variant 1)

Given x =0, z=0and s =0

G 0 AT g r
Solve | 0 D! ET h|=1]s

A FE 0 v 0
Set (p,q) = —(g,h) and o = g'r + h''s

repeat
Form Hp and D~ g
a=o/(p"Hp+q" D 'q)
T <—T+ap
Z«— z+ aq

r—r+aHp
s« s+aD g
G 0o AT g r
Solve | 0 D' ET h|=1]s
A E 0 v 0

Onew — gTT + hTS
p= Unew/U
0 < Onew
p— —g+0p
q— —h+pbq
until a termination step is satisfied

The scalar ¢ in Algorithm 5.3.1 gives an appropriate optimality measure
[44], and a realistic termination rule is to stop when o is small relative to its

original value.
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While this method is acceptable when a decomposition (5.3.3) of C is
known, it is preferable to be able to work directly with C. To this end, suppose

that at each iteration
s=—FETa, g=—DE"d and h = —DE"t

for unknown vectors a, d and t—this is clearly the case at the start of the
algorithm. Then, letting w = Cla, it is straightforward to show that ¢t = v + a,

and that we can replace our previous algorithm with Algorithm 5.3.2.

Algorithm 5.3.2 Projected Preconditioned Conjugate Gradients (variant 2)

Given x =0, and a = w =0

MM

Solve

—C
Set p=—¢g,d=—vand o =g'r.
repeat
Form Hp and Cd
a=c/(p"Hp + d"Cd)

T <«—x+ap
gl |
v | w

a<+—a+ad

r«—r+aHp

w «— w + aCd
G AT
A -C

t=a+v

onew = g’ +t"w

p= Unew/U

0 <= Onew

p— —r+pp

d«— —t+ p3d

until a termination step is satisfied

Solve

Notice now that z no longer appears, and that the preconditioning is carried

out using the matrix
G AT
A -C

Also note that although this variant involves two more vectors than its prede-

K = . (5.3.10)

cessor, t is simply used as temporary storage and may be omitted if necessary,
while w may also be replaced by Ca if storage is tight.
When C' = 0, this is essentially the algorithm given by [44], but for this

case the updates for a, d and w are unnecessary and may be discarded. At the
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other extreme, when C' is nonsingular the algorithm is precisely that proposed

by [43, Alg. 2.3], and is equivalent to applying PCG to the system
(H+ATC' Az =r

using a preconditioner of the form G + ATC!A.

Which of the two variants is preferable depends on whether we have a
decomposition (5.3.3) and whether [ is small relative to m: the vectors h and
s in the first variant are of length [, while the corresponding a and d in the
second are of length m. Notice also that although the preconditioning steps in

the first variant require that we solve

G 0 AT g r
0 D' ET h|{=1s], (5.3.11)
A FE 0 v
this is entirely equivalent to solving
G AT
Ti=1"1, (5.3.12)
A -C v w
where w = —E Ds, and recovering
h = D(s — E™v).

5.4 Extending Constraint Preconditioners for
Positive Semidefinite C

As we have already noted, the term constraint preconditioner was introduced
in [55] because the (1,2) and (2,1) matrix blocks of the preconditioner are
exact representations of those in H, where these blocks represent constraints.
However, we observe that the (2,2) matrix block is also an exact representation
when C' = 0 : this motivates us to generalize the term constraint preconditioner

to take the form
G AT
A —-C

K= , (5.4.1)

where G € R™" approximates, but is not the same as H. We note that this is

the exact form of the preconditioner used in the previous section.
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We recall that it is the distribution of the generalized eigenvalues A\ for
which
Hyv = \Gzo (5.4.2)

that determines the convergence of the preceding PPCG algorithms, and thus
we will be particularly interested in preconditioners which cluster these eigen-
values. We will firstly look at the spectral properties of K ~'H and afterwards

focus on the distribution of the eigenvalues of (5.4.2).

5.4.1 Spectral Properties of K 'H

For symmetric (and in general normal) matrix systems, the convergence of an
applicable iterative method is determined by the distribution of the eigenvalues
of the coefficient matrix. It is often desirable for the number of distinct eigen-
values to be small so that convergence (termination) is guaranteed to occur
quickly. For nonnormal systems the convergence is not so readily described,
see [49, page 6], [61] and [82].

Theorem 5.4.1. Let H € RO x0+m) be o symmetric and indefinite matriz
of the form

H AT
A -C
where H € R™" C € R™" are symmetric and A € R"™™ is of full rank.
Assume that C has rank | > 0. Let Z € R be g basis for the nullspace
of A. Preconditioning H by a matrix of the form

H:

9

G AT
A —C

K —

Y

where G € R™"™ s symmetric, and A € R™", C' € R™™ are as above,
implies that the matrix K—YH has at most i + j + 1 distinct eigenvalues which
satisfy

e at least m eigenvalues at 1,

e (0 <i<mn—1) non-unit eigenvalues that satisfy

2L ZTH 7z,

K-\n) = 122 12tz
AETH) eLZTGZxy

for some xz # 0,
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e j (0 <j <) non-unit eigenvalues that satisfy

2T Hx + yTCy
2TGre +yTCy’

MK'H) =
for some y # 0, and Ax = Cy.

If C is non-singular, then the j (0 < j < m) non-unit eigenvalues also satisfy

oT(H+ ATC7'A)x

AE™H) = 2T (G + ATC—1A)x

for some x # 0.

Proof. The eigenvalues of the preconditioned coefficient matrix K ~'H may be

derived by considering the generalized eigenvalue problem

H AT AT
Toa| @ . (5.4.3)
A -C Y A —-C Y
Expanding this out we obtain
Hzx + ATy = NGz + \ATy, (5.4.4)
and
Az — Cy = Nz — \Cy. (5.4.5)

Suppose that A\ = 1. Then (5.4.5) will trivially hold, and (5.4.4) implies
that
Hx = Gx.

Hence, for any y € R™ and = = 0, Equations (5.4.4) and (5.4.5) will hold when
A = 1. Therefore, there are m linearly independent eigenvectors of the form
(07,4117 associated with the eigenvalue at 1. This implies that there are at
least m eigenvalues at 1.

If A # 1 and Cy = 0, then (5.4.5) implies that Az = 0. Hence, x € Null(A),
so we can write z = Zzy for some x; € R" ™. Premultiplying (5.4.4) by x
and substituting in x = Zx, gives
2L ZTHZ 2,

MEKYH) =222 =2
( H) 2L ZTGZ 1y

(5.4.6)

Therefore, if C'y = 0, then there are at most (n — m) + (m — [) linearly
independent eigenvectors of the form [#5Z7, yT|T associated with the non-unit

eigenvalues.
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If A # 1 and Cy # 0, then (5.4.5) implies that Az # 0. We can write
x = ATxy + Zxy,, where 4 € R™ and 5 € R*™, since A is of full rank.
Equation 5.4.5 implies that x4 = (AAT)"'Cy and z = AT(AAT)'Cy + Zx .
Premultiplying (5.4.4) by 27 and substituting in Az = Cy gives

tTHx +y'Cy
2TGe +yTCy

MK'H) = (5.4.7)
There are at most [ linearly independent eigenvectors of the form [z4A +
2L 77 yT]", where Cy # 0, associated with these eigenvalues.

If, in addition, C' is non-singular, then [ = m. Equation (5.4.5) along with
the non-singularity of C' implies that y = C~! Az. Substituting this into (5.4.7)

gives the required result. O]

Remark 5.4.2. In the case of symmetric positive definite matrices C' and G,

Theorem 5.4.1 is not new, see [6] and [9].

We can improve on the above theorem by considering the case of C' being
symmetric positive definite and the case of C' being symmetric positive semi-
definite separately. In the latter case we will assume that C' is of rank [ with
0 <l < m, and that we can find a decomposition C' = EDE”, where E is m
by [ with orthogonal columns and D is [ by [ and invertible. A singular value

decomposition is suitable for this (but is also clearly not unique).

Theorem 5.4.3. Assume that A € R™*™ (m < n) has full rank, C € R™*™ is
symmetric and positive definite, and G, H € R™ " are symmetric. Let H, K €
RO+m)x(n+m) e g5 defined in Theorem 5.4.1. Then the matriz K~'H has

e an eigenvalue at 1 with multiplicity m, and

e n cigenvalues which are defined by the generalized eigenvalue problem

(H+ ATC'A)x = NG+ ATC1A)z.
This accounts for all of the eigenvalues.

Proof. The eigenvalues of the preconditioned coefficient matrix K ~'H may be

derived by considering the generalized eigenvalue problem

x:)\
Yy

G AT
A —-C

H AT
A —C

v ] . (5.4.8)
y
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Expanding this out we obtain
Hzx + Ay = MGz + ATy, (5.4.9)

and

Az — Cy = Mz — \Cly. (5.4.10)

Equation (5.4.10) implies that either A = 1 or Az — Cy = 0. If the former
holds then (5.4.9) becomes
Hzr = Guz. (5.4.11)

Equation (5.4.11) is trivially satisfied by x = 0 and, hence, there are m lin-

early independent eigenvectors of the form [ 0" o7

} associated with the unit
eigenvalue. If there exist any x # 0 which satisfy (5.4.11), then there will be a
i (0 <i < n) linearly independent eigenvectors of the form [ ar T } where

the components z arise from the generalized eigenvalue problem Hx = Gx.
If A # 1, then (5.4.10) implies that

y=C1Ax.
Substituting this into (5.4.9) yields the generalized eigenvalue problem
(H+ATCT'A)z =X (G+ATCA) = (5.4.12)

Thus, the non-unit eigenvalues of K ~'H are defined as the non-unit eigenvalues
of (5.4.12). Noting that if (5.4.12) has any unit eigenvalues, then the values
of z(# 0) which satisfy this are exactly those which arise from the generalized

eigenvalue problem Ax = Gz, we complete our proof. n

If H+ ATC'A or G + ATC~1 A are positive definite, then the precondi-

tioned system has real eigenvalues.

Theorem 5.4.4. Assume that A € R™™ (m < n) has full rank, C €

R™™ 4s symmetric and positive definite, G, H € R™ ™ are symmetric and

G+ ATCT'AT. Let H,K € Rmx(tm) be a5 defined in Theorem 5.4.1.
Then the matriv K—YH has n + m eigenvalues as defined in Theorem 5.4.3

and m + 1+ j linearly independent eigenvectors. There are

T
e m eigenvectors of the form [ 0f o7 } that correspond to the case A =
L,
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T
e i (0 <i < n) eigenvectors of the form [ AT } arising from Hx =

oGx for which the © vectors are linearly independent, c =1, and A = 1,
and
T
e j (0 < j < n) eigenvectors of the form [ T }
the case A # 1.

that correspond to

Proof. The form of the eigenvectors follows directly from the proof of Theo-
rem 5.4.3. It remains for us to show that the m+1¢+ 5 eigenvectors are linearly

independent, that is, we need to show that

(1) (2)
0 a a
' [ 0 ... 0 ] ! N RO 935-2)] !
: = (1) (1) : 2) (2) :
y o« o ym y Y 1/
0 ! o L o
(3)
3) (3) a1
xl P x] .
+ e (3)] : (5.4.13)
Y Yj o®

implies that the vectors a'®) (k = 1,2, 3) are zero vectors. Multiplying (5.4.13)
by K~'H, and recalling that in the previous equation the first matrix arises
from the case \y =1 (k= 1,...,m), the second matrix from the case \;, = 1
and o, = 1 (k=1,...,1), and the last matrix from A\, # 1 (k=1,...,7), gives

0 oV o
[ 0 -~ 0 ] ! . PO mgm} !
= (1) (1) : (2) (2) :
y PR ym y PR yl
0 ! a%) ! a§2)
(3)
NOCE N R
+ (@ ygg) 3 (5.4.14)
J )\ja;‘g)

Subtracting (5.4.13) from (5.4.14) we obtain

0 (A — Dal?

J
g Y

2 x(.g)]
0 (A — Dal?

The assumption that G + ATC~'A is positive definite implies that x,(f’) (k =
1,...,7) are linearly independent and thus that ()\k—l)agg') =0,(k=1,...,7).
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The eigenvalues A, (K = 1,...,j) are non-unit which implies that a,(:’) =0

(k=1,...,7). We also have linear independence of $1(3) (k=1,...,i) and thus
a’ =0 (k=1,....i). Equation (5.4.13) simplifies to

0 agl)
[ N ] '
N O (1) :
0 Y1 Ym a%)
However, y,il) (k =1,...,m) are linearly independent and thus a,(:) =0 (k=
L...,m). O

We shall now consider the case of C' being symmetric and positive semidef-
inite.
Theorem 5.4.5. Assume that A € R™" (m < n) has full rank, C € R™*™
1s symmetric and positive semidefinite with rank | where 0 < | < m, and
G, H € R™™ are symmetric. Also assume that C is factored as EDET, where
E € R™ and D € R™ is nonsingular, F € R™ 0 s q basis for the
nullspace of ET and [ E F ] e R™*™ 4s orthogonal. Let the columns of
N € R4 span the nullspace of FTA, and H, K € RM+tm)x(mtm) pe g
defined in Theorem 5.4.1. Then the matrizx K—YH has

e an eigenvalue at 1 with multiplicity 2m — [, and

e n — m + [l eigenvalues which are defined by the generalized eigenvalue
problem NT(H + ATED'ETA)Nz = AN(G + ATED'ETA)N 2.

This accounts for all of the eigenvalues.

Proof. Any y € R™ can be written as y = Ey. + F'y;. Substituting this into

I 0
the generalized eigenvalue problem (5.4.8) and premultiplying by | 0 ET
0 FT
we obtain
H ATE|ATF x G ATE | ATF x
ETA -D| 0 ve | =N ETA —D | o Ye
FTA 0 | 0 Yy FTA 0 | 0 Yy
(5.4.15)

Noting that the (3,3) block has dimension (m — 1) x (m — 1) and is a zero
matrix in both coefficient matrices, we can apply Theorem 2.1 from [55] to
obtain that K~'H has
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e an eigenvalue at 1 with multiplicity 2(m — ), and

e n — m + 2l eigenvalues which are defined by the generalized eigenvalue

problem

H ATE
ETA —-D

G A'E
ETA -D

-7

Nuw, = )\NT

Nw,, (5.4.16)

where N is an (n +1) x (n —m + 2I) basis for the nullspace of [ FTA 0 } €

R(mfl)x(nJrl)’ and
T

Ye

ATF

Wy

— N
Letting N = [

0
, then (5.4.16) becomes
0 I

Wn1
=A
Wn2

This generalized eigenvalue problem is exactly that of the form considered in

NTHN NTATE
ETAN -D

NTGN NTATE
ETAN -D

Wn1

Wnp2

] . (5.4.17)

Theorem 5.4.3, so (5.4.17) has an eigenvalue at 1 with multiplicity [ and the

remaining eigenvalues are defined by the generalized eigenvalue problem
N"(H+A"EDT'E"A) Nw,; = AN" (G+ ATED'E"A) Nw,;. (5.4.18)

Hence, K~'H has an eigenvalue at one with multiplicity 2m — [ and the
other eigenvalues are defined by the generalized eigenvalue problem (5.4.18).
O

If N'(H+ ATED'ETA)N or NT(G + ATED 'ET A)N are positive def-

inite, then the preconditioned system has real eigenvalues.

Theorem 5.4.6. Assume that A € R™" (m < n) has full rank, C € R™*™
1s symmetric and positive semidefinite with rank | where 0 < | < m, and
G, H € R are symmetric. Also assume that C is factored as EDET, where
E € R™ and D € R™ is nonsingular, F € R™ 0 s q basis for the
nullspace of ET and [ E F ] e R™*™ 4s orthogonal. Let the columns of
N € R4 span the nullspace of FTA, and H, K € Rtm)xmtm) pe g
defined in Theorem 5.4.1. Additionally, assume NT(G + ATED 'ETA)N s
positive definite. Then the matriz K—YH has n +m eigenvalues as defined in

Theorem 5.4.5 and m + i + j linearly independent eigenvectors. There are
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e m eigenvectors of the form [ o 4T } that correspond to the case A = 1,

e i (0 < i < n) eigenvectors of the form [ T } arising from Hx =
oGz for which the i vectors x are linearly independent, c = 1, and A = 1,

and

e j (0 <j <mn) eigenvectors of the form [ YT ] that correspond to the
case \ # 1.

Proof. Proof of the form and linear independence of the m + ¢ + j eigenvalues

obtained in a similar manner to the proof of Theorem 5.4.4. O]

Remark 5.4.7. The condition that N7 (G + ATED™'ET A)N is positive defi-
nite will be hard to verify for general symmetric matrices C' and G. However, C'
has been assumed to be positive semidefinite, so AT ED~'ET A is also positive
semidefinite. Many simple choices of G will be positive definite, for example,
G = 1. Tt is then trivial to show that N7(G + ATED™'ETA)N is positive
definite.

Example 5.4.8. The CUTEr test set [47] provides a set of quadratic pro-
gramming problems. We shall use the problem CVXQP1_S in the following
examples. This problem is very small with n = 100 and m = 50. We shall
set G = diag{H}, C =diag{0,...,0,1,...,1} and vary the number of zeros
on the diagonal of C' so as to change its rank. In Figure 5.1, we illustrate
the change in the eigenvalues of the preconditioned system K ~'H for three

different choices of C'. The eigenvalues are sorted such that
A > A > 02> A

When C = 0, we expect there to be at least 2m unit eigenvalues [55]. We
observe that our example has exactly 2m eigenvalues at 1. From Theorem 5.4.3,
when C' = I, there will be at least m unit eigenvalues. Our example has
exactly m unit eigenvalues, Figure 5.1. When C' has rank %, the preconditioned
system K ~'H has at least 37’” unit eigenvalues, Theorem 5.4.5. Once again the
number of unit eigenvalues for our example is exactly the lower bound given by

Theorem 5.4.5. When the rank of C' is greater than zero, the largest eigenvalue



CHAPTER 5. CONJUGATE GRADIENT METHOD 73

3 T T
—<C=0

- --C=[0,0,0,1 ]| |
c=I

0.5F

-05 i i i i i
0 25 50 75 100 125 150

Figure 5.1: Distribution of the eigenvalues of K ' for various choices of C.

of K7VH, Ay, is defined by the generalized eigenvalue problem (5.4.18). As the
rank of C' varies, this clearly affects the eigenvalues of (5.4.18) and, hence, the

largest eigenvalue is changing.

To show that both the lower and upper bounds on the number of linearly
independent eigenvectors can be attained we need only consider variations on
Examples 2.5 and 2.6 from [55].

Example 5.4.9 (minimum bound). Consider the matrices

12 1 0 13 1 O
2 2 1
2 0 K= 34 0 1 7
1 -1 0 1 0 -1 0
0 0 0 01 0 O

such that m = 2, n = 2 and [ = 1. The preconditioned matrix K ~'H has an
eigenvalue at 1 with multiplicity 4, but only two linearly independent eigen-

vectors which arise from case (1) of Theorem 5.4.6. These eigenvectors may

T T
betakentobe[o 01 O] and[O 0 0 1] .
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Example 5.4.10 (maximum bound). Let H € R**3 be as defined in Example
5.4.9, but assume that G = H. The preconditioned matrix K 'H has an
eigenvalue at 1 with multiplicity 4 and clearly a complete set of eigenvectors.

These may be taken to be the columns of the identity matrix.

In the context of the use of constraint preconditioners, the convergence of an
iterative method under preconditioning is not only influenced by the spectral
properties of the coefficient matrix, but also by the relationship between m, n
and [. We can determine an upper bound on the number of iterations of an
appropriate Krylov subspace method by considering minimum polynomials of

the coefficient matrix.

Definition 5.4.11. Let A € R(+™x(+m) The monic polynomial f of mini-

mum degree such that f(.A) = 0 is called the minimum polynomial of A.

Krylov subspace theory states that iteration with any method with an
optimality property, e.g. GMRES, will terminate when the degree of the min-
imum polynomial is attained [73]. In particular, the degree of the minimum
polynomial is equal to the dimension of the corresponding Krylov subspace
(for general c¢) [72, Proposition 6.1]. Again, we shall consider the cases of C

symmetric positive definite and C' symmetric positive semidefinite separately.

Theorem 5.4.12. Let the assumptions of Theorem 5.4.4 hold. Then the di-
mension of the Krylov subspace K(K~VH,c) is at most min{n + 2,n + m}.

Proof. As in the proof of Theorem 5.4.3, the generalized eigenvalue problem is

x:)\
Y

Suppose that the preconditioned matrix K ~!'H takes the form

G AT
A —-C

H AT
A —C

‘ ] . (5.4.19)

Y

O, O3
O, Oy

K '"H = : (5.4.20)

where ©; € R™" 0, € R™*" O3 € R"™™ and ©, € R™*™. Using the facts
that K (K~'H) = H and A has full row rank, we obtain ©3 = 0 and O, = I.

The precise forms of ©; and ©, are irrelevant for the argument that follows.



CHAPTER 5. CONJUGATE GRADIENT METHOD 75

From the earlier eigenvalue derivation, it is evident that the characteristic

polynomial of the preconditioned linear system (5.4.20) is
KM —=1)"[] (K"H = \I).
=1

In order to prove the upper bound on the Krylov subspace dimension, we need
to show that the order of the minimum polynomial is less than or equal to
min{n+2, n+m}. Expanding the polynomial (K "H — I) [[/_, (K~'H — \I)

of degree n + 1, we obtain

(©1 = D[, (©r=NI) 0
O [T, (01 = Nil) 0

Since O, has a full set of linearly independent eigenvectors, ©; is diagonal-

izable. Hence,
n

CHEl | [CIEPYIE
We therefore obtain

0 0
O, T, (61— AI) 0

£
’\4
=3
£
:

] . (5.4.21)

If O, [T, (©1 — A\iI) = 0, then the order of the minimum polynomial of K~'H
is less than or equal to min{n+1,n+m}. If O, [, (©1 — \;I) # 0, then the
dimension of K (K~'H, ¢) is at most min{n + 2, n+m} since multiplication of
(5.4.21) by another factor (K 'H — I) gives the zero matrix. O

Theorem 5.4.13. Let the assumptions of Theorem 5.4.6 hold. Then the di-
mension of the Krylov subspace K (K~'H, ¢) is at most min{n —m+1+2,n+

m}.

Proof. As in the proof of Theorem 5.4.12, the preconditioned matrix K ~'H

takes the form
0, 0

Oy 1

where ©; € R™" and ©, € R™ ", The precise forms of ©; and O, are

irrelevant for the argument that follows.

K'H = : (5.4.22)
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From the earlier eigenvalue derivation, it is evident that the characteristic

polynomial of the preconditioned linear system (5.4.22) is

n—m-l

(K- T (K" —\I).

i=1
In order to prove the upper bound on the Krylov subspace dimension, we need
to show that the order of the minimum polynomial is less than or equal to

min{n — m + [ + 2,n + m}. Expanding the polynomial
KM —1) H KM — X\I)

of degree n — m + [ + 1, we obtain

(O, — D= (@1 NI) 0
0,1 m“(@1 NI 0|

Since G+ATED'ET A is positive definite, ©; has a full set of linearly inde-
pendent eigenvectors and is diagonalizable. Hence, (0, — I) [T="" (0, — \iI) =
0. We therefore obtain

0 0

K'"H—1) K YH - \I) =
H ) @2 Hn m+l (91 )\ZI) 0

] . (5.4.23)

If ©, ][ (@, — \I) = 0, then the order of the minimum polynomial of
K~"H is less than or equal to min{n—m+I+1, n+m}. I O, [[}="* (0, — \iI) =

0, then the dimension of K (K'H,¢) is at most min{n —m + 1+ 2,n + m}

since multiplication of (5.4.23) by another factor (K~'H — I) gives the zero

matrix.

]

So Theorems 5.2.3, 5.4.12 and 5.4.13 tells us that with preconditioner

_ .
o G A
A —-C
for _ _
H AT
H P—
A —C

the dimension of the Krylov subspace is no greater than min{n —m+1[+42,n+
m} (under suitable assumptions). Hence termination (in exact arithmetic) is

guaranteed in a number of iterations smaller than this.
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5.4.2 Improving the eigenvalue bounds for the reduced-
space basis

We recall from (5.4.2) that it is the distribution of the generalized eigenvalues
A for which
Hzv = AG 70

that determines the convergence of the Algorithms 5.3.1 and 5.3.2. Suppose
that we denote the coefficient matrices of (5.3.4) and (5.3.11) by

H 0 AT G 0 AT
H=1|0 D! ET | andK=| 0 D! ET
A E 0 A E 0

respectively. If we recall the definitions (5.3.7) and (5.3.9), the following result

is the direct consequence of Theorem 5.2.1.

Corollary 5.4.14. Suppose that Z is any n by n —m + [ basis matrix for the
nullspace of [A E|. Then K 'H has 2m unit eigenvalues, and the remaining
eigenvalues are those of the generalized eigenvalue problem (5.4.2) (or, equiv-

alently, the generalized eigenvalue problem (5.4.18)).

As in Section 5.2.1, we can improve on Corollary 5.4.14 (that is reduce
the upper bound on the number of distinct eigenvalues) by applying Theo-
rems 5.2.5, 5.2.6 and 5.2.7. To do so, let

E - _AII[AQ E],
and note that
Hy |HL 0 | AT G |GE 0 | AT
— H21 HQQ 0 Ag — G21 GQQ 0 Ag
H= | oy | and K= 1| o7
0 0 D E 0 0 D E
A | A, E 0 A | A, F 0

We therefore have the following consequences.

Corollary 5.4.15. Suppose that G and H are as in (5.2.6) and that (5.2.7)
holds. Suppose furthermore that

|

Hy, 0

D—l

(5.4.24)
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18 positive definite, and let

p =min [ n, rank(Hy,) | 4+ min [ 1, rank(Hz1) 4+ min{n, rank(H1,)] |,
where n = rank([Ay E)). Then K "H has at most
mnk(ETHZTl+H21E+ETHH§)+1 < min(p, n—m~+1)+1 < min(2m, n—m+1)+1

distinct eigenvalues.

Corollary 5.4.16. Suppose that G and H are as in (5.2.6) and that (5.2.8)
holds. Suppose furthermore that

Hoyy 0 o
[ 22 +R HLR (5.4.25)

0 D!

1s positive definite, and that
v =2min|[n, rank(Hs ) |,
where n = rank([As E]). Then K "H has at most
mnk(ETHQTl + HyR)+1<v+1<min2m,n—m+1)+1

distinct eigenvalues.

Corollary 5.4.17. Suppose that G and H are as in (5.2.6) and that (5.2.9)
holds. Suppose furthermore that

—T —
+ R Hy + Hy R (5.4.26)

Hy, 0
0 D!

1s positive definite, and that
71 = min [n, rank(Hq) |,
where n = rank([Ay E]). Then K "H has at most
mnk(}_%THH}_%) +1<u+1<min(mn—-—m+1)+1

distinct eigenvalues.
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As in Section 5.2, the requirements that (5.4.24)—(5.4.26) are positive
definite are not as severe as it might first seem, for we have the following

corollary to Theorem 5.2.4.

Corollary 5.4.18. The inertial requirement (5.2.1) holds for a given H if and

only if there exists a positive semi-definite matriz A such that

H 0
0 D!
is positive definite for all A for which A — A is positive semi-definite. In

particular, if (5.2.1) holds, H + ATAA and ETAE + D' are positive definite
for all such A.

AT

-I—ET

N

As we did for (5.2.3) and (5.2.4), we can rewrite (5.3.11) as the equivalent

H+ ATAA ATAE AT x
ETAA ETAE+ D' ET z | =101,
A FE 0 w 0

where w =y — A(Az + Ez) = y — A(Ax — Cy) = y. Eliminating the variable

z, we find that
H+ AT(A — AWA)A ATPT x] B 7‘]
y 0|

PA -W
where
P=I-WAand W = E(E'AE + D Y 'ET.
Hence
H+ AT(A — AWA)A AT | r
A —C ||y | 0’
where

C=P'WPT=I-WA)'W(UI—-AW) " and = PTy.

Note that C' is diagonal whenever C is.

In this section and the previous one we have seen how we can apply a
projected PCG method to solve saddle point problems of the form given in
(5.3.1) and how we can use specific constraint preconditioners to improve the
spectral properties of the preconditioned system, and hence improve the rate
of convergence of the PPCG method. We will carry out numerical tests with

these methods in the following chapters.
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5.5 Standard Constraint Preconditioners and
Positive Semidefinite C

In our derivation of Algorithm 5.3.1 we firstly added a variable z and then
applied the PPCG method for the case C' = 0 to the system

H 0 AT T
0o D' ET z2|1l=10
A F 0 Y 0

We chose to apply a preconditioner of the form

G 0 AT
0 D' ET |,
A E 0

but it is possible to relax the preconditioner to take the form

G 0 AT
0 D' ET |,
A E 0

where D € R is symmetric, positive definite but does not necessarily satisfy
C = EDET. The requirement of (5.3.9) being positive definite now corresponds
to

Gy =2TGZ, + ZT D' Z,

being positive definite. Suppose that we define
D =~D, (5.5.1)

where v € (0,1]. If Gz is positive definite and C' positive semidefinite, then
Gy is guaranteed to be positive definite for all v € (0,1]. Hence, we obtain
Algorithm 5.5.1.

As we have already mentioned, we can apply Algorithm 5.5.1 for any v €
(0, 1] when Hz and Gz are both assumed to be symmetric, positive definite. In
particular, this is true for any positive v approaching the limit 0. Unfortunately
we cannot apply Algorithm 5.5.1 for v = 0 because of the requirement of %
in the preconditioner. However, suppose that, as in Section 5.3, it would be

preferable to work directly with C' and that at each iteration

s=—FTa, q=—DE"d and h=—-DE"t
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Algorithm 5.5.1 Projected Preconditioned Conjugate Gradients (variant 3)

Givenz =0,z=0and s =0

G 0 AT g r
Solve | 0 %D‘l ET h|=1]s

A FE 0 v 0
Set (p,q) = —(g,h) and o = gTr + hls
repeat

Form Hp and D~ g
a=o/(p"Hp+q"D 'q)
T+ ap

Z<+ z+aq

r—r+aHp
s+ s+aD lq
G 0 AT g r
Solve | 0 ,—1yD_1 ET h|=1]s
A F 0 v

onew = g'r + h's
5 = Unew/U
0 < Onew
pe —r+p0p
q— —h+pbq
until a termination step is satisfied
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for unknown vectors a, d and t—this is clearly the case at the start of the
algorithm. Then, letting w = Cla, it is straightforward to show that ¢t =

v(v+a), and that we can replace our previous algorithm with Algorithm 5.5.2.

Algorithm 5.5.2 Projected Preconditioned Conjugate Gradients (variant 4)

Given x =0, and a = w =0
AT g r

A —C v | | yw

Set p=—¢g,d=—vand o = g'r.

repeat

Form Hp and Cd

a=c/(p"Hp + d"Cd)

T <«—x+ap

a<+—a+ad

r«—r+aHp

w—w+ aCd

sae [ S 4 T[]0

t=~(a+0v)
onew = g1 + tTw
p= UneW/U
0 < Onew
pe— —r+0Pp
d— —t+ pd
until a termination step is satisfied

Solve

Notice that, again, z no longer appears, and that the preconditioning is carried
out using the matrix

G AT
A —C

K = . (5.5.2)

We can apply this algorithm for all v € (0,1] and also the limiting case
v = 0 because the transformation back to the original variables has removed
the singularity. The use of v = 0 corresponds to use of a “standard” constraint
preconditioner on the system (5.3.4).

In Section 2.2 we noted that if an active set strategy is used along with the
described interior point method for solving an inequality constrained optimiza-
tion problem, then the entries in C' converge towards zero, and the entries in
the (1,1) block of the saddle point system are also converging towards a matrix
with finite real entries. Hence, as we draw near to optimality we might like to

apply Algorithm 5.5.2 with v = 0 and an unchanging choice of G instead of
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Algorithm 5.3.2. Clearly, any factorizations needed for applying the constraint
preconditioner would only need to be done once instead of each time that we
call Algorithm 5.5.2.

5.5.1 Spectral Properties of K~'H for v=0

As we discussed earlier in this chapter, the distribution of the eigenvalues can
determine the convergence of an applicable iterative method. We shall use
similar methods to those in the previous section proving the following results

about the eigenvalues and eigenvectors of the K~YH for v = 0.

Theorem 5.5.1. Assume that A € R™™ (m < n) has full rank, C € R™*™
1s symmetric and positive definite, and G, H € R™™" are symmetric. Let
H € RO+mx(m+m) be s defined in Theorem 5.4.1 and the preconditioner K be
defined to be a matriz of the form

T
K:GA

A 0

?

where G € R™™ 45 symmetric, and A € R™™ is the same as occurs in H.
Then the matriz K='H has n + m eigenvalues which are defined to be the

finite eigenvalues of the quadratic eigenvalue problem

NATCTA = A (G +24TC Az + (H+ ATCT A) z = 0.

Proof. The eigenvalues of the preconditioned coefficient matrix K ~'H may be

derived by considering the generalized eigenvalue problem

H AT AT
TN © . (5.5.3)
A -C Y A 0 Y
Expanding this out we obtain
Hx + ATy = A\Gx + \ATy, (5.5.4)
and
Az — Cy = \Ax. (5.5.5)

If A =1, then (5.5.5) implies that Cy = 0. Using the assumption that C' is
nonsingular we obtain y = 0. Equation (5.5.4) x must satisfy Hz = Gz, but

there is no guarantee that there exists such an z.
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Suppose that A # 1, then rearranging (5.5.5) gives
y=(1-NC'Ax.
Substituting this into (5.5.4) and rearranging we obtain
NATCT Az = XN (G+2ATC ' A)a+ (H+ ATCT'C)a=0.  (55.6)

Noting that any unit eigenvalues of K~VH will also satisfy this quadratic eigen-

value problem, we complete the proof. O

Theorem 5.5.2. Assume that A € R™" (m < n) has full rank, C € R™*™
1s symmetric and positive semidefinite with rank | where 0 < | < m, and
G, H € R™" are symmetric. Also assume that C is factored as EDET | where
E € R™ and D € R™ is nonsingular, F € R™ D s ¢ basis for the
nullspace of ET and [ E F] e R™™ 4s orthogonal. Let the columns of
N € R*(=m+0) span the nullspace of FT A, H be as defined in Theorem 5.4.1

and the preconditioner K be defined to be a matriz of the form

G AT
A 0

K =

I

where G € R™" is symmetric, and A € R™ " is the same as occurs in H.
Then K—'H has

e an eigenvalue at 1 with multiplicity 2(m — 1), and

e n—m + 2l eigenvalues which are defined as the finite eigenvalues of the

quadratic ergenvalue problem

0 = NN'A"ED'E"ANw, — AN" (G +2A"ED'E"A) Nw,,s
+N" (H + A"ED™'EA) Nw,;, = 0.

This accounts for all of the eigenvalues.
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Proof. Any y € R™ can be written as y = Ey. + Fys. Substituting this into

I 0
the generalized eigenvalue problem (5.5.3) and premultiplying by | 0 ET
0 FT
we obtain
H ATE|ATF x G ATE | ATF x
ETA -D| 0 ve | =X ETA 0 | 0 ve | . (5.5.7)
FTA 0 | 0 Yy FTA 0 | 0 Yy

Noting that the (3,3) block has dimension (m — ) x (m —[) and is a zero
matrix in both coefficient matrices;, we can apply Theorem 2.1 from [55] to
obtain that K~'H has

e an eigenvalue at 1 with multiplicity 2(m — ), and

e n — m + 2] eigenvalues which are defined by the generalized eigenvalue
problem
G ATE
ETA 0

H ATE
ETA -D

—T — —T

Nw, = AN Nuw,, (5.5.8)

where N is an (n +1) x (n —m + 2I) basis for the nullspace of [ FTA 0 } €
R(mfl)x(nﬂ)’ and
1]-
ve |

, then (5.4.16) becomes

Wn1
=A
Wn2

This generalized eigenvalue problem is exactly that of the form considered in

ATF

Wq + an.
0

— N
Letting N = [ 0

NTGN NTATE
ETAN 0

NTHN NTATE
ETAN -D

Wn1

] . (5.5.9)

Wn2

Theorem 5.5.1, so the eigenvalues of (5.5.9) are equivalently defined by the

quadratic eigenvalue problem
0 = NNTATED'E"ANw,, — AN" (G +2A"ED'E"A) Nw,,
+N" (H + ATED™'EA) Nw,; = 0. (5.5.10)
This defines 2(n—m+1) eigenvalues of which 2(n—m-+1)—(n—m) = n—m+2I
are finite [79]. Hence, KM has an eigenvalue at 1 with multiplicity 2(m —[)

and the remaining eigenvalues are defined by the quadratic eigenvalue problem
(5.5.10). O
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Corollary 5.5.3. Assume that A € R™*" (m < n) has full rank, C' € R™*™
is symmetric and positive semidefinite (possibly nonsingular) with rank | where
0<!l<m, and G,H € R™" are symmetric. Also assume that C is factored
as EDET, where E € R™! and D € R™! is nonsingular, F is a basis for
the nullspace of ET and [ E F } e R™™ 4s orthogonal. Let the columns of
N € R™*(=m+0) span the nullspace of FT A, H be as defined in Theorem 5.4.1

and the preconditioner K be defined to be a matriz of the form

G AT
A 0

?

where G € R™™ 45 symmetric, and A € R™™ s the same as occurs in H.
Then K—YH has

e an eigenvalue at 1 with multiplicity 2(m — 1), and

o n—m+ 2l eigenvalues which are defined as the finite eigenvalues of the

quadratic eigenvalue problem

0 = NNTATED'E"ANw,, — AN" (G +2A"ED'E"A) Nw,,
+N" (H + ATED'EA) Nw,, . (5.5.11)

This accounts for all of the eigenvalues.

Proof. For the case of 0 < | < m the definition of the eigenvalues trivially
holds from Theorem 5.5.2.

Consider the case | = m. Then 2(m — ) = 0, so we need to show that
K'H may have no eigenvalues. This is trivially true from Theorem 5.5.1.

If C' is nonsingular, then N will also be nonsingular and can be arbitrarily
defined as N = I. The assumptions imply that E is an orthogonal matrix.
Hence,

ED'E" = B "D 'E~' = (EDE") ' =CL
Also, from the proof of Theorem 5.5.2, x = w,; when N = [. Thus

0 = MNTATED'ET"ANw, — AN" (G + 2ATED'ET A) Nw,,
+N" (H + ATED'EA) Nw,,

= MNATC'ANz — )\ (G + QATC’_lA) T+ (H + ATC_IA) x.
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This is exactly the same quadratic eigenvalue problem as given in Theo-
rem 5.5.1 and, hence, the eigenvalues of K-! can be equivalently defined by

either of the quadratic eigenvalue problems. O

We note that the quadratic eigenvalue problem (5.5.11) can have negative
and complex eigenvalues. The following theorem gives sufficient conditions for
general quadratic eigenvalue problems to have real and positive eigenvalues

and a full set of linearly independent eigenvectors.

Theorem 5.5.4. Consider the quadratic eigenvalue problem
(MK =ML+ M)z =0, (5.5.12)

where M, L, € R™ "™ are symmetric positive definite, and K € R™™ is sym-
metric positive semidefinite. Define v(M, L, K) to be

v(M, L, K) = min {(z" Lz)* — 4(z" M=) (2" Kz) : ||z|, = 1} .

If y(M, L, K) > 0, then the eigenvalues X are real and positive, and there are
n linearly independent eigenvectors associated with the n largest (n smallest)

eigenvalues.

Proof. From [79, Section 1] we know that under our assumptions the quadratic
eigenvalue problem
(1M +pL+K)z =0

has real and negative eigenvalues, and that there are n linearly independent
eigenvectors associated with the n largest (n smallest) eigenvalues.. Suppose
we divide this equation by p? and set A = —1/u. The quadratic eigenvalue
problem (5.5.12) is obtained, and since p is real and negative, X is real and

positive. ]

We would like to be able to use the above theorem to show that, under

suitable assumptions, all the eigenvalues of KM are real and positive. Let

D =NTATED'ET AN, (5.5.13)
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where D and E are as defined in Corollary 5.5.3. If we assume that NTHN +D
is positive definite, then we may write NT HN +D = RTR for some nonsingular

matrix R. The quadratic eigenvalue problem (5.5.11) is similar to
(A2R—TER—1 — AR"T(NTGN +2D)R™" + 1) 2=0,

where z = Rw,;. Thus, if we assume that NTGN + 2D and NTHN + D are

positive definite, and can show that
(I, R"T(NTGN +2D)R™', R""DR™") > 0,

where (-, +,-) is as defined in Theorem 5.5.4, then we can apply the above
theorem to show that (5.5.11) has real and positive eigenvalues.

Let us assume that ||z||, = 1. Then
- 2 -
("R (NTGN +2D) R™'z) —4:"2:"RTDR 'z

— ( TRTNTGNR 'z +2:"R"TDR™ ) —4:"RTDR 2

(=" R
= (WhN"GNw)" + dwh Dwny (Wi NTGNw,y + wly Dy 1),

where 1 = ||2]|, = [|[Rwnully = |wni|lyr gy, 5 - Clearly, we can guarantee that
(5.5.14) is positive if

wl, NTG Nwy, + w? Dwnl >1 for all wy; such that ||wp||yryy 5 =1,

that is

T T D
T wnl (N HN+D> Wn1
I NTGNw,; + wl Dwnl S < for all w,; # 0.

W (NTHN v D) W NTHN + f)) W
Rearranging we find that we require
]VTGNwm > w, NTHanl

for all Nw,; # 0. Thus we need only scale any positive definite G such that
% > ||H||3 for all Nw, # 0 to guarantee that (5.5.14) is positive for
all wyy such that [|wp1l|yryy, 5 = 1. For example, we could choose G' = al,
where a > || H|3.

Using the above in conjunction with Corollary 5.5.3 we obtain:

SRINTGNR )’ 4 42" RTDR ™z (2T RINTGNR 2+ 2R TDR™: - 1)

(5.5.14)
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Theorem 5.5.5. Suppose that A, C, D, E, G, H and N are as defined in
Corollary 5.5.3 and D is as defined in (5.5.13). Further, assume that NT HN +
D and NTGN + 2D are symmetric positive definite, D is symmetric positive

semidefinite and
min {(zTNTGNz)2 +4(z"D2) (" NTGNz + z"Dz — 1) : 12l NraNaD = 1} >0,

then all the eigenvalues of K~'H are real and positive. The matrix K~YH also

has m — l + i+ 7 linearly independent eigenvectors. There are

T
1. m — [ eigenvectors of the form [ 0T yf } that correspond to the case
A=1,

T
2.1 (0 < i < n) eigenvectors of the form [mT 0"y} ] arising from
Hx = oGx for which the i vectors x are linearly independent, o = 1,
and A\ =1, and

T
3. 7 (0<j <n—m+2l) eigenvectors of the form [ 0" why why yf ]
corresponding to the eigenvalue of K~'H not equal to 1, where the com-

ponents wyy arise from the quadratic eigenvalue problem

0 = NN'A"ED'E"ANw, — AN" (G +2A"ED'E"A) Nw,,,
+N" (H + A"ED'EA) Nwy,

with A # 1, and wyy = (1 = \)D'ET ANw,,.

Proof. 1t remains for us to prove the form of the eigenvectors and that they
are linearly independent. We will consider the case | = m and 0 < | < m
separately.

Consider [ = m. Then, from the proof of Theorem 5.5.1, when A = 1 the
eigenvectors must take the form [ 2T o7 }T, where Hx = oGz for which
the i vectors x are linearly independent, ¢ = 1. Hence, any eigenvectors cor-
responding to a unit eigenvalue fall into the second statement of the theorem
and there are i (0 < ¢ < n) such eigenvectors which are linearly independent.
The proof of Theorem 5.5.1 also shows that the eigenvectors corresponding to
A # 1 take the form [ T }T , where x corresponds to the quadratic eigen-
value problem (5.5.11) and y = (1 — \)C~'Az = (1 — A\)D"'EFANz (since we

can set D = C' and E = I). Clearly, there are at most n+m such eigenvectors.



CHAPTER 5. CONJUGATE GRADIENT METHOD 90

By our assumptions, all of the vectors x defined by the quadratic eigenvalue
problem (5.5.11) are linearly independent. Also, if x is associated with two
eigenvalues, then these eigenvalues must be distinct [79]. By setting w,; = x
and w,y = y we obtain j (0 < j < n+ m) eigenvectors of the form given in
statement 3 of the proof.

It remains for us to prove that the ¢ + j eigenvectors defined above are

linearly independent. Hence, we need to show that

1 2
1 1 ag) 2 2 ag) 0
O R Y @ @
1 i : 1 Y = | 5515
0 ... 0 A I IO RN =] 8| (5515
agl) I a§-2) 0

implies that the vectors a(!) and a® are zero vectors. Multiplying (5.5.15) by
K ~IH, and recalling that in the previous equation the first matrix arises from

A =1(p=1,---,i) and the second matrix from A\, #1 (p=1,---,j) gives

(1) (2) (2)
(1) (1) a (2) (2) A ag 0
xl DT xi . '-,1:1 DR J;j .
[ 0 ... 0 ] S I VOIS y@)] =
al(l) J )\5-2)a§-2) 0
(5.5.16)
Subtracting (5.5.15) from (5.5.16) we obtain
2 2
@) @) (AP = 1)af? 0
Ty o X . :
[ y? Y ] : =|:1- (5.5.17)
Lo (2) (2)
(A7 = 1ay 0

Some of the eigenvectors z(= w,;) defined by the quadratic eigenvalue problem
(5.5.11) will be associated with two (non-unit) eigenvalues; let us assume that
there are k such eigenvectors. By our assumptions, these eigenvalues must be

distinct. Without loss of generality, assume that xz(,Q) = x,gp forp=1,... k.

The vectors :1:'1(02) (p = k+1,...,j) are linearly independent and )\5)2) # 1
(p=2k—+1,...,j), which gives rise to af) =0 for p=2k+1,...,5. Equation

(5.5.17) becomes

(2) (2)

2) @ o @) (A7 = D)y 0
xl PRI xk :C]_ DRI xk . .
y(2) . y(2) y(2) . y(2) : = :|. (5.5.18)

1 k k+1 2k (/\5-2) . 1)@2/{5(2) 0

The vectors 3:;,2) (p=1,...,k) are linearly independent. Hence
2 2 2
O a2+ O el =0, p =1,k
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and o
1—A
&) N ) ptk _
a,’ = ap+k—1 - )\;2) , 1,...,k.

Now y,(,z) =(1- )\5,2))(]*1%1365,2) for p=1,...,2k. Hence, we require

AP —1)2aP 074z + (AP — 1%, 07 AP =0, p=1,... k.

@ _ (2 1A%,
P

= 0o and rearranging gives ()\;2) - 1)a§,2) =

Substituting in a

()\](izk - 1)a§32k for p=1,..., k. Since these eigenvalues are non-unit and A% #

)\gk for p=1,...,k we conclude that a,(,z) =0(p=1,...,9).

We also have linear independence of mz(,l) (p=1,...,7), and thus a,(,l) =0
(p=1,...,10).
Consider the case 0 <[ < m. From the proof of Theorem 5.5.2, the gener-

alized eigenvalue problem can be expressed as

H ATE|ATF x G ATE | ATF x
ETA -D| 0 ve | =A| ETA 0 | 0 Ve
FTA 0 | 0 Yy FTA 0 | 0 Yy

we can apply Theorem 2.3 from [55] to obtain that K~'H has the following

m — [ 4+ ¢ + j linearly independent eigenvectors:

T
1. m — [ eigenvectors of the form [ or y? ] corresponding to the eigen-

value 1 of [?_IH;

T
2. i (0 <4 < n+l) eigenvectors of the form [ et oyl oyt ] corresponding

to the eigenvalue 1 of K ~H, where the components x and 7, arise from
the generalized eigenvalue problem

X . X )

T
3. 7 (0 <j <n—m+2l) eigenvectors of the form [ 0" wl yf } corre-

n

G ATE
ETA -D

H ATE
ETA -D

sponding to the eigenvalues of K~V not equal to 1, where the compo-

nents w, arise from the generalized eigenvalue problem

G ATE
ETA 0

H ATE
ETA —-D

-7

Nw, = AN "

Nuw,,  (5.5.19)

where N is an (n + 1) x (n — m + 2[) basis for the nullspace of [ FTA 0 } €
RO=0x(+0) " wwith A # 1.
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Let us consider the ¢ (0 < i < n +[) eigenvectors defined in the second
statement above. If A = 1, then y. = 0 since D is nonsingular. Thus, there will
be a maximum of n linearly independent eigenvectors taking this form which
correspond to the generalized eigenvalue problem Hx = oGz, where 0 = 1.
Thus 0 <3 <n.

Consider the j (0 < j < n—m+2l) eigenvectors defined in the third state-
ment above. From the proof of Theorem 5.5.2 the eigenvalues are equivalently
defined by (5.5.11) and

Wy =

Wn1
(1-=AND'ETANw,, .

Hence, the j (0 < j < n—m+ 2l) eigenvectors corresponding to the non-unit

T r )"
nl Wp2 Yf

Proof of the linear independence of these eigenvectors follows similarly to

eigenvalues of K~'H take the form [ 07 w

the case of [ = m. O]

We discussed in Sections 5.2 and 5.4.1 the fact that the convergence of
an iterative method when a constraint preconditioner is used is influenced by
the relationship between m, n, and [, as well as the spectral properties of
the coefficient matrix. This is also the case for the dimension of the Krylov
subspace /C(l?*lH, c) for all ¢ :

Theorem 5.5.6. Let the assumptions of Theorem 5.5.5 hold. Then the dimen-
sion of the Krylov subspace K(K~'H, ¢) is at most min{n —m+2l+2, n+m}.

Proof. As in the proof to Theorem 5.5.2, the generalized eigenvalue problem

can be written as

H ATE|ATF x G ATE|ATF x
ETA —-D 0 ve | =X ETA 0 0 Ye
FTA 0 | 0 Yy FTA 0 | 0 Yy
Hence, the preconditioned matrix K~1H is similar to
~ 1 0, 0
K'H=| " : (5.5.20)
O, I

where the precise forms of ©; € RM™t)x(n+) and @, € RM=Dx(+) gre jr-
relevant here. The remainder of the proof follows similarly to that of Theo-
rem 5.4.13. 0
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5.5.2 Clustering of eigenvalues when ||C]| is small

When using interior point methods to solve inequality constrained optimization
problems, the matrix C'is diagonal and of full rank. In this case, Theorem 5.5.6
would suggest that there is little advantage in using a constraint preconditioner
of the form K over using any other preconditioner. However, when an active
set strategy is used, the entries of C' also become small as we draw near to
optimality and, hence, ||C]| is small. In the following we shall assume that the
norm considered is the 5 norm, but the results could be generalized to other

norms.

Lemma 5.5.7. Let ¢ > 0,6 >0, >0 and 6*+4((6 — &) > 0. Then the roots

of the quadratic equation
MNC=A0+20)+e+(=0

satisfy

) [0 —¢l
)\—1+iiu, n< \/_maux{2C c }

Proof. The roots of the quadratic equation satisfy

§+2¢ £ /(0 +20)2 —4¢(e + )
2¢
V02 +4¢(6 —¢)
1+ii %

5 §\° d-—¢
- ”ii\/<2<) T

\/<2%>2+525 < zm{<%> _5}

) 0—e
= \/ﬁmax{i, C }

If = < 0, then the assumption 62 + 4¢(6 — €) > 0 implies that

¢
S\2 e—¢
(i) 2~ =20
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Hence,

T
2¢ ¢ T

< \/Emax{%, 6_(5}.

]

Remark 5.5.8. The important point to notice is that if ( > ¢ and ( > ¢,
then A ~ 1 in Theorem 5.5.7.

Theorem 5.5.9. Let H, K € ROT™x(+m) and their sub-blocks be as defined
in Theorem 5.5.5 using the same notation and assumptions. We shall assume
that A, G, and H remain fixed, but C may change so long as E also remains
fized. Further, assume that NTGN + 2D and NTHN + D are symmetric

positive definite, D is symmetric positive semidefinite and
min {(ZTNTGNZ>2 +4(z"D2)(z"NTGNz + z"Dz — 1) : |2 e pne s = 1} > 0.

Then all the eigenvalues of K~YH are real and positive.
The eigenvalues X of (5.5.11) subject to ET ANw,1 # 0, will also satisfy

IAN=1] = c/|C||  for small ||C|,

where ¢ is a constant.

Proof. That the eigenvalues of K~'H are real and positive follows directly
from Theorem 5.5.5.

Suppose that C' = EDE?T is a reduced singular value decomposition of C,
where the columns of £ € R™*! are orthogonal and D € R>! is diagonal with
entries d; that are non-negative and in non-increasing order.

In the following, ||-|| = [|-]|,, so that
Il =D = dv.
Premultiplying the quadratic eigenvalue problem (5.5.11) by w?, gives

0 = NwlDwy — Mwl, NTGNw,; + 2w, Dw,y)
+(wi, NTHNw,, +w515wn1). (5.5.21)
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Assume that v = ETANw,; and ||v|| = 1, where w,; is an eigenvalue of

the above quadratic eigenvector problem. Then

wglf)wnl = o'D W
_ WL %,
dy dy T dy
v
> -
=)
B 1
1C]
Hence,
1
#§\|C]|
Wy Dwpy

Let ¢ = w,{lﬁwnl, § = w,NT"GNw,; and ¢ = wl,NTHNw,;. Then
(5.5.21) becomes
NC—=A0+20) +e+(=0.

From Lemma 5.5.7, A must satisfy

) ) |0 — €|
A=14+—=+pu, <V2max{ —, ([ —— }.
- {2< ¢ }

Now 0 < ¢|NTGN
|lwn1]| and w,; are eigenvectors of (5.5.11) subject to ETANw,; # 0 and
| E¥ ANwy || = 1. Hence, the eigenvalues of (5.5.11) subject to ET ANwy,; # 0
satisfy

, e < CHNTHNH, where ¢ is an upper bound on

A =1~ cVICll
for small |C||, where ¢ is a constant. ]

This clustering of part of the spectrum of K~'H will often translate into
a speeding up of the convergence of a selected Krylov subspace method [5,
Section 1.3]. We can therefore see the advantage of Algorithm 5.5.2 when we

the interior point method is drawing near to the optimal point.

5.5.3 Numerical Examples

We shall verify our theoretical results by considering some simple saddle point

systems.
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Example 5.5.10 (C nonsingular). Consider the matrices

1 0 1 2 01
H=|01 0|, K=]02 0],
1 0 -1 1 00

so that m = [ = 1 and n = 2. The preconditioned matrix K~'H has eigenvalues

T
at %, 2 — /2 and 2 + V2. The corresponding eigenvectors are [ 010 ] ;

[ 10 (vV2-1) }T and [ 1 0 —(vV2+1) }T respectively. The precondi-
tioned system K~'H has all non-unit eigenvalues, but this does contradict
Corollary 5.5.3 because m — [ = 0. With our choices of ‘H and K , and setting
D=1Tand E =1 (C = EDE"), the quadratic eigenvalue problem (5.5.11) is

ool a) -l ) )=

This quadratic eigenvalue problem has three finite eigenvalues which are A =
2—-V2,A=2++v2and A= 1.

Example 5.5.11 (C semidefinite). Consider the matrices

101 O 2010
1 ~
2 — 0 0 1 K- 0201 ’
100 O 1000
010 -1 0100

so that m = 2, n = 2 and [ = 1. The preconditioned matrix KM has two unit
eigenvalues and a further two at A = 2 — /2 and A = 2+ /2. There is just one

linearly independent eigenvector associated with the unit eigenvector; specif-
T
ically this is [ 0010 ] . For the non-unit eigenvalues, the eigenvectors
T T
are [ 010 (vV2—-1) } and [ 01 0 —(v2+1) | respectively.
Since 2(m — 1) = 2, we correctly expected there to be at least two unit

eigenvalues, Corollary 5.5.3. The remaining eigenvalues will be defined by the

quadratic eigenvalue problem (5.5.11):
(A = 4N+ 2) wyy =0,

T
where D = [1] and £ = [ 0 1 ] are used as factors of C. This quadratic

eigenvalue problem has two finite eigenvalues; these are A = 2 — /2 and
A=2++2.
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Example 5.5.12 (C' with small entries). Suppose that H and K are as in
Example 5.5.10, but C' = [107%] for some positive real number a. Setting
D =107 and £ = [ (C = EDET), the quadratic eigenvalue problem

(5.5.11) is
14+10% 0 n|_,
0 1 ) -

O N
0 0

This quadratic eigenvalue problem has three finite eigenvalues which are de-
finedas A =14+10"*+107%/1 + 10 and A = % Just the first two eigenvalues
satisfy ET ANz # 0. For large values of a, A =~ 1 + 107% £ 107 2; these eigen-

values will be close to 1.

242x10* 0
0 2

We shall use the problem CVXQP2_M from the CUTEr test set [47] in the
following examples. This problem is very small with n = 1000 and m =
250. “Barrier” penalty terms (in this case 1.1) are added to the diagonal of
H to simulate systems that might arise during and iteration of an interior-
point method for such problems. We shall set G = diag{H}, and C' = a x
diag{0,...,0,1,...,1}, where « is a positive, real parameter that we will
change.

All tests carried out in this chapter were performed on a dual Intel Xeon
3.20GHz machine with hyperthreading and 2GiB of RAM. It was running
Fedora Core 2 (Linux kernel 2.6.8) with MATLAB® 7.0. We use the projected
preconditioned conjugate gradient method, Algorithm 5.5.2, and terminate the
iteration when the value of residual is reduced by at least a factor of 1075.

In Figure 5.2 we compare the performance (in terms of iteration count)
between using a preconditioner of the form K with ~ = 0 and one of the form
K, Equations (5.5.2) and (5.3.10) respectively. The matrix C' used in this set
of results takes the form al. As o becomes smaller, we expect the difference
between the number of iterations required to become less between the two
preconditioners. We observe that, in this example, once a@ < 107! there is
little benefit in reproducing C' in the preconditioner.

In Figure 5.3 we also compare the performance (in terms of iteration count)
between using a preconditioner of the form K with ~v = 0 and one of the form
K, Equations (5.5.2) and (5.3.10) respectively. However, we have now set
C = a x diag{0,...,0,1,...,1}, where rank(C) = |m/2]. We observe that

the convergence is faster in the second figure — this is as we would expect
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Figure 5.2: Number of PPCG iterations when either (a) K or (b) K are used as precondi-

tioners for C = al.
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Figure 5.3: Number of PPCG iterations when either (a) K or (b) K are used as precondi-

tioners for C' = « X diag(0,...,0,1,..

., 1), where rank(C) = [m/2] .
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because of there now being a guarantee of at least 250 unit eigenvalues in the

preconditioned system compared to the possibility of none.

5.6 Other possible ways to generate a precon-
ditioned conjugate gradient style method
to solve saddle point systems

In the previous sections of the chapter we have shown how we can use pro-
jected conjugate gradient methods to solve saddle point systems. Indefinite
preconditioners known as constraint preconditioners (or extended constraint
preconditioners) were used with these methods. To generate these methods
we used a nullspace projection and applied the preconditioned conjugate gra-
dient method to this reduced problem. By changes in variables we were able
to expand the method so that the full system instead of this reduced system
was used.

In this brief section, we explore another idea for generating preconditioned
conjugate gradient methods: this is motivated by the work of Rozloznik and Si-
moncini [70]. They showed that the preconditioned conjugate gradient method

can be applied to solve systems of the form

=1

where H € R™"*" is symmetric, A € R™*" and a preconditioner of the form

H AT
A 0

I AT
A 0

is used. In Section 5.6.2 we will see the importance of the zero block in the
right-hand side.

We will be closely following the arguments of Rozloznik and Simoncini [70]
to show that the preconditioned conjugate gradient method can be applied to

solve systems of the form

H AT r| |0
A -C Y o |
—_——

H



CHAPTER 5. CONJUGATE GRADIENT METHOD 100

where H € R™" (' € R™ ™ are symmetric and positive semidefinite, A €

R™*™ and a constraint preconditioner of the form

G AT
A -C

K —

is used.

5.6.1 More properties of the constraint preconditioner

In the previous sections we arbitrarily assumed that the constraint precondi-
tioner was applied on the left, but let us consider what happens when we apply
it on the right. For simplicity we shall assume that G is symmetric positive
definite, but the idea can be extended to symmetric positive semidefinite G' by
using the augmented Lagrangian ideas at the end of Section 5.4.2.

The eigenvalues of K~'H and HK ! are equal, so from Theorem ?? and
appropriate assumptions, the eigenvalues of HK ! are all real and positive.

We can use the Schur complement factorization to express the inverse of K :

P e S B I 0
o T 0 —S'||-AG I
[ et-grarsagt graTs !
a ST1AG! -S|

where S = C + AG ' AT, so that

HEK ' =
0 I

HG '+ (I — HGY)ATSAG™! (HG™'—1)ATS ]

T
When K~! and HK ! are applied to a vector of the form [ o 0T } it
follows that

—1 _ =1 AT o-1 —1
P I B N (e e TG T (5.6.1)
0 SLAG
and
-1 - —1\ AT @—1 -1
HK_llg]: (HG' + (1 Hci) ) ATSTLAG )v]‘ (5.6

Remark 5.6.1. It is important to note that the last m entries of HK ~!w are

zero if the last m entries of w are zero.
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5.6.2 Application of the Bi-CG method and its relation-
ship to PCG

Let us consider the implementation of the simplified Bi-CG as a short re-
currence approach. The classical right preconditioned recurrence is as fol-

lows:

Given ry and 7.
Set pg = 1o and py = 7.
for k=0,1,... do
ay, = (Th, i) [ (D HE 'pi)
l+1 = te + Quepr,
Th1 = Tr — e HEK 'y,
Trp1 = Tk — e KV HDy,
Bre = (Thrt, Thr1) / (Tho T)
Pr+1 = Tht1 + OkDr,
Pr+1 = Thy1 + BiDk-

end for

Using J-symmetry® with J = K~! and the initial settings of 7o = K~'rg

T
and ry = [ st o ] we obtain that 7, = K~ 'r; for all subsequent k >
1. Similarly, p, = K~ 'p; for all subsequent k& > 1. Since we can explicitly
compute pr and 7, we can omit the “tilde” recurrence from the method. If

ro = [ st 0T } , then using (5.6.2) it is straightforward to show that ry,; can

T

be written in the form r, ., = [ si. 07 ] for all £ > 0. We can also show
that ) ,
Hp) + ATHY,

Hﬁk+1 = 0

Hence, we obtain the K ~!-symmetric Bi-CG(HK ) algorithm, Algorithm 5.6.1.
If a general choice of rq was used, then the values of a; and Bk may be
negative. However, fixing the bottom m entries of o (and, consequently for all
Tk, k > 1) to be zero, forces aj and Bk to be positive. We observe that Algo-
rithm 5.6.1 is therefore equivalent to the PCG method for ry = [ st 0T ]T,
Algorithm 5.6.2, which in itself is an example of Algorithm 5.3.2. However,
as far as we are aware, there is no straightforward way to use this form of

derivation to reproduce Algorithm 5.5.2.

3A matrix H is called J-symmetric if there exists a nonsingular J such that H.J = JH.
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Algorithm 5.6.1 K~ !-symmetric Bi-CG(HK ') Algorithm

b
Given 0 such that —H SN I )
Yo 0 Yo 0
Set o | o0
Vo 0

for k=0,1,... do

K1 Tp41 — g1 Sk+1
Yk+1

end for

Algorithm 5.6.2 PCG(H) Algorithm

Given tg = o such that rg = b —H o _ | %0 .
Yo 0 Yo 0

Set pg = K~ try.
for k=0,1,... do
_ (K )
Y = o Hpr)

tev1 =t + qupr,
Tht1 = Tk — QxHpg,

o <7"k+17K_17"k+1>
Be = kT

Pr+1 = K M1 + Bepre
end for




Chapter 6

The Schilders Factorization

In the projected preconditioned conjugate gradient algorithms presented in

Chapter 5, we observe the need to solve the preconditioning step

gl |

v w

during each iteration. There is no obvious reason why solving such systems

=L

the system for which our iterative method is trying to find an approximate

G AT
A —C

K

should be any easier than solving

H AT
A —C

solution. In Table 7.5 we see that even simple choices such as G = [ can
be prohibitive in terms of the memory requirements for sparse direct solu-
tion. The standard method for using constraint preconditioners, at least in
the optimization community [9, 37, 56], has been to choose G and then factor
the resulting constraint preconditioners with available codes such as the HSL
routines MA27 and MA57 [22, 24]. However, we propose an alternative to this:
implicit factorization constraint preconditioners, which we demonstrate to be
very effective as well as being cheap to apply.

Suppose that we consider constraint preconditioners of the form
K = PBPT,

where solutions with each of the matrices P, B, and PT are easily obtained.
The key idea is that rather than obtaining P and B from a given K, K is
derived implicitly from specially chosen P and B.

103
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In this chapter we will consider the case of C' = 0 and two possible implicit
factorization constraint preconditioners: the variable reduction method and

the Schilders factorization method. In the following chapter we will consider
the case C' # 0.

6.1 Variable Reduction Method

As in Section 5.2.1, let us express the constraint preconditioner in a block 3
by 3 structure:
G Gi AT
K=1| Gu G AQT ) (6~1~1>
A Ay 0
where Gq; € R™™ Gy € R=mixm g, ¢ RO=m)x(n=m) = 4, ¢ R™*™ and
Ay € R™*(m=m) e shall assume that A; and its transpose are easily invertible:
we shall consider how to reorder A to produce such an A; in Chapter 8.
The variable reduction technique (sometimes called the reduced gradient
technique) uses an algebraic description of the nullspace method to factor the
constraint preconditioner. The fundamental basis is used to define a matrix,

Z, whose columns form a basis of the nullspace of A :

Z:

]I% ] , where R = —A]'A,.

In Section 3.4 we saw that a saddle point problem can be reduced to the

block triangular form

YTGY YTGZ YTAT

V'KY = | z'ay z'Gz 0 |, (6.1.2)
AY 0 0
where
Y Z 0
Y= 0 0 I

for some Y € R™ ™ such that [ Y 7 } spans R™. Note that when using the
fundamental basis we can choose Y = [I 0]7. With these choices, the matrix

Y is block triangular so its inverse can also be expressed in a block form:

1 I R0 I -R 0
=10 I 0 =10 I 0
00 I 0 0 I

Y Z 0

-1 __
Y 0 0 I
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We therefore obtain the following factorization for K :

[ 1 0 0] [YTGY YTGZ YTAT I —R 0

K = | =RT T 0 ZrQy ZTGZ 0 0 I 0
0 01| AY 0 0 0 0
1 o0 o0][Gy DI AT I —R 0

= | =RT 1 0 Doy Doy 0 0o I 0], (6.1.3)
0 0 I|[A 0 O 0 0
Y ¥ A
where

Dy = Go + R'Gyy,
D22 - G22 -+ RTGHR + GglR ‘l‘ (Gle)T.

Using this factorization we can solve preconditioning steps of the form

Gu Gy Al | | & T
Go1 Gy AT g | = | (6.1.4)
A Ay O v w
by carrying out the following steps:

v = 71y,

Yy = ro+ RTy,

Y3 = w,

o1 = Aples,

pa = Dy (2 — Dargn),
3 = AT (Y1 — Gy — Dgs),
g2 = @2,
g1 = 1+ Rga,
vo= 3.
This can be simplified to just
Yy = ra— AJAT T,
pr = Arlw,
g2 = Doy (Y2 — Dargn),
v = A7T(ry — Gugr — Dy ),
g = o1 — A Asgs.
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If we assume that G is chosen and then Dy and Dss appropriately defined;
that all the sub-blocks in the factorization (6.1.3) are dense; and that Gaussian
Elimination is used to factor any of the blocks for which systems must be

solved, then the number of flops used will be

work = O (;(m3 + (n—m)?) +2(i + 1)(n® 4 4mn + 4m2)) )

where ¢ is the number of iterations carried out by our iterative method. The
cost of forming Dss has been excluded from this calculation, but it is clearly
likely to be expensive in terms of CPU time and memory. We note that, in
practice, a symmetric factorization will be used for blocks such as Dsy and
that many blocks will be sparse. This implies that the above expression for
the number of flops used by the preconditioning steps could be a lot higher
than what happens in reality.

As noted earlier, the standard method for using constraint preconditioners
involves the selection of a matrix G and then the factorization of the resulting
K. We can choose such a G and then use the factorization (6.1.3) but we
observe that even simple choices of G can result in the matrices Doy and Doy
becoming dense. We only need carry out matrix-vector products with Dy,
so we are not concerned about this matrix being dense because we will not
explicitly form Dy;. However, we need to solve systems involving Dy, and,
hence, we would ideally like to keep D,y sparse.

Importantly, Equation (6.1.3) can be used to define a constraint precondi-
tioner implicitly. We choose a (G171, Do; and Dgy such that Doy is symmetric
and nonsingular. We then know that multiplying together the factors will
give us a constraint preconditioner. In this way, we can choose Dy such that
systems involving it can be efficiently solved.

If we assume that G1; and Dy, are allowed to be dense, but Dy, is diagonal
(and nonsingular), then the total work in solving the preconditioning steps

when i iterations are required can be expressed as
2 3 ~ 2
work = O 3™ +2(0 + 1)(dmn +m*) | .

We note that this bound in the work is substantially lower than that given
earlier when G is chosen and K then factored with (6.1.3).
In the following section we shall propose an alternative implicit factoriza-

tion constraint preconditioner: the Schilders factorization.
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6.2 The Schilders Factorization

The Schilders factorization was originally derived by considering models for
electronic circuits. We will start by considering how it was derived and then
turn to how it can be used as an implicit factorization constraint precondi-

tioner.

6.2.1 Derivation of the Factorization

We shall firstly restrict ourselves to a special class of matrices A, namely those

which have the property
Ai,jE{—l,O,l}, 1=1,....m, j3=1,...,n.

We shall also assume that each column of A contains at most two nonzero

elements which are of opposite sign:

Z |4, ;] <2,
=1

=1

As previously, we assume that the matrix A has full rank. The matrix A can
be considered to be the difference of two incidence matrices.

Let IT: {1,...,n} — {1,...,n} be a permutation with the property that

Aingy # 0,

and

Aj,H(i) =0 for j > .

Hence, A is permuted to an upper trapezoidal form, meaning that the left m
by m sub-block of A is upper triangular. It is straight-forward to show that
such a permutation may not exist for such matrices A, but it is also relatively
easy to show that if a row permutation, ﬁ, is also carried out, then A can
be permuted to be upper trapezoidal. In the following we will assume that
ﬁ(z) = 1, but the generalization is straightforward. Let us define a permutation

matrix ) by

Q = |:€H(1)7 €nt1y .-+ CII(m)s Entmy - - - ,61‘[(@} .
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After the permutation of rows and columns, we obtain the matrix

H=Q"HQ.

108

In order to find a suitable preconditioner, Schilders proposes an incomplete

decomposition for the system H. Let us define the preconditioner, K , to be

K= (L+D)D YL+ D),

where L and D take the following block forms:

L

0 -~ 0 0 0
Z2,1
: 0
Lm+1,1 Lm+1,m
an ' Zn,m—l Zn,n—l 0
51,1 0 0 0
0
Dym 0 0
o .- 0 Em-l—l,m-i—l
’ 0
0 0 0 Dy,
((R2*2 1< j<i<m,
R™2 m<i<n, 1<j<m,
| R m<j<i<n,
R2X2 4 =1,...,m,
R>™Y 4=m+1,...,n.

(6.2.1)

(6.2.2)

(6.2.3)

(6.2.4)

The non-zero sub-blocks of L are defined to be the equal to the associated

sub-blocks in 7:2, ie,for1<j<i<m

We shall say that L = “lower” (H).

7o

Z?J

Aing)

Huang) An), ] '
0
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The matrices lN)l, e lN)m and scalars lN)m+1, ..., D, are required such that

“diag” (('E +D)D ML + 5)T> = “diag” (H), (6.2.5)

where “diag” means the block diagonal in terms of the diagonal blocks given
in (6.2.2), i.e.,

- - - \T
H = “diag” (H) + “lower” (H) + (“lower” (H)) :

Theorem 6.2.1. Assume that A, I1 and Q) are as described at the beginning
of this section, L = “lower”(H) and Equation 6.2.5 holds. Then

IR AT
QL+ DD I+ Dyt =| G 4,
A 0
where G- € R™" is symmetric.
Proof. See [74] and [80, Section 3.3]. O

The assumption that A is the difference of two incidence matrices (where
both incidence matrices have at most one nonzero in each column) and upper
trapezoidal is a big restriction. However, Schilders [75] shows that this can
be generalized to any A that is of full rank. In particular, let us use a QR
decomposition of A :

All = QT A,
where II is now an n by n permutation matrix, () is an m by m orthogonal
matrix, and Ais of upper trapezoidal form. Furthermore, we assume that the
first m columns of A are linearly independent. Note: such decompositions are
always available.

Suppose that

nr o
Q — )
0 @
and
H =T7HIIL.
Then,
H AT
HOT = | ,
OHO i o

and the following theorem holds:
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Theorem 6.2.2. Let H and A be as above, and write A= [A\l,;{\g} , where

1/4\1 € R™*™ s upper triangular and nonsingular. Assume that H is symmetric
and positive definite. Then there exists a diagonal matrix Dy € R™™ q

(n=m)x(n=m) = o strictly lower triangular matriz Ly €

diagonal matrix Dy € R
R™ ™ - q unit lower triangular matriz Ly € RO=™X(=m) and o matriz M €

RM=m)xm g ch that

AT 0 I D, 0 I A A, 0
= | AT L, M 0 Dy 0 0 LY 0. (6.26)

H AT
A 0
0 0 I I 0 0 LT MT I

Proof. From [75, Section 3]. Working out the expression in the right hand

side, and writing

Hy  Ha
we find that the following must hold:

Hy = ATDA, + LA, + ATLT, (6.2.7)
Hy = AIDA + MA, + ATLT, (6.2.8)
Hy = LyDyLT + ATDy Ay + ATMT + MA,. (6.2.9)

Multiplying equation (6.2.7) from the left by EIT and from the right by 21_1
gives
Dy + LTAT + A7TLy = A;THy A

Using the fact that 21 is upper triangular we obtain the following expressions

for Dy and L; :

D, = diag(A\ITﬁllfol),
L = AT“ower” (A;TH ATY).

Having found D; and L; and using (6.2.8), the matrix M is given by
M - <]E\[21 - gL?) A\Il - A\ng

It remains for us to show that matrices Dy and Ly exist such that (6.2.9) is

satisfied. Firstly observe that

MA, = (f[m - /T§L1> AVA, — ATD, A,
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Substituting this into (6.2.9) and making use of the expressions for D; and Ly,
we find that

LQDQLg - 1:‘\[22 + A\gA\;TﬁllA\flA\Q — ﬁQlA\IlA\Q - A\gg;Tﬁgl

I A < B
H21 H22 I

Now H is assumed to the symmetric and positive definite, so Dy and Lo of
appropriate forms can be found.
O

6.2.2 Generalization of the Factorization

We previously saw that by carrying out a transformation of A we can factor
the resulting saddle point problem using this Schilders factorization, Theo-
rem 6.2.2. However, some of the sub-blocks have been specifically chosen to be
diagonal and others upper triangular. This is not necessary, we only wish for
systems with coefficient matrix Dy to be easy to solve and for matrix-vector
multiplications with D; to be reasonably cheap. As in Section 6.1, we would
also like to be able to use the factorization to implicitly define a constraint

preconditioner.

Theorem 6.2.3. Let A € R™*" (m < n) be a full rank matriz which we can
partition as A = [Ay, Ag], where Ay € R™™ s nonsingular. Suppose that
Dy € R™™ gnd Dy, € R=mx0=m) gre symmetric, and, in addition, Doy is
nonsingular. Furthermore, assume that Ly € R™*™, L, € R=m)x(n=m) 4p

M € R=m)xm where Ly is assumed to be nonsingular. Then

GH G2T1 Aill“ A{ O L1 D1 O I A1 AQ 0
GQl GQQ Ag — Ag L2 M 0 D2 0 0 Lg 0 5
A Ay 0 0 0 I I 0 0 LT MT I
)3 B PT
(6.2.10)
where

Gll - LlAl + A{L? + A,{DlAl,
Gy = AYLT + MA, + AID A,
Goy = LoD,LY +MA,+ AL M" + AT D, A,.
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Proof. Multiplying out the factors reveals the result. O]

Remark 6.2.4. The matrix Ds in the above will be identical to the value of
Dys in (6.1.3) for the same values of G. This factorization can therefore be

considered to be an example of a nullspace method.

It follows trivially from Silvester’s law of inertia that
Dy must be positive definite (6.2.11)

for P to be a meaningful preconditioner [44]. Similarly, Dy in (6.1.3) must be
positive definite for K = PBPT to be a meaningful preconditioner, where P
and B are defined in Theorem 6.2.3.

It is reasonable to assume that L; = 0 and L, = I since this doesn’t restrict
the possible forms of G produced but simplifies solves with P, B, and PT.
Under this assumption, and the additional assumption that D, is diagonal,

the cost of using the implicit factorization preconditioner (6.2.10) is
2 3 : 2
work = O 3™m +2(i + 1)(dmn — m?) | ,

where ¢ is the number of iterations carried out by our iterative method. We
observe that this upper bound is lower than that of the variable reduction
method (the constant involved in the O-notation can be assumed to be the
same in each case), so we expect to favour the Schilders factorization for general
implicit factorization choices.

One example of this for specific choices in our implicit factorizations is to
require that G1; = 0, G9; = 0, and G9y = Has, as in Theorem 5.2.5. We shall
assume that Hso is positive definite so that a Cholesky factorization can be
carried out: the preconditioner is meaningful in terms of the PPCG method.

The constraint preconditioner has a block triangular form

0 0 AT
K - 0 G22 Ag 5
Ay Ay 0

which can be taken advantage of when solving systems of the form

g1 ™
K 92 = | 72

(% w
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Specifically, we would carry out the following steps:

v = AT O(2m?) flops
9o = Hy' (ro—Alv)  O(2n* — 2mn) flops
g = A7l (w— Asg) O(2mn) flops

giving an upper bound on the work of
1
work = O (g(m?’ +2(n—m)*) +2(i + 1)(m* + n2)) flops.

Now let us consider how the variable reduction method would solve such a

preconditioning step:

vy = 19— AYATTr,  O(2mn) flops
v o= ATr O(2m?) flops
g2 = Hy'wy O(2n* — 4mn + 2m?) flops
y = Af'w O(2m?) flops
g = y1— A7 Ao O(2mn) flops

giving an upper bound on the work of

work = O (%(m?’ +2(n —m)?) 4+ 2(i + 1)(3m* + n2)) flops.

If we assume that L; = 0 and Lo = I in the Schilders factorization, then we

obtain
v = ATn O(2m?) flops
Ty = ry— Alw O(2mn) flops
g2 = Hy'wy O(2n* — 4mn + 2m?) flops
g = AT'(w— Aygy)  O(2mn) flops

giving an upper bound on the work of
1
work = O (g(m?’ +2(n —m)?) +2(i + 1)(m?* + n2)> flops.

We see that the Schilders factorization carries out the expected steps accord-
ing to the structure of K, but the variable reduction method is less efficient.
We will therefore concentrate on the Schilders factorization from this point

onwards.

Remark 6.2.5. The bounds on the number of flops given above are all based
on dense matrices. However, it is clear from just observing that the variable
reduction method requires two more solves involving A; (A7) that the Schilders

factorization will be preferable in this case.
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6.3 Numerical Experiments

In this section we indicate that, in some cases, the Schilders factorization con-
straint preconditioners are very effective in practice when applied to equality
constrained quadratic programming problems.

We consider the set of quadratic programming examples from the CUTEr
test set examined in Section 5.2.1. For each we use the projected precondi-
tioned conjugate gradient method of Algorithm 5.1.3 to solve the resulting
quadratic programming problem

1
m%@n f(z) = QITQx + b"'z subject to Az —d = 0.
zeR™

Firstly a feasible point x = =z is determined. Thereafter, iterates xy + s
generated by the conjugate gradient method are constrained to satisfy As = 0
by means of the constraint preconditioning system (5.2.3). Since, as frequently
happens in practice, f(zo + $) may be unbounded from below, a trust-region
constraint ||s|| < A is also imposed, and the Generalized Lanczos Trust-Region
(GLTR) method [46], as implemented in the GALAHAD library [48], is used to
solve the resulting problem

min f(xg + s) subject to As =0 and |[|s]] < A; (6.3.1)

reR”™

a large value of A = 10 is used so as not to cut off the unconstrained solution
for convex problems.

In Tables 6.1 and 6.2, we compare four preconditioning strategies for (ap-
proximately) solving the problem (6.3.1). The tables contain the results for
the test problems in Table 5.2. The column “fact.” contains the CPU time
(in seconds) used to factorize the preconditioner, the column “iter.” contains
the number of PPCG iterations used to reach the required tolerance, and the
column “total” contains the total CPU time (in seconds) used to solve the
problem. Full listings for all the test problems in the CUTEr test set can be
found in Appendix B. We consider both low and high(er) accuracy solutions.
For the former, we terminate as soon as the norm of the (preconditioned) gra-
dient of f(zo+ s) has been reduced more than 1072 from that of f(z), while
the latter requires a 1078 reduction; these are intended to simulate the levels
of accuracy required within a nonlinear programming solver in early (global)

and later (asymptotic) phases of the solution process.
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We consider two explicit factorizations, one using exact factors (G = H),
and the other using the simple projection (G = I). The HSL package MA57 [22]
(version 2.2.1) is used to factorize K and subsequently solve (5.2.3); by way of
comparison we also include times for exact factorization with the earlier MA27
[24], since this is still widely used. Two implicit factorizations of the form
(6.2.10) are considered. In the first, the simplest, we set G1; = 0, G591 = 0 and
Gog =1,1ie. Ly =1 and Dy = I are used. The second uses G11 =0, Go; =0
and Gaoo = Hyg. In particular, we exploit one of MA57’s options to make modest
modifications [76] of the diagonals of Hyy to ensure that Gy is positive definite
if Hyy fails to be—this proved only to be necessary for the BLOWEY* problems.

All of our experiments in this section were performed using a single proces-
sor of a 3.05Mhz Dell Precision 650 Workstation with 4 Gbytes of RAM. Our
codes were written in double precision Fortran 90, compiled using the Intel
ifort 8.1 compiler, and wherever possible made use of tuned ATLAS BLAS
[85] for core computations. A single iteration of iterative refinement is ap-
plied, as necessary, when applying the preconditioner (5.2.3) to try to ensure
small relative residuals. All of the problems have been pre-processed by the
method described in Section 5.2.1 to ensure that A; is nonsingular.

For each option tested, we record the time taken to compute the (explicit or
implicit) factors, the number of GLTR iterations performed (equivalently, the
number of preconditioned systems solved), and the total CPU time taken to
solve the quadratic programming problem (including the factorization). The

initial feasible point zq is found by solving

2L

using the factors of K. Occasionally—in particular when b = 0 and G = H—

G AT
A 0

such a point solves EQP, and the resulting iteration count is zero. In a few
cases, the problems are so ill-conditioned that the trust-region constraint is
activated, and more than one GLTR iteration is required to solve EQP even
when G = H. Furthermore, in some problems, rank deficiency of A violated
our assumption of A; being nonsingular and resulted in unacceptably large
residuals in (5.2.3) and subsequent failure of GLTR when G = H, even after
iterative refinement.

In Table 6.3 we record the total number of nonzero entries in the factors re-

quired by the different preconditioners. For the explicit factorization methods
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Table 6.1: The time taken to compute the factors, the number of GLTR iterations performed
to achieve a residual decrease of at least 1072, and the total CPU time taken (including the
factorization) to solve various CUTEr QP problems with implicit and explicit preconditioners
are shown — times given in seconds

Explicit factors Implicit factors
G=H G=1I Goo =1 Gaz = Hao
MA27 MAS57 MAS7 MAS7 MAS7
name fact. iter. total |fact. iter. total |fact. iter. total|fact. iter. total |fact. iter. total
AUG2DCQP 0.08 1 0.13] 0.47 1 0.54]0.46 1 0.53|0.04 125 1.54]0.25 125 2.01
BLOCKQP1 0.06 0 0.08 | 0.21 0 0.23]0.23 1 0.26]0.33 2 0.35|0.39 2 041
CVXQP1 579.20 0 580.15]| 3.99 0 4.11]0.20 3 0.24(0.21 57 056|024 55 0.69
KSIP 0.01 1 0.02 | 0.05 1 0.06]0.04 3 0.05|0.02 3 0.03]0.02 3 0.03
PRIMAL1 0.01 1 0.01 0.01 1 0.02]0.03 5 0.03/0.00 15 0.01|0.00 27 0.02
STCQP2 9.76 0 9.84 | 0.87 0 0.92]0.14 3 0.17|0.03 3 0.05]0.11 1 0.13
UBH1 0.02 0 0.03]0.12 0 0.14]0.11 0 0.13|0.02 0 0.03]0.04 0 0.05

Table 6.2: The time taken to compute the factors, the number of GLTR iterations performed
to achieve a residual decrease of at least 1078, and the total CPU time taken (including the
factorization) to solve various CUTEr QP problems with implicit and explicit preconditioners
are shown — times given in seconds

Explicit factors Implicit factors
G=H G=1 G22:I G22:H22
MA27 MA57 MAS7 MAS7 MA57
name fact. iter. total|fact. iter. total |fact. iter. total | fact. iter. total|fact. iter. total
AUG2DCQP 0.08 1 0.13] 0.47 1 0.54|0.46 1 0.53]|0.04 866 10.35|0.25 872 12.50
BLOCKQP1 0.06 0 0.08 | 0.21 0 0.23]0.23 1 0.26]0.33 3 0.37|0.39 3 0.43
CVXQP1 579.20 0 580.15| 3.99 0 4.11]0.20 5 0.2710.21 211 1.49|0.24 207 1.94
KSIP 0.01 1 0.02] 0.05 1 0.06|0.04 5 0.05/0.02 18 0.05|/0.02 10 0.04
PRIMAL1 0.01 1 0.01 0.01 1 0.02]0.03 8 0.03|0.00 153 0.08|0.00 158 0.09
STCQP2 9.76 0 9.84| 0.87 0 0.92]0.14 7 0.20| 0.03 7 0.07]0.11 1 0.13
UBH1 0.02 0 0.03] 0.12 0 0.14]0.11 0 0.13|0.02 0 0.03]|0.04 0 0.05

Table 6.3: CUTEr QP problems — total number of nonzero entries in factors

Explicit factors MA57 | Implicit factors MA57
name G=H G=1|Ga2=1|Ga2=Ha
AUG2DCQP 35061 35061 8004 8004
BLOCKQP1 | 110080 105080 25022 25022
CVXQP1 5872175 120118 25354 40155
KSIP 25236 25236 2042 2042
PRIMAL1 10458 10458 820 820
STCQP2 288794 24952 19480 35419
UBH1 66009 66009 24006 24006
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the HSL subroutine MA57 is used to factor the preconditioner K into LDLT —
we record the number of nonzeros in L and D. In our implicit method we need
to factor A; and Dy — the number of nonzeros in the resulting factors are
recorded. We observe that in many cases the implicit factorization methods
have a dramatic reduction in the number of nonzeros in the factors, hence the
amount of memory required will be a lot lower.

It is difficult to analyze which preconditioner is performing better overall
by just looking at the tables. We shall therefore use performance profiles to
illustrate the results over the whole CUTEr test set. To explain the idea, let ®
represent the set of preconditioners that we wish to compare. Suppose that us-
ing a given preconditioner ¢ € ® the quadratic programming problem is solved
in total CPU time ¢;; > 0 for example j from the test set 7. For all the prob-
lems j € 7, we want to compare the performance of the use of preconditioner
1 with the performance of the fastest algorithm using a preconditioner from
the set ®. For j € 7, let t}™ = min{t;;i € ®}. Then for a > 1 and each
1 € ¢ we define

Rt 67, @) = { it
0  otherwise.
The performance profile of the algorithm using preconditioner ¢ is then given

by the function

o bty N o
pz(a) - ZJET (|,]]r’ ? ),Oé Z ]-

Hence, p;(1) gives the fractions of problems for which the algorithm using
preconditioner i is most effective according to the total CPU time used, p;(2)
gives the fraction for which the algorithm using preconditioner ¢ is within
a factor of 2 of the best, and lim,_.. p;(«) gives the fraction for which the
algorithm succeeded.

In Figures 6.1 and 6.2 (see Tables B.1 and B.2 for the raw data), we com-
pare the five different preconditioning strategies. We see that if low accuracy
solutions suffice, the Schilders factorization with Gas = I is significantly more
effective at reducing the residual than its explicit counterparts. For higher
accuracy solutions the explicit factorization with G = I is generally more
cost effective than the Schilders factorizations. For the majority of the test
problems, it is clear that the use of MA57 is preferable to MA27.

We must admit to being slightly disappointed that the more sophisticated

Schilders factorization with Gas = Has seemed to show few advantages over
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the cheaper Goo = I, but this might reflect the nature of H in our test set.
In Chapter 8 we will see the advantage of the choice Gos = Hys when solving
mixed constraint optimization problems.

p(a)

1 o1

0.9
0.8
0.7
0.6
0.5F

0.4

0.3f Explicit G=H MA27 |
S R Explicit G=H MA57
0.2F = = Explict G=I MA57
_ _Implicit Gzzzl
0.1f . _ g
Implicit Gzz'sz
O 1 1 1 1 1 1
0 2 4 6 8 10 12 logs ()

Figure 6.1: Performance profile, p(a): CPU time (seconds) to reduce relative residual by
1072,
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0.2f -= = Explicit G=I MA57 |
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Figure 6.2: Performance profile, p(«): CPU time (seconds) to reduce relative residual by
1078.



Chapter 7

Implicit Factorization
Constraint Preconditioners

In Chapter 6 we considered how to use the Schilders factorization (and variable
reduction method) to generate constraint preconditioners for the case C' = 0.
In this chapter we will extend this idea to the use of implicit factorization

constraint preconditioners for C' # 0.

7.1 Generating implicit factorization constraint
preconditioners

Let K be a constraint preconditioner of the form

G AT
A —C

K= , (7.1.1)

where G € R™ " approximates, but is not the same as H [see Section 5.4].

Again, let us expand out K in a similar manner to that done in (6.1.1):

Gu G3;, Al
K= Ggl G22 Ag ; (712)
A Ay —C

where Gi; € R™™, Gy € R-mxm Gy, ¢ Rv=m)x(n=m) = g ¢ R™*™ and
Ay € R™("=m) " Ag in the previous chapter, we shall assume that A; and its
transpose are easily invertible: we shall consider how to partition A to produce
such an A; in Chapter 8.

Again, we wish to consider preconditioners of the form
K = PBPT, (7.1.3)

119
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where solutions with each of the matrices P, B and P” are easily obtained. In
particular, rather than obtaining P and B from a given K, K is derived from
specially chosen P and B.

Suppose that

Py Py Al Bii B Bj
P = P21 P22 Ag and B = Bgl BQQ Bg; , (714)
P31 P32 P33 B31 B32 B33

where the corner sub-blocks are all m by m in dimension. For the factorization

PBPT to be a constraint preconditioner we require that

Ai = (Py3Bii+ PpBx) P + (P3132Tl + P32B22) Pl
+Ps3 (B3 Py + B2 Ply) + (P By, + PaBiy) Ay (7.1.5)
+Ps33B33A;

Ay = (Ps1Bi1 + P Boy) Pﬁ + (P31BQTI + P32322) PQTQ
+Ps3 (Bs1 )y + B3 Pyy) + (P Biy + P3aBi,) Ay (7.1.6)
+ P33 B33 Az

—~C = (Ps1Bu + PpBx) Py + (P:sleTl + P32322) P

+Ps3 (Bs1 Py + B3oPy) + (P31 Biy + PiaBiy) Py (7.1.7)
+ P33 B33 Pys.

Pragmatically, we are only interested in the case where one of the three possi-
bilities

PH = 07 P12 =0 and P32 = 07 (718)
or Ph=0, P=0 and P, =0, (7.1.9)
or P12 = 0, P32 =0 and P33 = 0, (7110)

(as well as nonsingular P3; and Pas) holds, since P will then be easily block-

invertible. Likewise, we restrict ourselves to the three general cases
By1 =0, B33 =0 and Bz =0, (7.1.11)
or B3y =0, Bs3=0 with easily invertible Bs; and By, (7.1.12)
or Bjp =0, DBy =0 with easily invertible B3; and By, (7.1.13)

so that B is block invertible. B will also be easily block invertible if
By, Bl

and BQQ,
31 BBS

Byy =0 and B3y, = 0 with easily invertible

(7.1.14)
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so we will also consider this possibility.

We shall examine in detail the case where (7.1.8) and (7.1.11) hold. The
rest of the cases will be examined in Appendix C and the resulting implicit-
factorization families are summarized in Tables 7.1 and 7.2.

If (7.1.8) and (7.1.11) hold, then Ps;, Py, By1, Bag and Bsz are required to

be nonsingular, and

Al = ngngAl, (7115)
Ay = P31 By PJ + Ps3BssAs, (7.1.16)
—C - p3lBllp311 + ngngPg;). (7117)

Equation (7.1.15) implies that
Ps3Bss =1 (7.1.18)

and, hence, that P33 is symmetric. Equation (7.1.16) forces Ps; B, Pl = 0,
and thus that
P21 - O

since P3; and Bj; are nonsingular. Finally, (7.1.17) becomes

—C = P31 B11 P} + Ps3. (7.1.19)
We therefore have
0 0 AT By 0 0
P = 0 P22 Ag and B = 0 BQQ 0 ; (7120)
Py 0 Pss 0 0 Bs3
where
By = —Pg' (C+ Ps3) P;;" and Bz = Pyl (7.1.21)

We shall refer to this as Family 1.

Remark 7.1.1. We note that there is no restriction on the matrices Py and
Bsys in Family 1. This is also the same for all of the families in Tables 7.1 and
7.2.
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Table 7.1: Possible implicit factors for the preconditioner (7.1.3). We give the P and B
factors and any necessary restrictions on their entries. We also associate a family number
with each class of implicit factors, and indicate where each is derived in Appendix C.

Family/
reference P B conditions
1. 0 0 AT ] By 0 0
B —P;' (C + Ps3) Py,
(C.0.6) 0 Py AT 0 By 0 B” le( 33) Fan
~(C.0.7) Py 0 P | 0 0 By % 3
2. 0 0 AT ] B 0 BL . oy
(C.0.16) 0 Py AT 0 By O Bu _P?; (O Pas + P5) Py
B P;;
~(C.0.17) Py 0 Py | By 0 0 3 31
3. 0 0 AT ] B, 0 BL B Jamp—
(C.0.18) Py Py AT 0 By 0 B” o
~(C.0.19) Py 0 —C | By 0 0 3 31
4. 0 0 AT ] 0 0 Bj Py —P22C B3y P3y
(C.0.25) Py Py AY 0 By BEL Bs, Py
—(C.0.26) Py 0 Ps | Bsi B3y 0 C — (P33 + P35)
5. 0 0 AT ] 0 0 Bf Bss — B3 PL Py,T
(C.0.27) Py Py AY 0 By BIL Bsy (I — BssPh) P"
*(0028) P31 0 P33 1 B31 B32 ng —C P33 + Pg?; - P33333P3?;
P. — P31 B, By,
6. 0 o0 AT B, BIL BL Bz? P_?; 1722
(C.0.35) 0 Py AF By, By 0 31 .
~(C.0.36) Py P Py By 0 0 - Par (Bu — B3, Byy Bn) Py
+Ps33 + P&
Pso —P33B32 By,
T T 22
7. 0 0 A? 0 0 BL b (I - PoBl. — PyBE) BiT
(C.0.45) 0 Py AT 0 By BIL 5 ey T3 7as) el
-C Ps3 (Bss — B3a By, Bi,) Py
—(C.0.46) P3y P3y Pag B31 Bsz Bss

+Ps3 + P??:;
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Table 7.2: Possible implicit factors for the preconditioner (7.1.3). We give the P and B
factors and any necessary restrictions on their entries. We also associate a family number
with each class of implicit factors, and indicate where each is derived in Appendix C.

Family/
reference P B conditions
. AT 0 AT -C7t 0 o0
(C 0 47) Ag P22 Ag 0 B22 0 C invertible
- -C 0 0 0 0 Bss
By = -Py'cpyT
9. Py 0 AT Bu B3 B B; _ P_?%I—Mngn
(C.0.51) Py, Py AT Bs1 By 0 B, — P3_11 P AT\ B
~(C.0.52) Py 0 0 By 0 0 = P (P —43) Bu
Py = ATM for some invertible M
0 P, 0 AT 0 0 BL co— o
' Py Py AT 0 By BL N
(C.0.53) 2 T2 2 82 By, = P;T
Py 0 0 B3 B3y Bss
11. 0 0 Af Bj1 0 Bg;l C' invertible
(C.0.60) Py Py AT 0 By 0 P}, = B{'BiC
*(0061) P3 0 -C B3 0 Bss Bis = (Bglpgi — I) Cc-1
11. T T -1 -T
(C.0.60) 0 o0 Al B,y 0 BL By = P5'CPg
(C O 65)7 P21 P22 Ag 0 BQQ 0 B31 = P371T
7(('3666) Py 0 -C Bsiy 0  Ba BsysC = 0
13. 0o o AT By, 0 BE Py = (I — Py3Bs3) Bs)"
(C.0.68) Py Py, AY 0 By 0 Byy = Py' (Py3BssP
~(C.0.69) Py 0 Ps3 B3y 0  Bas = —C - Py —PL)Py"
By, = —Pylopry”
14. Py 0 AT By 0 BL B” B Pj"Tl_ ]\ﬁ;
(C.0.76) Py Py AT 0 By 0 P31 B Ai%M 1
~(C.0.77) Py 0 0 Bsi 0  Ba -

Pyy = ATM for some invertible M
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7.2 Reproducing H

Having described families of preconditioners which are capable of reproducing
the required components A and C' of K, we now examine what form the
resulting G takes. In particular, we consider which submatrices of G can
be defined to completely reproduce the associated submatrix of H; we say

that a component G, i,j € {1,2}, is complete if it is possible to choose it

R
such that G;; = H;;. We give the details in Appendix D, and summarize our
findings for each of the 14 families from Section 7.1 in Table 7.3. In Table 7.3
the superscript ! indicates that the value of G,, is dependent on the choice of

Gy IF Gy,

superscript 3 means that G, is dependent on the choice of G;; when C' = 0,

i,j € {1,2}, is a zero matrix, then a superscript ? is used. The

but complete otherwise, whilst the superscript * indicates that Gy, is only
guaranteed to be complete when C' = 0.

Some of the submatrices in the factors P and B can be arbitrarily chosen
without changing the completeness of the family. We shall call these free blocks.
For example, consider Family 2 from Table 7.1. The matrix G produced by
this family always satisfies G;; = 0, Gy = 0, and Gy = Py Byy Piy. Hence,
P,, can be defined as any nonsingular matrix of suitable dimension, and B,,
can be subsequently chosen so that G,, = H,,. The simplest choice for P,, is
the identity matrix. We observe, that the choice of the remaining submatrices
in P and B will not affect the completeness of the factorization, and are only
required to satisfy the conditions given in Table 7.1. The simplest choices
for these submatrices will be P33 = I, and B; = 0, giving P33 = —%C’, and

Bs, = 1. Using these simple choices we obtain:

00 AT 0 0 I
P=101 Al | and B=|0 By 0
I 0 -iC I 0 0

The simplest choice of the free blocks may result in some of the families having
the same factors as other families. This is indicated in the “Comments” column
of the table. Table 7.3 also gives the conditions that C' must satisfy to use the
family, and whether the family is feasible to use, i.e., are the conditions on the
blocks given in Tables 7.1 and 7.2 easily satisfied?

Table 7.4 gives some guidance towards which families from Tables 7.1 and
7.2 should be used in the various cases of GG given in Section 5.4.2. We also

suggest simple choices for the free blocks. In our view, although Table 7.3
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Family Completeness Conditions Feasible Comments
Gy Gy Goo on C to use
1. v x1 v any C' v
2. x2  x2 v any C v
3. x2 v v any C v
A ) ) v o v Simplest choice of free blocks is
’ % 8 any the same as that for Family 2.
5. v x1 v any C' C=0
6 ) ) / c / Simplest choice of free blocks is
' ~ % any the same as that for Family 2.
If C = 0 and use simplest choice of
7. v V3 v any C Cc=0 free blocks, then same as that for
Family 5 with C' = 0.
8. v x! v | nonsingular v
9. v v v any C C=0
10 v v v C—o v Generalization of factorization
' o suggested by Schilders, see Chapter 6.
11. v v v" | nonsingular v
19 S v v o di Lo C = 0 gives example of Family 10.
' any 1agona C nonsingular gives Family 3.
13. v x! v any C' v
14. v xt v any C v

C = 0 gives example of Family 10.

Table 7.3: Blocks of G for the families of preconditioners given in Tables 7.1 and 7.2. The
superscripts used are defined in the first paragraph of Section 7.2.
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Sub-blocks of G Conditions on C' | Family | Free block choices
Gy =Hyy, G;; =0,Gy; =0 any C 2 Pyo=1, Py, =1,B,;=0
Gog = Hyg, Gyy = Hyy, Gy =0 | C=0 10 By =0, Py =1, Py =1
Gyy = Hyy, Gy; = Hyy, G5; =0 | C non-singular 11 Py=1 Py =1
Gay = Hyy, Gy = Hyy, Gy =0 | any C 3 Py =1, Py =1

Table 7.4: Guidance towards which family to use to generate the various choices of G given
in Section 5.4.2.

indicates that it is theoretically possible to reproduce all of H using (e.g.)
Family 9, in practice this will often be unviable because of the resulting density

of some of the matrices that need to be factorized.

7.3 Numerical Experiments

In this section we examine how effective implicit factorization preconditioners
might be when compared to explicit ones. We consider problems generated
using the complete set of quadratic programming examples from the CUTEr
test set examined in Section 5.2.1. All inequality constraints are converted to
equations by adding slack variables, and a suitable “barrier” penalty term (in
this case, 1.1) is added to the diagonal of the Hessian for each bounded or
slack variable to simulate systems that might arise during an iteration of an
interior-point method for such problems. The resulting equality constrained
quadratic programs are then of the form

;IEI]%}I flx) = %xTHx + b"z subject to Az = 0. (7.3.1)

Given the data H and A, two illustrative choices of diagonal C' are considered,

namely
c; =1 for 1<i<m, (7.3.2)
and .
r 1<;< |2
= { (1) foro (5] ;Z;EQ ’m, (7.3:3)

in practice such C' may be thought of as regularization terms for some or all of
the constraints in (7.3.1). We wish to solve the resulting saddle point systems
(5.3.1) using Algorithm 5.3.2.
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We consider two explicit factorization preconditioners, one using exact fac-
tors (G = H), and the other using a simple projection (G = I). A Matlab
interface to the HSL package MA57 [22] (version 2.2.1) is used to factorize K and
subsequently solve (5.3.12). Three implicit factorizations of the form (7.1.3)
are also considered. The first is from Family 1 (Table 7.1), and aims for sim-
plicity by choosing P3; = I, P33 = I = B33 and By = I = P»9, and this leads
to B11 = —(C'+I); such a choice does not necessarily reproduce any of H, but
is inexpensive to use. The remaining implicit factorizations are from Family 2
(Table 7.1). The former (marked (a) in the Figures) selects Gos = Hao while
the latter (marked (b) in the Figures) chooses Gae = I; for simplicity we chose
Py =1 = B3y, Bj1 =0, Poyo = I and P33 = —%C’ (see Section 7.2), and thus
we merely require that Bas = Has for case (a) and By = I for case (b)—we
use MA57 to factorize Hyy in the former case.

Given A, a suitable basis matrix A; is found by finding a sparse LU factor-
ization of AT using the built-in Matlab function lu. An attempt to correctly
identify rank is controlled by tight threshold column pivoting, in which any
pivot may not be smaller than a factor 7 = 2 of the largest entry in its (une-
liminated) column [38].

Although such a strategy may not be as robust as, say, a singular value
decomposition or a QR factorization with pivoting, both our and experiences
others’ [38] indicate it to be remarkably reliable and successful in practice.
Having found A;, the factors are discarded, and a fresh LU decomposition of
Ay, with a looser threshold column pivoting factor 7 = 100, is computed using
lu in order to try to encourage sparse factors.

All of our experiments in this chapter were performed using a dual processor
Intel Xeon 3.2GHz Workstation with hyper-threading and 2 Gbytes of RAM.
Our codes were written and executed in Matlab 7.0 Service Pack 1.

In Tables 7.5 and 7.6 we compare our five preconditioning strategies for
(approximately) solving the problem (5.3.1) using Algorithm 5.3.2 when C' is
given by (7.3.2). We consider both low and high(er) accuracy solutions. For
the former, we terminate as soon as the residual o has been reduced by more
than 102 from its original value, while the latter requires a 10~% reduction.
The column “fact.” contains the CPU time (in seconds) used to factorize the
preconditioner, the column “iter.” contains the number of PPCG iterations
used to reach the required tolerance, and the column “total” contains the total

CPU time (in seconds) used to solve the problem. Tables containing the full
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Table 7.5: Time taken to compute the factors, number of PPCG iterations performed to
achieve a residual decrease of at least 1072, and total CPU time taken (including the factor-
ization) to solve (5.3.1) using Algorithm 5.3.2 when C' = I for various CUTEr QP problems
with implicit and explicit preconditioners — times given in seconds

Explicit factors Implicit factors
G=H G=1 Family 1 Family 2(a) Family 2(b)
name fact. iter. total| fact. iter. total |fact. iter. total|fact. iter. total|fact. iter. total
AUG2DCQP| 0.38 1 0.45| 0.12 1 0.180.07 13 0.19]0.07 267 1.94][0.02 36 0.30
BLOCKQP1 | 5.03 1 33.28 4.98 1 33.15|0.14 1 28.20| 0.06 1 28.18]| 0.06 1 28.09
CONT5-QP | ran out of memory | ran out of memory | 0.91 1 6.63]0.24 1 594]0.25 1 5.92
CVXQP1 48.16 1 50.38|139.83 1 142.34| 0.18 2 0.36|0.13 1310 43.43|0.12 1258 42.24
KSIP 0.50 1 1.04 0.50 1 1.02 | 0.06 2 0.59]|0.01 2 0.55]0.01 2 0.55
PRIMAL1 0.11 1 0.76 | 0.11 1 0.12|0.05 19 0.08|0.01 8 0.03]0.01 2 0.02
STCQP2 0.86 1 0.96 1.47 1 1.62 | 0.05 4 0.12] 0.09 1 0.13]0.09 2622 38.05
UBH1 0.34 1 0.52 0.33 1 0.52] 0.13 2 0.29|0.05 1 0.17]0.05 4 0.23

Table 7.6: Time taken to compute the factors, number of PPCG iterations performed to
achieve a residual decrease of at least 1078, and total CPU time taken (including the factor-
ization) to solve (5.3.1) using Algorithm 5.3.2 when C = I for various CUTEr QP problems
with implicit and explicit preconditioners — times given in seconds

Explicit factors Implicit factors

G=H G=1I Family 1 Family 2(a) Family 2(b)
name fact. iter. total| fact. iter. total|fact. iter. total|fact. iter. total|fact. iter. total
AUG2DCQP | 0.38 1 0.44 0.12 1 0.18 ] 0.07 157 1.11|0.07 1220 8.48 | 0.02 89 0.66
BLOCKQP1 | 5.03 1 33.06 4.98 1 33.11|0.14 1 28.22| 0.06 2 28.20] 0.06 2 28.14
CONT5-QP |[ran out of memory | ran out of memory | 0.91 1 6.7110.24 110 30.72|0.25 147 37.19
CVXQP1 48.16 1 50.39|139.83 1 142.36|0.18 51 1.56| 0.13 9237 305.76| 0.12 4165 138.96
KSIP 0.50 1 1.02 0.50 1 1.03] 0.06 8 0.61]0.01 6 0.57| 0.01 6 0.57
PRIMAL1 0.11 1 0.12 0.11 1 0.12]0.05 172 0.30| 0.01 21 0.05| 0.01 31 0.07
STCQP2 0.86 1 0.96 1.47 1 1.62]0.056 92 1.12]0.09 1 0.13| 0.09 6140 89.14
UBH1 0.34 1 0.53 0.33 1 0.52]10.13 30 0.87(0.05 472 10.12|0.05 47 1.13
Table 7.7: Time taken to compute the factors, number of PPCG iterations performed to
achieve a residual decrease of at least 1072, and total CPU time taken (including the fac-
torization) to solve (5.3.1) using Algorithm 5.3.2 when C' given by (7.3.3) for various CUTEr
QP problems with implicit and explicit preconditioners — times given in seconds

Explicit factors Implicit factors

G=H G=1 Family 1 Family 2(a) Family 2(b)
name fact. iter. total | fact. iter. total | fact. iter. total|fact. iter. total |fact. iter. total
AUG2DCQP | 0.13 1 0.19] 0.13 1 0.19{0.06 19 0.21|0.02 43 0.35|0.02 1 0.06
BLOCKQP1 | 4.94 2 3295|493 2 33.05|0.14 1 28.14| 0.06 1 28.07| 0.07 1 28.10
CONT5-QP | ran out of memory | ran out of memory | 0.87 1 6.50|0.25 1 5.87]0.25 1 5.83
CVXQP1 0.48 2 0.75] 0.46 2 0.79] 0.14 2 0.33] 0.06 1 0.22]0.06 1 0.22
KSIP 0.50 2 1.03] 0.50 1 1.03] 0.03 1 0.56|0.01 2 0.54|0.01 1 0.52
PRIMAL1 0.12 2 0.13| 0.12 1 0.13]0.04 18 0.07|0.02 9 0.04|0.02 2 0.03
STCQP2 0.13 1 0.19] 0.14 1 0.20| 0.05 0.12| 0.03 255 3.08| 0.03 4 0.09
UBH1 0.34 1 0.52] 0.34 1 0.52]0.14 2 0.29]0.05 1 0.17]0.05 4 0.23
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Table 7.8: Time taken to compute the factors, number of PPCG iterations performed to
achieve a residual decrease of at least 1078, and total CPU time taken (including the fac-
torization) to solve (5.3.1) using Algorithm 5.3.2 when C' given by (7.3.3) for various CUTEr
QP problems with implicit and explicit preconditioners — times given in seconds

Explicit factors Implicit factors
G=H G=1 Family 1 Family 2(a) Family 2(b)
name fact. iter. total | fact. iter. total | fact. iter. total|fact. iter. total|fact. iter. total
AUG2DCQP | 0.13 6 0.26 | 0.13 7 0.27]0.06 163 1.12]0.02 1158 7.94|0.02 233 1.61
BLOCKQP1 | 4.94 2 33.05| 4.93 2 32.97| 0.14 1 28.12] 0.06 2 28.18| 0.07 2 28.17
CONT5-QP | ran out of memory | ran out of memory | 0.87 1 6.55|0.25 36 13.90| 0.25 36 13.30
CVXQP1 0.48 124 6.61| 0.46 73 4.99|0.14 97 263[0.06 21 0.74]|0.06 22 0.76
KSIP 0.50 6 1.05 | 0.50 8 1.07|0.03 15 0.61]0.01 6 0.57]0.01 5 0.54
PRIMAL1 0.12 6 0.14] 0.12 9 0.15]| 0.04 166 0.28| 0.02 15 0.05]0.02 30 0.07
STCQP2 0.13 57 1.0710.14 51 1.1410.05 67 0.79| 0.03 6029 71.04| 0.03 5989 66.54
UBH1 0.34 6 0.76 | 0.34 5 0.67]|0.14 28 0.82|0.05 31 081005 24 0.65

results for the CUTEr collection can be found in Appendix E. Tables 7.7 and
7.8 (c.f., Tables E.3-E.4) repeat the experiments when C' is given by (7.3.3).

As in the previous chapter, as well as presenting tables of data in this
chapter we use performance profiles, see Section 6.3. Figures 7.1 and 7.2
correspond to Tables E.1 and E.2 respectively.

We see that if low accuracy solutions suffice, then the implicit factorizations
appear to be significantly more effective at reducing the residual than their
explicit counterparts. In particular, the implicit factorization from Family 1
seems to be the most effective. Of interest is that for Family 2, the cost of
applying the more accurate implicit factorization that reproduces Hoy generally
does not pay off relative to the cost of the cheaper implicit factorizations. This
was also observed when we used the Schilders factorization, see Section 6.3.
For higher accuracy solutions, the leading implicit factorization still slightly
outperforms the explicit factors, although the remaining implicit factorizations
are now less effective.

Figures 7.3 and 7.4 correspond to Tables E.3 and E.4 respectively. Once
again the implicit factorizations seem very effective, with a shift now to favour

those from Family 2, most especially the less sophisticated of these.
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Figure 7.1: Performance profile, p(a): CPU time (seconds) to reduce relative residual by

1072, when C is given by (7.3.2).
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Figure 7.2: Performance profile, p(«):
10~8, when C is given by (7.3.2).
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Figure 7.3: Performance profile, p(a): CPU time (seconds) to reduce relative residual by
1072, when C is given by (7.3.3).
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Figure 7.4: Performance profile, p(«): CPU time (seconds) to reduce relative residual by
10~8, when C is given by (7.3.3).



Chapter 8

Permutations and the
Nonsingularity of A;

In Chapters 5, 6 and 7 we assumed that we can express the block 2 by 2 saddle

-1

point system
H AT
A —-C

H

in a block 3 by 3 structure

H1,1 H1,2 AlT T by
H2,1 H2,2 AgT T2 = by |,
Al A2 0 Yy d

where Hy; € Rmxm’ Hy € R(n—m)xm’ Hyy € R(n—m)x(n—m)’ A; € Rmxm

Ay € R™(=m) and A, is nonsingular. In practice, we know that A is of full

Y

rank but we certainly cannot assume that the first m columns of A are linearly
independent. However, by the assumption that A is of full rank and m < n,

we can always find an n by n permutation matrix II such that
All= A

and the first m columns of A are linearly independent. Letting

H=T"H1,

we solve A

H T z I’

- Tl = (8.0.1)

A —-C Y d

\—/f—/
H
and set
x = I7z.
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8.1 Desirable properties of the permutation

The choice of permutation, II, such that the first m columns of A = Al are
linearly independent is clearly not unique. Let us define 121\1 e R™™ and

Eg e R™*(»=m) in a similar manner to that of A; and Ay, ie.

~

All= A = [ A, A, } . (8.1.1)

We need to consider what sort of properties of H we would like to be induced

from our choice of II. Let us firstly consider the case of C' = 0.

8.1.1 Permutations for the case C' =0

When applying the projected preconditioned conjugate gradient method (PPCG),
Algorithm 5.1.3, to solve systems of the form (8.0.1) we know that the conver-
gence of the method is determined by the n — m eigenvalues A\ defined by the

generalized eigenvalue problem
ZTHZT, = \Z"GZz., (8.1.2)
where Z is an n by n — m basis for the nullspace of A and the preconditioner

~

G AT
A 0

is used, see Section 5.2. Using the fundamental basis Z (5.2.5) we find that

Z'GZ =Gy + RTGEL + Gy R+ RTG1R
and ZTﬁZ = ]/‘.;22 + /RST]/‘.\GTl + ﬁglﬁ + ﬁTﬁnﬁ,

where R = —A\;lA\Q. In Theorems 5.2.5-5.2.7 we saw that, under the appro-
priate assumptions, the number of distinct eigenvalues is bounded from above
by an expression involving the rank of 22, so one possible requirement of 11
would be to minimize the rank of 22.

When using Algorithm 2.3.1 to solve the mixed constraint optimization
problems of the form given in Section 2.3, we saw that some of the entries on
the diagonal of H grow like O(u; ') as yy, — 0 and the others will be O(1)
for general quadratic programming problems, see Section 2.4.2.1. Another
possibility would be for II to take this into account. Suppose that PAIQQ contains

the diagonal entries of H which grow like O(u;l), but the diagonal entries of
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Hyy are O(1). Using a preconditioner of the form used in Theorem 5.2.5 will
result in the n — m eigenvalues of (8.1.2) clustering around 1 as we grow close
to the optimal value of . We may have to slightly reshuffie the permutation to
obtain a nonsingular 21, but we hope that the majority of the large diagonal
entries can be kept in Has. By clustering the eigenvalues of (8.1.2) around 1
we hope that the number of iterations required by the PPCG method will be
greatly reduced [5, Section 1.3].

In using our implicit factorization preconditioners we are required to solve
systems involving El. From Chapter 3 we know that choosing A\l to be sparse
and well conditioned would be an advantage. The problem of finding the
sparsest 121\1 is NP complete [16, 17], so we just wish to find a sparse ;1\1 but
not necessarily the sparsest. We also wish for the condition number of 121\1 to
be relatively low.

We can therefore conclude that ideally our permutation II should
e produce a sparse and well conditioned El,

e produce a low rank A\Q,

e move the largest diagonal entries of H into Hos

Let us consider the different possibilities for carrying out some of these
ideal requirements. We will firstly consider how the condition number of El
can affect the number of iterations carried out by the PPCG method when
used inside Algorithm 2.3.1.

8.1.1.1 The effect of the condition number and sparsity of El

Some of the problems in the CUTEr collection of quadratic programming prob-
lems [47] already have the first m columns of A linearly independent, for
example, the CVXQP problems all satisfy this. We will compare the condi-
tion number and sparsity of fAll when we use different permutations that are
easily available within MATLAB®. We terminate the loop in Algorithm 2.3.1
when ||Azy — d||, < 107® and py, < 1078, The PPCG method uses a stopping
tolerance of 107'°. Both algorithms are implemented in MATLAB® with an
interface to the fortran code MA57 when symmetric systems are factored for
the implicit-factorization. Algorithm 2.3.1 is implemented using Mehrotra’s

predictor-corrector method to find the search direction, Section 2.3.2. The
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Schilders factorization is used to produce a preconditioner of the form consid-
ered in Theorem 5.2.5. We will consider three different methods for generating

the permutation II, namely
e None: Il = I;
e LU:IIis generated using the MATLAB® command [1,u,II, ql=1u(A’,0.5);
e QR:ITis generated using the MATLAB® command [q,r,I1]=qr (full(A)).

See Appendix F for descriptions of these functions.

We record the following details when using these different permutations:
. /@(/All) : The condition number of A;;

. nnz(A\l) . The number of nonzero entries that A; has;

e [k : The number of interior point iterations carried out;

e Total PPCG Its 1: The total number of PPCG iterations used to find

the affine directions, Section 2.3.2;

e Total PPCG Its 2: The total number of PPCG iterations used to find

the search directions, Section 2.3.2;

e Total CPU Time: The total CPU time required to solve the quadratic

programming problem in seconds;

e % Permutation Time: The percentage of the total CPU time used to
find II.

The results for different quadratic programming problems are given in Ta-
bles 8.1-8.3. If the condition number and number of nonzero entries is given for
a particular A; but no further results, then the interior point method failed
to converge. If no results are given for a particular permutation, then the
resulting 121\1 is singular.

We firstly observe that the different permutations can make a large differ-
ence to the total number of interior point iterations required to solve the prob-
lem. We also observe that even when the number of interior point iterations
is roughly unchanged, the total number of PPCG iterations can vary greatly.
Comparing the examples in Tables 8.1-8.3 for which the first m columns of A



CHAPTER 8. PERMUTATIONS 136

CVXQP1M CVXQP2M
(n = 1000, m = 500) || (n = 1000, m = 250)
Permutation None | LU QR || None | LU QR
/i(ﬁl) 71279 | 4165 | 1854 964 | 142 33
nnz(A;) 1048 | 996 | 1298 || 411 | 309 | 428
rank(A,) 200 | 200 | 200 200| 218| 218
k 22 15 11 26 12 12

Total PPCG Its 1 7995 | 6125 | 1024 || 2490 | 2652 505
Total PPCG Its 2 8200 | 6130 | 1060 || 3787 | 2761 514
Total CPU Time 56.2 | 39.7 9.07 | 259 20.1 6.22
% Permutation Time 0| 0.01 5.8 0| 0.05 4.0

Table 8.1: The effect of different permutations on the number of iterations and the time to
solve the mixed constraint quadratic programming problem.

CVXQP3_M KSIP
(n = 1000, m = 750) | (n = 1021, m = 1001)
Permutation None LU | QR | None| LU QR
K(A;) ~10° | 58315 | 5111 | — 1 850
nnz(ﬁl) 1048 | 1880 | 2147 — | 1001 4998
rank(A,) 100 | 100 100 — | 20 20
k — — 10 — 15 16
Total PPCG Its 1 — — | 875 — ol 87
Total PPCG Its 2 — — | 904 — 56 86
Total CPU Time — — | 8.36 — | 125 16.1
% Permutation Time — — | 12.6 — | 0.08 13.0

Table 8.2: The effect of different permutations on the number of iterations and the time to
solve the mixed constraint quadratic programming problem.
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MOSARQP1 PRIMAL1
(n = 3200, m = 700) || (n = 410, m = 85)

Permutation None LU QR || None | LU | QR
K(A) 167 4] 35| — 1| 191
nnz(A;) 3372 | 700 | 1953 | | 853078
rank(A,) 700 | 700 700 —| 8| &5

k 21 14 2| —| 13| 13

Total PPCG Tts 1 | 13004 | 10089 | 17574 |  — | 1821 | 1278
Total PPCG Tts 2 | 19298 | 12509 | 16690 | — | 1804 | 1301
Total CPU Time | 796.7 | 182.6 | 715.1 | — | 6.85 | 6.39
% Permutation Time 0| 0.01| 0.55 — | 0.15| 0.16

Table 8.3: The effect of different permutations on the number of iterations and the time to
solve the mixed constraint quadratic programming problem.

are originally linearly independent, we observe that there is always an advan-
tage in reordering the columns of A. The permutation obtained using the QR
factorization does not take advantage of the sparse format of A : this permu-
tation will be inefficient to generate when the sizes of m and n are large and
A is sparse. For example, 13% of the overall time spent in solving the KSIP
problem was in finding the permutation, compared to just 0.1% when the LU
function was used to generate II. The KSIP problem is still relatively small,
but for larger problems the inefficiency of the QR will be more exaggerated in
terms of memory requirements and time.

The large difference in the number of PPCG iterations (and hence the total
CPU time) does not appear to be completely down to the condition number
and sparsity of EI or the rank of 121\2. Let us plot what happens to the diagonal
entries of H as the interior point method progresses and see if the iterations
numbers can be explained by the distribution of the large diagonal entries.

Figures 8.1-8.3 show the diagonal entries of H at each iteration k of the
interior point method when applied to the CVXQP1 M quadratic programming
problem from the CUTEr test set [47]. We see that the large diagonal values
are distributed in an almost uniform manner when no permutation is used
or the permutation is generated with the LU function, Figures 8.1 and 8.2.
When the permutation is generated using the QR function, the majority of
the large diagonal values have been moved into ﬁQQ, Figure 8.3. We will

therefore expect many of the eigenvalues to be clustered around 1 and, hence,
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Figure 8.1: CVXQP1_M: Diagonal entries of H as the interior point method progresses when
no permutation is used.

Figure 8.2: CVXQP1_M: Diagonal entries of H as the interior point method progresses when
IT is derived using the LU function.
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Figure 8.3: CVXQP1_M: Diagonal entries of H as the interior point method progresses when

II is derived using the QR function.

10°
= NOne
=== U
|-|-|QR
10° .
N
T
<107 .
<
10—10 |
1 \’l-,.’-l
- o
10—15
5 10 15 20 25

Figure 8.4: CVXQP1_M: Comparison of the convergence of ||Azy, — d||, for the different per-

mutations.
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a significant decrease in the number of PPCG iterations required over the other
two permutations: this is what we see in practice.

We also observe that when no permutation or the LU generated permutation
are used, the magnitude of the diagonal entries of H start to increase and then
some drop again. The ill-conditioning of EI is resulting in the convergence
of Axyp — d to 0 being delayed compared to when the permutation generated
by the QR factorization is used. We compare the values of ||Az; —d||, in
Figure 8.4. The first two permutations are trying to minimize the problem
%QJTH x + c¢'x subject to x > 0 before the requirement Az = d is close to
being obtained, so some of the entries in x are firstly moving towards 0 (giving
large diagonal entries in H ). These entries then move away from 0 in order
for the constraint Az = d to be satisfied. In comparison, the permutation
generated by the QR function produces a much more favourably conditioned
fAll and just one interior point iteration is required for the constraint Az = d
to be closely satisfied. This means that the entries of x which wrongly started
moving towards 0 with the other permutations will not do this. The total

number of interior point iterations required is also reduced for this reason.

8.1.1.2 The effect of the location of the diagonal values of H

In the previous section we saw that not only is it important to keep the con-
dition number of A; low (and also aim to reduce the rank of A,), but it’s
the distribution of the diagonal entries of H that makes a large (and dom-
inating) difference to the total time used to solve a quadratic programming
problem with mixed constraints. We will firstly use the preconditioner as de-
scribed in Theorem 5.2.5, and then consider other choices for the constraint
preconditioner afterwards.

From Section 8.1.1 we know that we would like to try to move the large
diagonal entries of H into ﬁgg, but we’d also like to obtain an 121\1 which is well-
conditioned. For convenience, we’d also like the method to be cheap to apply

and to use built in MATLAB® functions. Let us try the following method:
1. Find a permutation II; that sorts the diagonal entries of H;

2. Find a permutation II; so that the first m columns of A= AILL I, are
linearly independent but the effect of II; isn’t completely lost;

3. Set II = H1H2.
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We shall compare the differences between choosing II; to firstly sort the
diagonal entries of H into ascending and descending order: to do this we will
use the MATLAB® commands
[yy,iil=sort(diag(H));
and
[yy,iil=sort(-diag(H));
respectively. We then set II; = I(:,ii). In our tables of results we shall refer
to these methods of generating the permutation II as LUA and LUD respectively.

To find Il we use the LU function applied to Ap = All; :
[1,u,P]=1u(Ap’,0.5).

We give results for both of these strategies, and an additional strategy. In
this additional strategy we try both the above strategies and compare them
to see which one is “best” at moving the large entries into flgz . this is
a hybrid of the other two methods. Specifically, if the first strategy re-
turns II and the second strategy returns II, then we carry out the following
steps:

dy = diag(IIT HII)

dy = diag(ﬁTHﬁ)
mean(d; (m+1:m+n))

mean(d, (1:m))

mean(ds (m-+1:m+n))
mean(dz(1:m))

if T > T then

r =

Ty =

IMI=1II
else

I1=1I
end if

In our tables of results the above method is referred to as LUH. All of
the results are run on the same machine and to the same specifications as in
the previous section. However, this time we generate a new permutation for
each interior point iteration. The results for different quadratic programming
problems are given in Tables 8.4-8.6.

We firstly observe that trying to take the diagonal entries of H into account
when generating I1 is advantageous over just using the LU method in the previ-
ous section. We also observe that the LUD method is generally better than the
LUA in generating a permutation that reduces the number of PPCG iterations
required, but the difference is normally fairly small; this appears to be due to

the LU function moving columns to the end of A when they are swapped out
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CVXQP1M CVXQP2_M
(n = 1000, m = 500) || (n = 1000, m = 250)
Permutation LUA |LUD| LUH | LUA|LUD| LUH
k 13| 12 12 12 12 12

Total PPCG Its 1 1700 | 1244 1375 375 | 308 311
Total PPCG Its 2 1789 | 1241 1439 382 | 308 309
Total CPU Time 14.6 | 11.2 12.9 || 5.44 | 4.70 4.95
% Permutation Time 3.5 3.1 7.0 2.2 2.3 6.1

Table 8.4: The effect of different permutations on the number of iterations and the time to
solve the mixed constraint quadratic programming problem.

CVXQP3_M KSIP
(n = 1000, m = 750) || (n = 1021, m = 1001)
Permutation LUA | LUD | LUH | LUA | LUD LUH
k 12 10 10 12 13 12
Total PPCG Its 1 1190 | 1020 998 34 37 35
Total PPCG Its 2 1259 | 1069 991 39 45 40
Total CPU Time 12.8 | 104 122 || 15.8 | 17.6 21.7
% Permutation Time | 18.8 | 14.7 30.1 || 354 | 36.6 52.6

Table 8.5: The effect of different permutations on the number of iterations and the time to
solve the mixed constraint quadratic programming problem.

MOSARQP1 PRIMAL1
(n = 3200, m = 700) || (n =410, m = 85)
Permutation LUA | LUD | LUH || LUA | LUD | LUH
k 66 12 12 13 13 13

Total PPCG Its 1 82833 | 3840 | 3932 || 1480 | 1374 | 1475
Total PPCG Its 2 98205 | 4008 | 4008 || 1480 | 1386 | 1448
Total CPU Time 2086 | 58.7 | BT | 7.62| 725 | 791
% Permutation Time | 0.04 | 0.39 | 0.39 4.1 4.7 | 8.1

Table 8.6: The effect of different permutations on the number of iterations and the time to
solve the mixed constraint quadratic programming problem.
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of position. There is a big difference between using the LUA and LUD methods
for the MOSARQP1 problem. In Figures 8.5—8.8 we compare the distribution of
the diagonal values for the different LU* permutations. The permutation gen-
erated by the LUA method is moving many of the large diagonal entries of H
into H 11 and not ]TIQQ, so the average number of PPCG iterations required per
interior point iteration is a lot higher than when we use the other iterations.
The LUD and LUH are successfully moving the majority of the large diagonal
entries into ]/-\122; there are still some large entries in ]/-\IH but far fewer than
when the LU and LUA methods are used to generate the permutation. For this
larger problem there is little difference in using the hybrid method LUH and
LUD methods. For the smaller problems there is generally a small overhead
when using the LUH method, particularly when n —m is small, but in practice
much larger problems will be solved using the PPCG method, so in Table 8.7
we compare the different methods for a larger test problem from the CUTEr
quadratic programming test set. We observe the advantage of using the LUH

method over the other permutations.

GOULDQP2
(n = 19999, m = 9999)
Permutation LU | LUA | LUD | LUH
k 8 15 29 35

Total PPCG Its 1 12305 | 56862 | 23907 | 12660
Total PPCG Its 2 12431 | 58027 | 28581 | 8711
Total CPU Time 2092 | 7264 | 2859 | 1350
% Permutation Time | 0.001 | 0.02 | 0.13 | 0.80

Table 8.7: The effect of different permutations on the number of iterations and the time to
solve the mixed constraint quadratic programming problem.

8.1.1.3 Numerical examples

There is generally little advantage in trying to get the PPCG method to con-
verge with a high accuracy during the first few iterations of the interior point
method. Instead, whilst 1 > 107! we will use a stopping tolerance of 107,
but when p < 107! a stopping tolerance of 1071° is used. We shall com-
pare the behaviour of different preconditioning strategies for solving quadratic

programming problems of the form

1
min ExTQx + ¢z subject to Ar —d=0and z > 0.
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Figure 8.5: MOSARQP1: Diagonal entries of H as the interior point method progresses when
IT is derived using the LU method.

a0

Figure 8.6: MOSARQP1: Diagonal entries of H as the interior point method progresses when
II is derived using the LUA method.



CHAPTER 8. PERMUTATIONS 145

Figure 8.7: MOSARQP1: Diagonal entries of H as the interior point method progresses when
II is derived using the LUD method.

Figure 8.8: MOSARQP1: Diagonal entries of H as the interior point method progresses when
II is derived using the LUH method.
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As in all our previous numerical tests, we shall consider problems for the CUTEr

test set [47]. The following preconditioners will be considered:

Expll No permutation used and MA57 is used to factor the constraint precon-
ditioner with G = diag{H}. This is the same as the AS-preconditioner

considered in [9].

Expl2 No permutation used and MA57 is used to factor the constraint precon-
ditioner with G = I. This is the same as the preconditioner presented in
[70].

Impll Permutation of the form LUH is used with a preconditioner generated
with the Schilders factorization where G1; = 0, Go; = 0 and Gay = Hos.

Impl2 Permutation of the form LUH is used with a preconditioner generated
with the Schilders factorization where Gi1; = 0, Gy = 0 and Gy =

diag{HQQ}.

Impl3 Permutation of the form LUH is used with a preconditioner generated
with the Schilders factorization where G1; = 0, Ga1 = Ho and Dy = Hoo.

Impl4 Permutation of the form LUH is used with a preconditioner generated
with the Schilders factorization where G1; =0, G132 = 0 and Gy = 1.

For many of quadratic programming problems, the submatrix Hs, will not
be diagonal, so we will expect the preconditioner Impl2 to use more PPCG
iterations than when the preconditioner Impl1 is used. However, the matrix
D, in the Schilders factorization will take longer to be factorized when Impl1 is
used, so it is difficult to predict which of these two preconditioners will perform
better (i.e. use the least CPU time) overall.

In exact arithmetic, the preconditioners Impll and Impl3 will produce
the same values of ZTHZ and ZTGZ, Section 5.2.1. However, the latter
preconditioner will carry out more operations, so we expect the timings to be
longer for this. We might also expect there to be a bigger effect from rounding
errors for the preconditioner Impl3 compared to Impll, so the number of
PPCG iterations might also be larger.

As we approach optimality some of the diagonal entries of H will grow in
size: by using the LUH permutation we hope to move the majority of these

large entries into Hso. The preconditioner Impl4 does not take any of these
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large entries into account, so we expect the number of PPCG iterations to
grow very large as we approach optimality. We therefore predict that all of
the other implicit preconditioners will perform a lot better than when Impl4
is used.

By setting G = diag{H} in Expl1, we replicate one of the preconditioners
considered in [9]. As the problems to be solved grow large, we will expect the
choice of preconditioner Impl1l to be better than Expl1.

There is no consideration of the diagonal entries of H when the precondi-
tioner Expl2 is used. We therefore predict that it will require a large number
of PPCG iterations and will produce very poor CPU timings compared to the
other preconditioners.

Table 8.8 contains results for some problems found in the CUTEr test set.
More results from the CUTEr test set can be found in Appendix G. We observe
that for small problems there is little advantage in using the Schilders implicit
factorizations compared to the explicit factorizations (in fact, the explicit fac-
torizations Expll are normally favourable in these cases). However, as the
dimensions of the problems being solved increase the implicit factorizations
(excluding Impl4) appear to become preferable. For some of the problems,
the dimensions and memory requirements have become large enough for the
explicit factorizations to be unusable because of the computer used not having
enough memory. Clearly, whichever machine is used, we will encounter prob-
lems for which the explicit factorizations will be infeasible to use for memory

reasons, but implicit factorizations can still be extremely effective.

Table 8.8: CUTEr QP problems—Number of iterations used

Problem Expll | Expl2 | Impll | Impl2 | Impl3 | Impl4
AUG3DCQP-M k 11 11 17 17 15 16
n = 3873 Total Its 1 11 9869 1475 1475 1297 | 20762
m = 1000 Total Its 2 11 9689 1568 1568 1336 | 20507
Total CPU 23.02 | 23.11 | 26.06 | 26.06 | 35.43 | 253.90

% Permutation 0 0 1.80 1.80 1.35 0.18

CONT1-10 k memory — 6 6 6 6
n = 10197 Total Its 1 — — 37 37 37 56
m = 9801 Total Its 2 — — 38 38 38 56
Total CPU — — | 67.92 | 67.92 | 80.27 | 70.30

% Permutation — — | 50.25 | 50.25 | 42.74 | 48.58

CVXQP2.M k 12 14 13 13 13 20
n = 1000 Total Its 1 260 7310 256 656 256 | 13859
m = 250 Total Its 2 263 6945 265 675 260 | 13815
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Table 8.8: CUTEr QP problems—Number of iterations used (continued)

Problem Expll | Expl2 | Impll | Impl2 | Impl3 | Impl4
Total CPU 7.24 | T71.05 4.04 7.18 4.98 | 132.39

% Permutation 0 0 4.70 2.65 3.61 0.19

DUALC2 k 7 8 41 16 10 10
n = 235 Total Its 1 23 40 244 107 34 40
m = 229 Total Its 2 24 39 277 108 33 38
Total CPU 0.65 0.71 3.56 2.36 0.99 1.04

% Permutation 0 0 6.18 4.23 3.03 3.85

STCQP2 k 16 16 16 16 16 16
n = 8193 Total Its 1 63 3645 16 63 16 3541
m = 4095 Total Its 2 71 3626 16 71 16 3508
Total CPU 9.47 | 165.79 8.38 8.64 9.08 | 107.92

% Permutation 0 0| 1838 | 18.26 | 16.52 1.33

As in previous chapters, we compare the preconditioning strategies using
a performance profile, Figure 8.9. The data from Appendix G is used for this
performance profile but any problems with n < 1000 are now excluded because
these problems are too small to be effective tests for the various precondition-
ers. We observe that the Impl1 preconditioner generally outperforms all of the
other choices of preconditioner. As expected, the Expl2 and Impl4 precondi-
tioners perform badly because they do not take into account the large entries
that are forming on the diagonal of H.

We noted that Impl1l and Impl3 are different implementations of the same
choice of G. We were expecting Impll to be more efficient and this is con-
firmed by our results. Expll and Impl2 perform very similarly for many of the
problems, but as the problems grow large the implicit factorization generally
becomes preferable out of the two because it does not suffer from the memory
problems. We therefore conclude that the implicit-factorization preconditioner

Impl1 is preferable for such problems.

8.1.2 Permutations for the case C # 0

Similarly to the case of C' = 0, we can use Corollaries 5.4.15—5.4.17 to find

that ideally our permutation should produce:
e a sparse and well conditioned gl;

e a low rank 22.
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problems.

Performance profile, p(a): CPU time (seconds) to solve QP programming

We no longer worry about the ordering of the diagonal entries of H because
an active set strategy is used within the interior point methods when solving
inequality constrained problems, as described in Section 2.2.

Let us consider how we might perform a permutation to reduce the rank of
/Alg but maintain the nonsingularity of 121\1. The approach we shall use is based
on the computation of a block triangular form of A”. This method takes a

matrix A7 and finds a row and column permutation such that

AT _

Ay
0
0

o B
2=

where A\h is underdetermined, ﬁs is square, A\U is overdetermined, and Xs
denote possibly nonzero matrices of appropriate dimension. However, since A
has full row rank in our case, there will not exist such a Eh, We hope that for
many of our test problems the dimensions of A, will be large so that the rank
of Eg will be small.

Algorithms for computing such row and column permutations are gener-
ally based on a canonical decomposition for bipartite graphs as discovered by
Dulmage and Mendelsohn [26]. Essentially, a subset of the bipartite graph cor-

responding to AT is found and this is then used to divide the rows into three
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groups and the columns into a further three groups. These groups then give
us the rows and columns used in zzl\h, A\s and A\v. Further details can be found
in [68]. If 7 is the number of nonzero entries in A”, then such a decomposition
can be found in O(74/n) flops. The function dmperm can be used to compute
such a permutation in MATLAB®.

Unfortunately, the resulting ﬁl is not guaranteed to be nonsingular so, as in
the previous section where we initially carried out a permutation to order the
diagonal entries of H, we might still need to carry out a further permutation
(using the 1u function as before) to guarantee that 21\1 is nonsingular. We shall
call this the BTF permutation. Tables 8.9—8.11 compare the permutations
LU, QR and BTF for some of the test problems from the CUTEr test set. These
problems are transformed to give inequality constrained problems of the form

1
m]%n §$T (Q + 1.1I) x + b"x subject to Az > d,
reR?

and the interior point method Algorithm 2.2.1 is used in conjunction with
an active set strategy to solve these problems. The PPCG method, Algo-
rithm 5.3.2, is used to solve the saddle point problems arising within the in-
terior point method: we use Family 2 from Table 7.1 with By; = 0, By =
Q22 + 1.11, Py, = I and P5; = I as the implicit factorization constraint pre-
conditioner. The PPCG method is terminated when the residual has been
reduced by a factor of 107% and we terminate the interior point method once
|e(z*) — p*[Y*]"te||, < 107 and g < 1071 in Algorithm 2.2.1.

CVXQP1_M CVXQP2_M
(n = 1000, m = 500) || (n = 1000, m = 250)
Permutation LU | QR | BTF LU| QR | BTF
k 120 37 34 25 24 24

Total PPCG Its 33369 | 5263 | 5348 || 8114 | 1111 | 1214
Total CPU Time 148.24 | 45.48 | 25.57 || 36.58 | 12.68 8.10
% Permutation Time 0.30 | 38.83 1.11 0.19 | 38.17 1.41

Table 8.9: The effect of different permutations on the number of iterations and the time to
solve the inequality constrained quadratic programming problem.

We observe that the time spent in finding the solution is dramatically
reduced when the BTF permutation is used compared to the LU permutation:
this is down to the greatly reduced number of PPCG iterations. As expected,

the QR permutation is too inefficient to use for the large problems. As a result
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GOULDQP2_S KSIP
(n =699, m = 349) || (n = 1021, m = 1001)
Permutation LU QR | BTF LU QR BTF
k 8 14 18 15 6 6
Total PPCG Its 165 286 447 76 22 11
Total CPU Time 0.95 | 4.29 2.42 || 13.89 | 16.85 7.27
% Permutation Time | 1.05 | 60.84 1.65 1.58 | 65.22 21.05

Table 8.10: The effect of different permutations on the number of iterations and the time
to solve the inequality constrained quadratic programming problem.

MOSARQP1 PRIMAL1
(n = 3200, m = 700) || (n =410, m = 85)
Permutation LU QR BTF | LU QR | BTF
k 15 10 10 6 9 8

Total PPCG Its 185 120 105 || 130 161 156
Total CPU Time 5.45 | 40.09 3.71 1 0.60 | 0.99 | 0.90
% Permutation Time | 1.65 | 90.15 2.96 || 5.00 | 12.12 | 15.56

Table 8.11: The effect of different permutations on the number of iterations and the time
to solve the inequality constrained quadratic programming problem.

of these tests we will use the BTF permutation in the following numerical

examples.

8.1.2.1 Numerical examples

We shall compare the behaviour of different preconditioning strategies for solv-
ing inequality constrained quadratic programming problems:

1
m]%gn §wT (Q + 1.11) x + b"x subject to Az > d.
TER™

The interior point method Algorithm 2.2.1 is used in conjunction with an active
set strategy to solve these problems. The PPCG method, Algorithm 5.3.2,
is used to solve the saddle point problems arising within the interior point
method. As in all our previous tests, we shall consider problems from the
CUTEr test to give us the matrices and vectors A, @, b, and d. The PPCG
method is terminated when the residual has been reduced by a factor of 107°
and we terminate the interior point method once ||c(z*) — p*[Y*]"le||, < 10710
and p;; < 10719 in Algorithm 2.2.1.

The following preconditioners will be compared:
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Expll No permutation used and MA57 is used to factor the constraint precon-
ditioner with G = diag{H }.

Expl2 No permutation used and MA57 is used to factor the constraint precon-
ditioner with G = I.

Famla Permutation of the form BTF is used with a preconditioner of the form
Famlly 1 (Table 71) with P31 = [7 P33 = ng = [, and P22 = BQQ =1

Famlb Permutation of the form BTF is used with a preconditioner of the form
Famlly 1 (Table 71) with P31 = [, P33 = ng = [, P22 = [, and BQQ =
Qoo + 1.11.

Famlc Permutation of the form BTF is used with a preconditioner of the form
Famlly 1 (Table 71) with P31 = I, P33 = ng = I, PQQ = I, and BQQ =
diag{Qa} + 1.11.

Fam2a Permutation of the form BTF is used with a preconditioner of the form
Famlly 2 (Table 71) with P31 = Bgl = ], BH = O, P22 = I, and
BQQ - QQQ -+ 11[

Fam2b Permutation of the form BTF is used with a preconditioner of the form
Famlly 2 (Table 71) with P31 = B31 = [, Bll = O, PQQ = [, and
By = Haa.

Fam2c Permutation of the form BTF is used with a preconditioner of the form
Family 2 (Table 7.1) with P33 = B3y = I, Byy = 0, Py = I, and
BQQ = dlag{QQQ} + 1.11.

Fam2d Permutation of the form BTF is used with a preconditioner of the form
Famlly 2 (Table 7].) with P31 = Bgl = I, B11 = 0, and P22 = B22 =1.

Fam3a Permutation of the form BTF is used with a preconditioner of the form
Famlly 3 (Table 7].) with P31 = Bgl = I, G21 = le, and G22 = QQQ +
1.11.

Fam3b Permutation of the form BTF is used with a preconditioner of the form
Famlly 3 (Table 71) with P31 = B31 = [, G21 = QZla and BQQ =1



CHAPTER 8. PERMUTATIONS 153

We expect that the preconditioners Famlb and Famlc will require fewer
PPCQG iterations than when Famla is used of there being no inclusion of H in
G for the latter choice. Fam1b should use fewer PPCG iterations than Famlc,
but the latter will be more efficient to form and use.

Similarly, we expect Fam2b to use fewer iterations than Fam2a, but Fam2a
will be far more efficient to form and solve. Fam2c is likely to use more itera-
tions than Fam2a, but the efficiency in forming and applying the preconditioner
may make it favourable. The preconditioner Fam2d does not take the entries
of H into account, so we expect this to perform badly.

Fam3a takes more account of the entries of H in G than any of our other
implicit factorization preconditioners. However, this will be at a cost of the
efficiency. Fam3b will be more efficient than Fam3a to apply, but it will generally
require more iterations.

For large problems, the explicit factorizations Expll and Expl2 may be-
come unviable to use because of memory problems.

Table 8.12 contains results for some problems found in the CUTEr test set.
More results from the CUTEr test set can be found in Appendix H. We observe
that for small problems there is little advantage in using implicit factorization
constraint preconditioners over the explicit factorizations (in fact, the explicit
factorization Expll is often preferable in this case). Looking at the tables,
for larger problems the implicit factorizations appear to become preferable.
As in previous chapters, we shall also use a performance profiling technique
to compare the results. As in the previous section, we shall exclude any test
problems with n < 1000 from the profiles.

A figure profiling all of the preconditioners can be found in Appendix H.
We observe that the choices Fam3a and Fam3b are performing very poorly, so
we have removed them in the profile found in Figure 8.10: there is a high cost
in trying to reproduce Hy; and Hys in G. The preconditioners generated by
Family 1 are generally outperforming those of Family 2 (as was the case in
Figures 7.1 and 7.2), Figure 8.11. The explicit factorization constraint pre-
conditioners are generally being outperformed by the implicit factorizations
generated by both Family 1 and Family 2. In Figure 8.12 we profile the ex-
plicit factorization preconditioners with just those generated through Family
1. Clearly, the implicit factorization constraint preconditioners Famla—Famlc
are outperforming both of the explicit factorization preconditioners. As pre-

dicted, Famla is performing the poorest out of those generated with Family 1.
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Table 8.12: CUTEr QP problems—Number of iterations used
Problem Expll Expl2 | Famla | Famlb | Famlc Fam2a | Fam2b | Fam2c Fam2d Fam3a | Fam3b
AUG3DC- k 26 26 97 105 95 111 200 105 79 88 85
QP_M Its 507 473 3258 3616 3052 3817 4522 3293 3046 2816 2769
CPU 26.77 26.04 85.76 93.97 83.39 99.83 | 175.32 92.49 73.12 82.34 79.75
CONT1-10 k 17 17 25 18 24 27 54 24 25 25 25
Its 835 677 2227 1517 2096 2015 1502 2061 2243 2082 2245
CPU 9193 8973 13172 8960 12108 13478 25933 12542 13345 12647 12354
CVXQP2.M k 24 27 27 24 24 24 23 25 26 — —
Its 2161 3596 4452 1233 3800 1214 1281 8331 4254 — —
CPU 13.73 14.62 12.71 8.25 10.60 8.10 8.32 23.02 12.34 — —
DUALC2 k 200 13 200 27 200 200 200 52 7 82 13
Its 409 2277 10431 3526 12773 17601 743 6882 851 12673 590
CPU 10.38 3.01 22.78 5.75 26.73 31.69 8.84 10.62 1.32 25.83 1.56
STCQP2 k 74 74 73 73 73 73 74 73 74 93 75
Its 1146 2216 4355 5541 5729 5485 5196 14471 4378 32656 5639
CPU | 702.32 | 807.47 | 316.91 | 396.21 | 332.36 | 398.94 | 434.13 | 450.43 | 324.74 | 2802.36 | 354.24
p()
1
|
[ ] /
= Expll
e Expl2
'='=+Famla | |
Famlb
= Famlc | ]
Fam2a | |
Fam2b
= ==Fam2c | -
= Fam2d
1 1 1
2 25 35 logs (o)
Figure 8.10: Performance profile, p(a): CPU time (seconds) to solve QP programming

problems.
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Figure 8.11:
problems.

Figure 8.12:
problems.
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There is little difference between Fam1b and Famic in the performance profile;
but Famlc will use less memory so we recommend this preconditioner.

The factorization times for our test problems are so fast for the implicit
methods generated through Family 1 (for example, see Appendix E) that there
is little point in applying Algorithm 5.5.2 with v = 0 and a fixed G for the
latter interior point iterations. However, for saddle point problems where A;
is inefficient to factor, then we expect this to be a good method to follow and

suggest this as future work.



Chapter 9

Other Preconditioners

In the previous chapters we have concentrated on the use of constraint pre-

conditioners in partnership with projected preconditioned conjugate methods

z] - [Z] (9.0.1)

where H € R™", (' € R™*™ are symmetric and A € R™*" with m < n. How-
ever, there are a variety of other preconditioners that could be used although a
different iterative method to the PPCG method would have to be used. Many

of these preconditioners have been constructed with specific applications such

to solve systems of the form

H AT

A —C

~—————
H

as incompressible fluid flow and magnetostatics in mind, but they can equally
be applied to constrained optimization problems. We will briefly consider
some such preconditioners and compare them with the implicit factorization

constraint preconditioners presented in earlier chapters.

9.1 Block diagonal preconditioners

The symmetry of the saddle point problem naturally leads to the consideration
of symmetric preconditioners. The constraint preconditioners that we previ-
ously considered are indefinite, but, in contrast, several authors have opted
for positive definite preconditioners [31, 65, 66, 77]. One choice is the block

diagonal matrix

I 0
0 AAT +C

157
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When preconditioning ‘H with K we obtain

N

) H AT
K aHK 5= | ~ " .
A -C

?

1
2 . Perugia

where A = (AAT + C’)fé Aand C = (AAT + C’)fé C (AAT +C)
and Simoncini [65] prove the following results relating to some of the spectral
properties of K 2HK 2 :

Theorem 9.1.1. Let A, C, A and C be as above. Then
o AAT+C=1
o AT(AAT + C)7'A is a projection and so it has eigenvalues \ € {0,1.}

o The largest singular value OfA\ 15 equal to 1.
Thus, using this in conjunction with Theorem 2.4.4, we obtain

Corollary 9.1.2. Assume that H is symmetric positive definite and A has
full rank. Let A\ and X\, denote the largest and smallest eigenvalues of H
respectively, and let o,, denote the smallest eigenvalue of 121\, where A is defined
above. Let N\(K~2HK™2) denote the spectrum of K== HK 2. Then

ANK *HK 2) C I UI",

where

e = (3 (el -6l
1= Pk (e )]

and C is as defined above.

)V ra) g (- e

Remark 9.1.3. For the case of the quadratic programming problems as con-
sidered in Sections 2.3.1 and 2.4.2.1, the upper bound on the eigenvalues will
still grow like O(#—lk) as the interior point method draws near to the optimal
solution, and the lower bound on the absolute value of the eigenvalues will
remain constant. Hence, following on from our results in Chapter 8, we do not

expect this preconditioner to be very effective for these problems.
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Perugia and Simoncini [65] also consider an approximation to this precon-

ditioner which takes the form

I 0
o-]t ) o

where S; is a symmetric positive definite approximation to AAT + C. Bounds
on the spectral properties can be found in [65].

An alternative which takes into the account the entries of H has been
suggested by Murphy, Golub and Wathen when C' = 0 and H is nonsingular
[58]. Suppose that we precondition

H AT
A 0

H:

H 0

K =
0 AH'AT

; (9.1.2)

then K ~'H is diagonalizable and has at most four distinct eigenvalues

0, 1, Li¥B
2772

If K~YH is nonsingular, then it has the three nonzero eigenvalues. However, as
discussed in Section 3.3, the block AH ' AT may be full and too expensive to
compute or factor except in the special case when H is diagonal, and, hence,
an approximation to this is often used. It is hoped that the approximation
will not dramatically affect the distribution of the eigenvalues. For various
discretization schemes when applied to steady incompressible Navier-Stokes

equations, Elman shows that

1

X1 = (AAT) T (AHAT) (AAT)" (9.1.3)

accurately approximates the inverse of the Schur complement [27]. Of course,
we may find this to be a bad approximation when applied to our constrained
optimization problems.

If C' # 0, then preconditioning H by the analogous

H 0
0 AH'AT +C

(9.1.4)
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(a)

-1 -0.5 0 0.5 1 15 2

(b)

Figure 9.1: Eigenvalues of K ~'H where K is given by (9.1.4) with (a) C =0 (b) C # 0.

unfortunately does not produce a system with at most four distinct eigenvalues.
This is illustrated in Figure 9.1 for the problem CVXQP1_S (the value of 1.1 is
added to all the diagonal entries of H). We compare the case C' = 0, and that
when C' is set to be diagonal with random positive entries.

There are many other block diagonal preconditioners that can be applied:
see the work of Gill, Murray, Ponceleén and Saunders for comparisons of some
different block diagonal preconditioners which are applied within a linear pro-

gramming context [37].
9.2 The Hermitian and Skew-Hermitian Split-
ting Preconditioner

The saddle point system (9.0.1) can be rewritten in the equivalent form

T b
y] - [_d] = Mu=c. (9.2.1)

H AT
-A C

M
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By splitting M into its symmetric and skew-symmetric parts we obtain

H 0 0 AT
M = = Mpy + Ms. 9.2.2
0 C ~A4 0 s 82.2)
Let us consider the preconditioning matrix
1
K:%(MH—FQI)(Ms—i—OéI), (9.2.3)

where o > 0 is some chosen constant. Note that if C' and H are diagonal and
positive semidefinite, then Mg + al is positive definite. Also, Mg + al will
be nonsingular. Although the scaling factor 5= in (9.2.3) has no impact on the
preconditioned system it is retained as a normalization factor.

Simoncini and Benzi [78] prove various bounds for the case C' = 0 on the

eigenvalues produced by the associated preconditioned matrix, that is,
1
(MH‘FMS)U:)\% (MH-FOJ) (./\/ls—i—od)u. (9.2.4)

Let &(0) and R(f) denote the imaginary and real parts of #, respectively.
The following theorem gives bounds for the eigenvalues defined by the eigen-

value problem (9.2.4):

Theorem 9.2.1. Assume that H is symmetric and positive semidefinite with
A1 and N, its largest and smallest eigenvalues, respectively. Let oy and o, be
the largest and smallest singular values of A, respectively. The eigenvalues of
(9.2.4) are such that the following hold:

1. If I(N) # 0, then

) A
(OH_Z—) <R < min{2, da },

3a? a+ A\,
)\%L 2 40é
3a2 4 1)2 <= 2\ ! ‘
1%\n oz—i—oz(l—i—g—é) + Ay

2
2\, 27 2
min , 25 <A< P < 2,
a+)\n a.}_a?m a+p

where 0 = A\ (1 + ‘;—2’3) and p = (1 + Z—i)
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Proof. See [78, Theorem 2.2]. O
In addition, the following theorem holds:

Theorem 9.2.2. Assume that the hypotheses and notation of Theorem 9.2.1
hold and also assume that H is symmetric positive definite. If a < %)\n, then

all the eigenvalues of (9.2.4) are real.

Proof. See [78, Theorem 3.1]. O

Remark 9.2.3. If the hypotheses and notation of Theorem 9.2.2 hold, and
we consider the saddle point problems produced whilst solving quadratic pro-
gramming problems with interior point methods, Sections 2.3.1 and 2.4.2.1,

then for fixed a the lower bound on the eigenvalues will satisfy

0.2
, 2\ 2-n , 2\, 202,
min , y = min ,
at+ N o4 I a+ N\, oo+ o2
e

2A 202
~ min U P for some positive constant ¢
o+ /\n ;a + 0-2”

= O(u) as pu—0.

Hence, we would like « to scale with p as u — 0, that is, a = eu for some

(small) € > 0 such that the eigenvalues will cluster around 2.

9.3 Numerical Examples

In this Section we shall compare the above preconditioners with the implicit-
factorization constraint preconditioner Impl1l from Section 8.1.1.3. We wish
to solve problems of the form

1
m]%n §xTQx + bTz subject to Az —d =0 and z > 0
TER™

using the interior point method Algorithm 2.3.1 with Mehrotra’s Predictor-
Corrector Method. When solving the resulting saddle point problems we shall

use the following preconditioners with associated iterative methods:

Impll Implicit factorization constraint preconditioner as defined in Section 8.1.1.3
using the PPCG method.
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BD1 Block diagonal preconditioner as defined in Equation 9.1.1 using the Bi-
CGSTAB method.

BD1a Block diagonal preconditioner as defined in Equation 9.1.1 but AAT
is approximated by an incomplete Cholesky factorization (Bi-CGSTAB
method).

BD2 Block diagonal preconditioner as defined in Equation 9.1.2 using the Bi-
CGSTAB method.

BD2a Block diagonal preconditioner as defined in Equation 9.1.2 but the in-
verse of the Schur complement is approximated by X1 given in (9.1.3)
(Bi-CGSTAB method).

HSS1 The HSS preconditioner as defined in Equation 9.2.3 with a = 0.01 using
Bi-CGSTAB.

HSS2 The HSS preconditioner as defined in Equation 9.2.3 with
o = max (10°, min (102,10 %1,) )
using Bi-CGSTAB.

We could use the MINRES method when applying the block diagonal precondi-
tioners but, in practice, there was little difference in the CPU times compared
to the Bi-CGSTAB method. We shall terminate the interior point method
when ||Azy — d||, < 1075 and u, < 107%. (Note: this is different to the termi-
nation condition used in Chapter 8.) Whilst x4 > 107! we will use a stopping
tolerance of 107*, but when px < 107! a stopping tolerance of 10719 is used for
terminating either PPCG or Bi-CGSTAB.

In Tables 9.1-9.4 we give iteration and timing results for four of the smaller
problems (mixed constraints) from the CUTEr test set. We observe that the
implicit factorization constraint preconditioner Impl1 and block diagonal pre-
conditioner BD2 consistently produce results which allow the interior point
method to correctly terminate, but the remainder of the preconditioners per-
form badly in general. However, Impl1 is tending to perform faster than BD2,
and as the dimension of the problems increases, we will expect the implicit
factorization preconditioner to be several orders of magnitude faster (and, of
course, to use far less memory). We are already seeing the large difference in
CPU time costs in the relatively small problem CVXQP2 M.



CHAPTER 9. OTHER PRECONDITIONERS 164

Impll | BD1 | BD1a | BD2 | BD2a | HSS1 | HSS2

k 6| — — 6 — — —
Total Its 1 2 — — 20 — — —
Total Its 2 3| — — 19 — — —
Total CPU 049 | — — 1 0.83 — — —

Table 9.1: CVXQP1_S: Comparison of different preconditioning methods

Impll | BD1 | BD1a BD2 | BD2a | HSS1 | HSS2

k 11| — — 11 - _ _
Total Its 1 220 | — — 42 — _ _
Total Its 2 225 | — — 39 - - o
Total CPU 3.66 | — — 1 40.79 — - -

Table 9.2: CVXQP2_M: Comparison of different preconditioning methods

Impll | BD1 | BD1la | BD2 | BD2a | HSS1 | HSS2

k 9 7 — 7 7 7 7
Total Its 1 25| 25.5 — 1225 | 255 | 29.5 | 245
Total Its 2 25 | 25.5 — 1235 | 255 30 | 24.5
Total CPU 0.77 | 1.43 — [ 1.34] 141 | 210 | 191

Table 9.3: DUAL1: Comparison of different preconditioning methods

Impll | BD1 | BDla | BD2 | BD2a HSS1 HSS2

k 1] — — 11 — 11 32
Total Its 1 610 | — — | 47.5 — 2953 1167
Total Its 2 623 | — — 1 40.5 — 2463 o985
Total CPU 424 | — — | 3.07 — | 584.35 | 2229.92

Table 9.4: PRIMAL1: Comparison of different preconditioning methods
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Figure 9.2: CVXQP1_M: Convergence of ||Azy — d||, for the different preconditioners.

When the preconditioner BD1a is applied, the interior point method is al-
ways failing to terminate because the requirement [|Axy, —d||, < 107% is not
satisfied. Similarly, if the interior point method fails to converge when the
other preconditioners are employed, we find that it is due to the requirement
| Az, — d|, < 107° failing to be satisfied. We give the plot of the convergence
of ||Azy — dJ|, for the problem CVXQP1_M in Figure 9.2.

In Chapter 5 we saw that when problems of the form

=14

are (approximately) solved with the PPCG method, Algorithm 5.3.2, then an

H AT
A 0

Ax
Ay

approximate solution [ &CT AvyT }T is produced for which HA&: — 52” ~0
no matter what tolerance is used in terminating the PPCG method. This
results in the value ||Axj, — d||, converging towards zero as the interior point
method progresses. The only other preconditioner that we might expect to
~ 0 is BD2

because of its spectral properties. However, as we have already mentioned,

consistently produce an approximate solution with HAK@" — 52‘

this preconditioner will be very inefficient to apply as the dimension of the

problem increases.
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Hence, the constraint preconditioners (with the PPCG method) are allow-
ing the constraints to be satisfied earlier during the interior point method and
are also cheaper to apply than the other preconditioners considered. There-
fore, out of the preconditioners tested, the implicit factorization constraint
preconditioner is our preconditioner of choice for the classes of optimization

problems considered in this work.



Chapter 10

Concluding Remarks

10.1 Conclusions

In this thesis we have discussed constrained optimization problems and ex-
isting methods for finding the optimal solution: interior point methods. We
saw that we are required to solve at least one saddle point system during each
iteration of these methods and that this is the major cost factor when solving
such problems. In Chapters 3 and 4 we considered how direct methods and
iterative methods can be employed to solve the arising saddle point systems.
We noted that as the size of the problems has increased over time, the cur-
rently available routines involving direct methods have become too inefficient
so iterative methods are now commonly used.

Although the saddle point systems are symmetric and indefinite, we showed
that we can apply projected preconditioned conjugate gradient (PPCG) meth-
ods to find (approximate) solutions, Chapter 5. To use such methods, we
require constraint preconditioners: we extended the use of these precondi-
tioners to allow for nonzero entries in the (2,2) sub-block of the saddle point
system (we have used the notation C' for this block throughout this thesis)
and have proved relevant results about the spectral properties of the resulting
preconditioned system.

In Chapter 6 we assumed that C' = 0 and firstly noted that choosing a
specific constraint preconditioner and then factorizing it for use within the
PPCG method can be prohibitively expensive even for the simplest of choices:
we have referred to these preconditioners as explicit factorization constraint
preconditioners. We then introduced the key idea of implicit factorization

constraint preconditioners which allow us to apply constraint preconditioners

167
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with far lower overheads in terms of memory and time. We analyzed two pos-
sible implicit factorization methods (the variable reduction method and the
Schilders factorization) and found the Schilders factorization to be preferable.
Numerical examples in Chapters 6 and 8 substantially support the use of im-
plicit factorization constraint preconditioners instead of explicit factorization
constraint preconditioners.

We extend the use of implicit factorization constraint preconditioners to
the case of C' # 0 in Chapter 7. Fourteen families of such preconditioners are
derived, but we find that some of them will be equivalent when the natural
choices for some of the blocks are used and, as such, just three of the families
are really worth testing for C' # 0. As for the case of C' = 0, our numerical ex-
amples reveal that the implicit factorization constraint preconditioners can be
far more efficient to use when compared to the explicit factorization constraint
preconditioners when applied to constrained optimization test problems.

A fundamental assumption was made about the form of the saddle point
problem for us to apply our implicit factorization constraint preconditioners,
namely, the first m columns of the (2,1) sub-block (the matrix A in our nota-
tion) must be linearly independent. We considered different permutations to
achieve this assumption in Chapter 8 and found that the diagonal entries of
the (1,1) sub-block (the matrix H) should be taken into account when finding
such a permutation for mixed constraint optimization problems.

Finally, in Chapter 9, we compared constraint preconditioners with some
other preconditioners (and associated iterative methods) that are often used
when solving saddle point systems arising in different applications. We found
that constraint preconditioners (with the PPCG method) were favourable for
the constrained optimization test problems that we considered because they
allowed the constraints to be satisfied earlier during the interior point method

and were cheaper to apply.

10.2 Future work

There are many possible avenues of interest still to explore. In this section we

shall indicate just a few of the possibilities.
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10.2.1 Permutations to obtain a nonsingular A,

The investigations carried out in Chapter 8 were not designed to be very
thorough, we just wanted to find a permutation that was cheap to apply and
reasonably effective at reducing the number of PPCG iterations required in
solving the saddle point problems. However, we saw how important it can be
to take the entries of H into account when choosing our permutation. Graph
based methods which weight the nodes according to the diagonal entries of H

is just one possibility for obtaining suitable permutations that needs exploring.

10.2.2 PDE constrained optimization problems

The methods that we have proposed in Chapter 5 perform an initial projec-
tion step which forces the iterates x; and y to satisfy Axp — Cy, = 0. We
therefore require the constraint to be exact for subsequent iterations to satisfy
this requirement. When the matrix A has a PDE-like structure we are often
required to handle it approximately: the PPCG methods with constraint pre-
conditioners would not be applicable. In the recent work of Forsgren, Gill and
Griffin [33] they assume that C' is positive definite and consider solving the
doubly augmented system

H+2ATC1A —AT

10.2.1
—A C (102.1)

x| | b=24TC"Yd
Y B —d

instead of the equivalent system (3.0.1). If H +2ATC~1A is positive definite,
then the PCG method can be applied to solve (10.2.1). Forsgren et al. suggest

using preconditioners of the form
G+24TC1A —AT
—A C

N J/
~~

K

Y

where G is an approximation to H, and A indicates that the systems involv-
ing A can be solved approximately. In addition, they suggest applying the

preconditioning step Kv = r to the equivalent system

G KT U1 n + 211710717"2
~ o =

A —-C )
to avoid computations involving G + 2ATC-1A. The use of implicit factor-

ization constraint preconditioners for this preconditioning step is an exciting

prospect.
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10.2.3 Other application areas

As we noted in Chapter 2, there are many application areas other than con-
strained optimization problems for which the solution of saddle point systems
is crucial. A further avenue would be to explore the use of implicit factor-
ization constraint preconditioners with the PPCG method for some of these

application areas.
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Appendix A

Improved eigenvalue bounds
with reduced-space basis for
C' = 0: Complete tables

The following appendix gives complete results corresponding to the numerical
experiments carried out in Section 5.2.1. The ranks of the submatrices in the
resulting saddle point systems are given along with results which show that
reproducing parts of H in G can dramatically reduce the number of distinct

eigenvalues compared to using some general choice for G.

Table A.1: NETLIB LP problems

iteration bound

rank any G | exact Hog & Haj
name n m A Aa Hi1  Hi2 w1 upper
25FV47 1876 821 820 725 820 0 1057 726 822
S80BAU3B 12061 2262 2262 2231 2262 0 9800 2232 2263
ADLITTLE 138 56 56 53 56 0 83 54 57
AFIRO 51 27 27 21 27 0 25 22 25
AGG2 758 516 516 195 516 0 243 196 243
AGG3 758 516 516 195 516 0 243 196 243
AGG 615 488 488 123 488 0 128 124 128
BANDM 472 305 305 161 305 0 168 162 168
BCDOUT 7078 5414 5412 1102 2227 0 1667 1103 1667
BEACONFD 295 173 173 116 173 0 123 117 123
BLEND 114 74 74 37 74 0 41 38 41
BNL1 1586 643 642 458 642 0 945 459 644
BNL2 4486 2324 2324 1207 2324 0 2163 1208 2163
BOEING1 726 351 351 314 351 0 376 315 352
BOEING2 305 166 166 109 166 0 140 110 140
BORE3D 334 233 231 73 231 0 104 74 104
BRANDY 303 220 193 98 193 0 111 99 111
CAPRI 482 271 271 144 261 0 212 145 212
CYCLE 3371 1903 1875 1272 1868 0 1497 1273 1497
CZPROB 3562 929 929 732 929 0 2634 733 930
D2Q06C 5831 2171 2171 2059 2171 0 3661 2060 2172
D6CUBE 6184 415 404 403 404 0 5781 404 416
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Table A.1: NETLIB LP problems (continued)

iteration bound

rank any G | exact Hoo & Haj
name n m A Ao Hi Hio nw+1 upper
DEGEN2 757 444 442 295 442 0 316 296 316
DEGEN3 2604 1503 1501 1052 1501 0 1104 1053 1104
DFL001 12230 6071 6058 5313 6058 0 6173 5314 6072
E226 472 223 223 186 223 0 250 187 224
ETAMACRO 816 400 400 341 400 0 417 342 401
FFFFF800 1028 524 524 290 524 0 505 291 505
FINNIS 1064 497 497 456 497 0 568 457 498
FIT1D 1049 24 24 24 24 0 1026 25 25
FIT1P 1677 627 627 627 627 0 1051 628 628
FIT2D 10524 25 25 25 25 0 10500 26 26
FIT2P 13525 3000 3000 3000 3000 0 | 10526 3001 3001
FORPLAN 492 161 161 100 161 0 332 101 162
GANGES 1706 1309 1309 397 1309 0 398 398 398
GFRD-PNC 1160 616 616 423 616 0 545 424 545
GOFFIN 101 50 50 50 0 0 52 1 51
GREENBEA 5598 2392 2389 2171 2389 0 3210 2172 2393
GREENBEB 5598 2392 2389 2171 2386 0 3210 2172 2393
GROW15 645 300 300 300 300 0 346 301 301
GROW22 946 440 440 440 440 0 507 441 441
GROWT 301 140 140 140 140 0 162 141 141
SIERRA 2735 1227 1217 768 1217 0 1519 769 1228
ISRAEL 316 174 174 142 174 0 143 143 143
KB2 68 43 43 25 43 0 26 26 26
LINSPANH 97 33 32 32 32 0 66 33 34
LOTFI 366 153 153 110 153 0 214 111 154
MAKELA4 61 40 40 21 40 0 22 22 22
MAROS-R7 9408 3136 3136 3136 3136 0 6273 3137 3137
MAROS 1966 846 846 723 846 0 1121 724 847
MODEL 1557 38 38 11 38 0 1520 12 39
MODSZK1 1620 687 686 667 684 0 935 668 688
NESM 3105 662 662 568 662 0 2444 569 663
OET1 1005 1002 1002 3 1000 0 4 4 4
OET3 1006 1002 1002 4 1000 0 5 5 5
PEROLD 1506 625 625 532 562 0 882 533 626
PILOT4 1123 410 410 367 333 0 714 334 411
PILOTS87 6680 2030 2030 1914 2030 0 4651 1915 2031
PILOT-JA 2267 940 940 783 903 0 1328 784 941
PILOTNOV 2446 975 975 823 975 0 1472 824 976
PILOT 4860 1441 1441 1354 1441 0 3420 1355 1442
PILOT-WE 2928 722 722 645 662 0 2207 646 723
PT 503 501 501 2 499 0 3 3 3
QAPS 1632 912 853 697 853 0 780 698 780
QAP12 8856 3192 3089 2783 3089 0 5768 2784 3193
QAP15 22275 6330 6285 5632 6285 0 15991 5633 6331
QPBD_OUT 442 211 211 176 211 0 232 177 212
READING2 6003 4000 4000 2001 2001 0 2004 2002 2004
RECIPELP 204 91 91 78 91 0 114 79 92
SC105 163 105 105 58 105 0 59 59 59
SC205 317 205 205 112 205 0 113 113 113
SC50A 78 50 50 28 50 0 29 29 29
SC50B 78 50 50 28 50 0 29 29 29
SCAGR25 671 471 471 199 471 0 201 200 201
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Table A.1: NETLIB LP problems (continued)

174

iteration bound
rank any G | exact Hog & Hai
name n m A Ao Hi Hio nw+1 upper
SCAGR7 185 129 129 56 129 0 57 57 57
SCFXM1 600 330 330 217 330 0 271 218 271
SCFXM2 1200 660 660 440 660 0 541 441 541
SCFXM3 1800 990 990 660 990 0 811 661 811
SCORPION 466 388 388 7 388 0 79 78 79
SCRS8 1275 490 490 341 490 0 786 342 491
SCSD1 760 77 7 77 7 0 684 78 78
SCSD6 1350 147 147 147 147 0 1204 148 148
SCSD8 2750 397 397 397 397 0 2354 398 398
SCTAP1 660 300 300 246 300 0 361 247 301
SCTAP2 2500 1090 1090 955 1090 0 1411 956 1091
SCTAP3 3340 1480 1480 1264 1480 0 1861 1265 1481
SEBA 1036 515 515 479 515 0 522 480 516
SHARE1B 253 117 117 72 117 0 137 73 118
SHARE2B 162 96 96 65 96 0 67 66 67
SHELL 1777 536 535 489 535 0 1243 490 537
SHIP04L 2166 402 360 343 360 0 1807 344 403
SHIP04S 1506 402 360 256 360 0 1147 257 403
SHIPOSL 4363 778 712 679 712 0 3652 680 779
SHIP08S 2467 778 712 406 712 0 1756 407 779
SHIP12L 5533 1151 1042 828 1042 0 4492 829 1152
SHIP12S 2869 1151 1042 451 1042 0 1828 452 1152
SIERRA 2735 1227 1217 768 1217 0 1519 769 1228
SIPOW1M 2002 2000 2000 2 2000 0 3 3 3
SIPOW1 2002 2000 2000 2 1999 0 3 3 3
SIPOW2M 2002 2000 2000 2 2000 0 3 3 3
SIPOW2 2002 2000 2000 2 1999 0 3 3 3
SIPOW3 2004 2000 2000 4 1999 0 5 5 5
SIPOW4 2004 2000 2000 4 1999 0 5 5 5
SSEBLIN 218 72 72 72 72 0 147 73 73
STAIR 614 356 356 249 356 0 259 250 259
STANDATA 1274 359 359 283 359 0 916 284 360
STANDGUB 1383 361 360 281 360 0 1024 282 362
STANDMPS 1274 467 467 372 467 0 808 373 468
STOCFORI1 165 117 117 48 117 0 49 49 49
STOCFOR2 3045 2157 2157 888 2157 0 889 889 889
STOCFOR3 23541 16675 | 16675 6866 16675 0 6867 6867 6867
TFI2 104 101 101 3 100 0 4 4 4
TRUSS 8806 1000 1000 1000 1000 0 7807 1001 1001
TUFF 628 333 302 207 301 0 327 208 327
VTP-BASE 346 198 198 86 198 0 149 87 149
WOOD1P 2595 244 244 244 244 0 2352 245 245
WOODW 8418 1098 1098 1098 1098 0 7321 1099 1099
Table A.2: CUTEr QP problems
iteration bound

rank any G exact Hoo exact Hoo & Hoq

name n m A Ao Hiq Hio p+1 upper | p+1 upper

AUG2DCQP 20200 10000 10000 10000 10000 0 | 10201 | 10001 10201 | 10001 10001

AUG2DQP 20200 10000 10000 10000 10000 0 | 10201 | 10001 10201 | 10001 10001
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Table A.2: CUTEr QP problems (continued)

iteration bound

rank any G exact Hoo exact Hoo & Hoq
name n m A Ao Hiq His p+1 upper w+1 upper
AUG3DCQP 27543 8000 8000 7998 8000 0 | 19544 7999 16001 7999 8001
AUG3DQP 27543 8000 8000 7998 8000 0 | 19544 7999 16001 7999 8001
BLOCKQP1 10011 5001 5001 5001 5001 5000 5011 5011 5011 5002 5002
BLOCKQP2 10011 5001 5001 5001 5001 5000 5011 5011 5011 5002 5002
BLOCKQP3 10011 5001 5001 5001 5001 5000 5011 5011 5011 5002 5002
BLOWEYA 4002 2002 2002 2000 2002 2000 2001 2001 2001 2001 2001
BLOWEYB 4002 2002 2002 2000 2002 2000 2001 2001 2001 2001 2001
BLOWEYC 4002 2002 2002 2000 2002 2000 2001 2001 2001 2001 2001
CONT-050 2597 2401 2401 192 2401 0 197 193 197 193 197
CONT-101 10197 10098 10098 99 10098 0 100 100 100 100 100
CONT-201 40397 40198 40198 199 40198 0 200 200 200 200 200
CONT5-QP 40601 40200 40200 401 40200 0 402 402 402 402 402
CONT1-10 10197 9801 9801 392 9801 0 397 393 397 393 397
CONT1-20 40397 39601 39601 792 39601 0 797 793 797 793 797
CONT-300 90597 90298 90298 299 90298 0 300 300 300 300 300
CVXQP1 10000 5000 5000 2000 5000 2000 5001 4001 5001 2001 5001
CVXQP2 10000 2500 2500 2175 2500 1194 7501 3370 5001 2176 2501
CVXQP3 10000 7500 7500 1000 7500 2354 2501 2001 2501 1001 2501
DEGENQP 125050 125025 125024 26 125024 0 27 27 27 27 27
DUALC1 223 215 215 8 215 0 9 9 9 9 9
DUALC2 235 229 229 6 229 0 7 7 7 7 7
DUALC5 285 278 278 7 278 0 8 8 8 8 8
DUALCS 510 503 503 7 503 0 8 8 8 8 8
GOULDQP2 19999 9999 9999 9999 9999 0 | 10001 | 10000 10001 | 10000 10000
GOULDQP3 19999 9999 9999 9999 9999 9999 | 10001 | 10001 10001 | 10000 10000
KSIP 1021 1001 1001 20 1001 0 21 21 21 21 21
MOSARQP1 3200 700 700 700 700 3 2501 704 1401 701 701
NCVXQP1 10000 5000 5000 2000 5000 2000 5001 4001 5001 2001 5001
NCVXQP2 10000 5000 5000 2000 5000 2000 5001 4001 5001 2001 5001
NCVXQP3 10000 5000 5000 2000 5000 2000 5001 4001 5001 2001 5001
NCVXQP4 10000 2500 2500 2175 2500 1194 7501 3370 5001 2176 2501
NCVXQP5 10000 2500 2500 2175 2500 1194 7501 3370 5001 2176 2501
NCVXQP6 10000 2500 2500 2175 2500 1194 7501 3370 5001 2176 2501
NCVXQP7 10000 7500 7500 1000 7500 2354 2501 2001 2501 1001 2501
NCVXQP8 10000 7500 7500 1000 7500 2354 2501 2001 2501 1001 2501
NCVXQP9 10000 7500 7500 1000 7500 2354 2501 2001 2501 1001 2501
POWELL20 10000 5000 5000 4999 5000 0 5001 5000 5001 5000 5001
PRIMALC1 239 9 9 9 9 0 231 10 19 10 10
PRIMALC2 238 7 7 7 7 0 232 8 15 8 8
PRIMALCS 295 8 8 8 8 0 288 9 17 9 9
PRIMALCS 528 8 8 8 8 0 521 9 17 9 9
PRIMAL1 410 85 85 85 85 0 326 86 171 86 86
PRIMAL2 745 96 96 96 96 0 650 97 193 97 97
PRIMAL3 856 111 111 111 111 0 746 112 223 112 112
PRIMAL4 1564 75 75 75 75 0 1490 76 151 76 76
QPBAND 75000 25000 25000 25000 25000 0 | 50001 | 25001 50001 | 25001 25001
QPNBAND 75000 25000 25000 25000 25000 0 | 50001 | 25001 50001 | 25001 25001
QPCBOEI1 726 351 351 314 351 0 376 315 376 315 352
QPCBOEI2 305 166 166 109 166 0 140 110 140 110 140
QPCSTAIR 614 356 356 249 356 0 259 250 259 250 259
QPNBOEI1 726 351 351 314 351 0 376 315 376 315 352
QPNBOEI2 305 166 166 109 166 0 140 110 140 110 140
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Table A.2: CUTEr QP problems (continued)
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iteration bound

rank any G exact Hoo exact Hoo & Hoq
name n m A Ao Hiq His p+1 upper w+1 upper
QPNSTAIR 614 356 356 249 356 0 259 250 259 250 259
SOSQP1 5000 2501 2501 2499 2501 2499 2500 2500 2500 2500 2500
STCQP1 8193 4095 1771 0 1771 317 6423 1 6423 1 4096
STCQP2 8193 4095 4095 0 4095 1191 4099 1 4099 1 4096
STNQP1 8193 4095 1771 0 1771 317 6423 1 6423 1 4096
STNQP2 8193 4095 4095 0 4095 1191 4099 1 4099 1 4096
UBH1 9009 6000 6000 3003 6 0 3010 7 3010 7 3010
YAO 4002 2000 2000 2000 2000 0 2003 2001 2003 2001 2001




Appendix B

CUTEr QP problems: Complete
tables

The following appendix gives complete results corresponding to the numerical
experiments carried out in Section 6.3. The factorization times “fact,” iteration

counts “it” and total CPU times “total” are given for different choices of

preconditioner.
Table B.1: CUTEr QP problems—residual decrease of at least 1072
Explicit factors Implicit factors
G=H G=1 Goo =1 Go2 = Hao
MA27 MAB7 MAB7 MAS7 MAS7
name fact it total fact it  total fact it total fact it total fact it total
AUG2DCQP 0.08 1 0.13 0.47 1 0.54 0.46 1 0.53 0.04 125 1.54 0.25 125 2.01
AUG2DQP 0.08 1 0.13 0.47 1 0.54 0.46 2 0.53 0.04 120 1.49 0.25 125 2.03
AUG3DCQP 1.56 1 1.66 1.54 1 1.67 1.45 1 1.57 0.05 41 0.71 0.79 41 1.59
AUG3DQP 1.59 1 1.69 1.29 1 1.42 1.46 2 1.59 0.05 43 0.71 0.78 40 1.56
BLOCKQP1 0.06 0 0.08 0.21 0 0.23 0.23 1 0.26 0.33 2 0.35 0.39 2 0.41
BLOCKQP2 0.06 0 0.08 0.21 0 0.23 0.23 2 0.26 0.33 2 0.36 0.39 2 0.41
BLOCKQP3 0.06 0 0.08 0.21 0 0.23 0.23 1 0.25 0.33 2 0.35 0.38 2 0.41
BLOWEYA 26.50 1 26.60 0.04 1 0.05 0.05 35 0.21 0.03 50 0.13 0.04 50 0.15
BLOWEYB 26.29 1 26.39 0.04 1 0.05 0.05 13 0.11 0.03 32 0.09 0.04 32 0.11
BLOWEYC 26.27 1 26.36 0.04 1 0.05 0.05 36 0.21 0.03 50 0.12 0.04 50 0.15
CONT-050 0.17 1 0.19 0.12 1 0.14 0.12 1 0.14 0.09 3 0.10 0.09 3 0.11
CONT-101 3.03 1 3.18 0.73 2 0.85 0.70 2 0.82 0.86 2 0.91 0.86 2 0.91
CONT-201 35.96 4 38.38 5.78 5 6.99 5.63 6 7.04 | 10.14 2 10.41 | 10.10 2 10.37
CONT5-QP 33.89 1 34.59 3.37 1 3.83 3.35 2 3.80 | 20.01 39 2236 | 19.94 37 22.20
CONT1-10 2.81 1 2.95 0.68 1 0.80 0.66 1 0.77 0.90 3 0.97 0.91 3 0.99
CONT1-20 30.94 1 31.65 6.85 1 7.46 6.67 2 7.28 | 10.83 3  11.22 | 10.86 3  11.26
CONT-300 140.10 9 146.23 | 19.33 5 22.26 | 18.33 5 21.25 | 40.82 2 41.46 | 41.00 2 41.64
CVXQP1 579.20 0 580.15 3.99 0 4.11 0.20 3 0.24 0.21 57 0.56 0.24 55 0.69
CVXQP2 139.11 0 13948 1.70 O 1.78 0.10 3 0.12 0.01 14 0.07 0.10 14 0.23
CVXQP3 1354 0 1355 993 0 10.13 0.32 3 0.38 0.33 44 0.64 0.34 43 0.68
DEGENQP 3.85 1 4.14 | 14.36 1 14.72 0.01 2 0.01 2.43 3 2.87 2.45 3 2.89
DUALC1 0.01 5 0.01 0.00 2 0.01 0.00 1 0.00 0.00 8 0.00 0.00 8 0.00
DUALC2 0.01 9 0.01 0.00 1 0.01 0.01 2 0.01 0.00 6 0.00 0.00 6 0.01
DUALC5 0.01 8 0.02 0.01 1 0.01 0.01 2 0.01 0.00 6 0.01 0.00 6 0.01
DUALCS8 0.11 5 0.13 0.01 2 0.01 0.20 0 0.23 0.01 7 0.01 0.01 7 0.01
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Table B.1: CUTEr QP problems—residual decrease of at least 1072 (continued)

Explicit factors

Implicit factors

G=H G=1 Goz =1 Gaz = Hao

MA27 MAS7 MA57 MAS7 MAS7
name fact it total fact it total fact it total fact it total fact it total
GOULDQP2 005 O 0.07 023 0 0.27 0.20 2 0.25 0.03 0 0.05 0.08 0 0.10
GOULDQP3 0.07 1 0.11 0.32 1 0.40 0.05 5 0.06 0.03 6 0.11 0.08 6 0.17
KSIP 0.01 1 0.02 0.05 1 0.06 0.04 3 0.05 0.02 3 0.03 0.02 3 0.03
MOSARQP1 0.02 1 0.03 0.04 1 0.04 0.20 3 0.24 0.06 6 0.07 0.07 6 0.08
NCVXQP1 573.69 0 574.65 410 O 4.22 0.20 3 0.24 0.21 55 0.54 0.24 55 0.68
NCVXQP2 584.17 0 585.14 4.02 0 4.14 0.20 3 0.24 0.20 55 0.54 0.24 56 0.70
NCVXQP3 573.04 0 573.98 415 0 4.28 0.11 3 0.13 0.20 54 0.53 0.23 55 0.69
NCVXQP4 138.52 0 138.90 1.71 0 1.79 0.10 3 0.12 0.01 14 0.07 0.10 13 0.22
NCVXQP5 130.26 0 130.64 1.69 0 1.76 0.10 3 0.13 0.01 14 0.06 0.10 14 0.24
NCVXQP6 139.37 0 139.75 1.70 O 1.79 0.32 3 0.38 0.01 14 0.06 0.10 14 0.24
NCVXQP7 1364 O 1365 | 10.03 0 10.23 0.33 3 0.39 0.33 43 0.64 0.34 43 0.67
NCVXQP8 1387 O 1388 | 10.07 0 10.26 0.33 3 0.38 0.33 43 0.63 0.34 43 0.67
NCVXQP9 1358 0 1359 | 10.12 0 10.32 0.09 2 0.11 0.33 44 0.64 0.34 43 0.67
POWELL20 003 O 0.05 0.09 O 0.11 0.00 5 0.01 0.01 2 0.03 0.07 2 0.08
PRIMALC1 0.00 1 0.00 0.00 1 0.01 0.00 3 0.00 0.00 11 0.00 0.00 6 0.00
PRIMALC2 0.00 1 0.00 0.00 1 0.01 0.00 6 0.01 0.00 5 0.00 0.00 5 0.00
PRIMALC5H 0.00 1 0.00 0.00 1 0.01 0.01 4 0.01 0.00 6 0.00 0.00 5 0.00
PRIMALCS 0.01 1 0.01 0.01 1 0.01 0.01 8 0.02 0.00 11 0.01 0.00 7 0.01
PRIMAL1 0.01 1 0.01 0.01 1 0.02 0.03 5 0.03 0.00 15 0.01 0.00 27 0.02
PRIMAL2 0.01 1 0.01 0.03 1 0.03 0.06 4 0.07 0.00 13 0.01 0.01 21 0.02
PRIMAL3 0.03 1 0.03 0.06 1 0.06 0.03 3 0.04 0.01 18 0.04 0.01 26 0.06
PRIMALA4 0.04 1 0.04 0.03 1 0.03 | 14.34 2 14.69 0.01 12 0.03 0.02 15 0.04
QPBAND 0.16 1 0.30 1.08 1 1.28 1.84 2 1.99 0.09 2 0.19 0.40 2 0.54
QPNBAND 0.17 1 0.30 1.07 1 1.27 1.83 3 2.03 0.09 3 0.24 0.41 2 0.55
QPCBOEI1 0.01 1 0.01 0.02 2 0.02 0.01 3 0.01 0.00 12 0.01 0.00 12 0.01
QPCBOEI2 0.00 1 0.01 0.00 1 0.01 0.00 3 0.01 0.00 12 0.00 0.00 12 0.00
QPCSTAIR 0.01 1 0.01 0.02 1 0.02 0.01 3 0.02 0.00 12 0.01 0.00 14 0.01
QPNBOEI1 0.01 1 0.01 0.02 2 0.02 0.01 3 0.01 0.01 12 0.01 0.00 12 0.01
QPNBOEI2 0.00 1 0.00 0.00 1 0.01 0.00 3 0.01 0.00 12 0.00 0.00 12 0.00
QPNSTAIR 0.01 1 0.01 0.02 1 0.02 0.01 3 0.02 0.00 12 0.01 0.00 12 0.01
SOSQP1 0.01 0 0.01 004 O 0.04 0.04 0 0.05 0.03 1 0.04 0.05 1 0.05
STCQP1 rank deficient A rank deficient A 20.67 3 21.01 0.02 3 0.04 0.09 1 0.10
STCQP2 9.76 0 9.84 087 0 0.92 0.14 3 0.17 0.03 3 0.05 0.11 1 0.13
STNQP1 113.27 0 113.59 rank deficient A 20.75 3 21.09 0.02 3 0.04 0.09 1 0.11
STNQP2 964 0 9.72 087 0 0.92 0.14 3 0.17 0.03 3 0.05 0.11 1 0.13
UBH1 002 0 0.03 0.12 0 0.14 0.11 0 0.13 0.02 0 0.03 0.04 0 0.05
YAO 0.01 1 0.01 0.03 1 0.04 0.03 6 0.05 0.01 21 0.04 0.02 21 0.06

Table B.2: CUTEr QP problems—residual decrease of at least 10~8

Explicit factors Implicit factors
G=H G=1 Goo =1 Gao = Hao

MA27 MA57 MAS7 MA57 MA57
name fact. iter. total fact. iter. total fact. iter. total fact. iter. total fact. iter. total
AUG2DCQP 0.08 1 0.13 0.47 1 0.54 0.46 1 0.53 0.04 866 10.35 0.25 872 12.50
AUG2DQP 0.08 1 0.13 0.47 1 0.54 0.46 4 0.60 0.04 882 10.67 0.25 855 12.33
AUG3DCQP 1.56 1 1.66 1.54 1 1.67 1.45 1 1.57 0.05 378 6.04 0.79 377 8.18
AUG3DQP 1.59 1 1.69 1.29 1 1.42 1.46 5 1.75 0.05 381 5.90 0.78 380 8.27
BLOCKQP1 0.06 0 0.08 0.21 0 0.23 0.23 1 0.26 0.33 3 0.37 0.39 3 0.43
BLOCKQP2 0.06 0 0.08 0.21 0 0.23 0.23 2 0.26 0.33 3 0.37 0.39 3 0.43
BLOCKQP3 0.06 0 0.08 0.21 0 0.23 0.23 1 0.25 0.33 5 0.39 0.38 4 0.44
BLOWEYA 26.50 1 26.60 0.04 1 0.05 > 10000 iterations > 10000 iterations > 10000 iterations
BLOWEYB 26.29 1 26.39 0.04 1 0.05 0.05 216 0.99 0.03 668 1.23 > 10000 iterations
BLOWEYC 26.27 1 26.36 0.04 1 0.05 > 10000 iterations > 10000 iterations > 10000 iterations
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Table B.2: CUTEr QP problems—residual decrease of at least 10~8 (continued)

Explicit factors Implicit factors
G=H G=1 Goo =1 Goo = Hoo
MA27 MAS7 MA57 MA57 MAS7
name fact. iter. total fact. iter. total fact. iter. total fact. iter. total fact. iter. total
CONT-050 0.17 1 0.19 0.12 1 0.14 0.12 1 0.14 0.09 7 0.12 0.09 7 0.13
CONT-101 3.03 1 3.18 0.73 4 1.11 0.70 5 1.15 0.86 10 1.09 0.86 10 1.10
CONT-201 35.96 4 38.38 5.78 8 9.39 5.63 13 11.26 10.14 11 11.48 10.10 11 11.43
CONT5-QP 33.89 1 34.59 3.37 1 3.83 3.35 2 3.95 20.01 113 26.81 19.94 98 25.89
CONT1-10 2.81 1 2.95 0.68 1 0.80 0.66 1 0.77 0.90 10 1.13 0.91 10 1.16
CONT1-20 30.94 1 31.65 6.85 1 7.46 6.67 5 9.08 10.83 12 12.29 10.86 12 12.34
CONT-300 140.10 27 174.66 19.33 26 45.80 18.33 40 58.01 40.82 15 44.98 41.00 15 45.16
CVXQP1 579.20 0 580.15 3.99 0 4.11 0.20 5 0.27 0.21 211 1.49 0.24 207 1.94
CVXQP2 139.11 0 139.48 1.70 0 1.78 0.10 5 0.14 0.01 51 0.21 0.10 51 0.59
CVXQP3 1353.52 0 1355.13 9.93 0 10.13 0.32 5 0.42 0.33 183 1.62 0.34 178 1.71
DEGENQP 3.85 1 4.14 14.36 1 14.72 0.01 11 0.01 2.43 3 3.00 2.45 7 3.52
DUALC1 0.01 5 0.01 0.00 11 0.01 0.00 1 0.00 0.00 8 0.01 0.00 8 0.00
DUALC2 0.01 9 0.01 0.00 1 0.01 0.01 4 0.01 0.00 6 0.00 0.00 6 0.01
DUALCS5 0.01 145 0.20 0.01 1 0.01 0.01 5 0.01 0.00 7 0.01 0.00 7 0.01
DUALCS 0.11 5 0.13 0.01 7 0.02 0.20 0 0.23 0.01 7 0.01 0.01 7 0.01
GOULDQP2 0.05 0 0.07 0.23 0 0.27 0.20 5 0.31 0.03 0 0.05 0.08 0 0.10
GOULDQP3 0.07 1 0.11 0.32 1 0.40 0.05 21 0.08 0.03 1614 18.95 0.08 1579 23.38
KSIP 0.01 1 0.02 0.05 1 0.06 0.04 5 0.05 0.02 18 0.05 0.02 10 0.04
MOSARQP1 0.02 1 0.03 0.04 1 0.04 0.20 5 0.27 0.06 36 0.10 0.07 35 0.13
NCVXQP1 573.69 0 574.65 4.10 0 4.22 0.20 5 0.27 0.21 215 1.51 0.24 204 1.89
NCVXQP2 584.17 0 585.14 4.02 0 4.14 0.20 6 0.28 0.20 212 1.50 0.24 212 2.00
NCVXQP3 573.04 0 573.98 4.15 0 4.28 0.11 5 0.14 0.20 210 1.46 0.23 204 1.92
NCVXQP4 138.52 0 138.90 1.71 0 1.79 0.10 5 0.14 0.01 51 0.20 0.10 51 0.60
NCVXQP5 130.26 0 130.64 1.69 0 1.76 0.10 6 0.15 0.01 51 0.20 0.10 50 0.59
NCVXQP6 139.37 0 139.75 1.70 0 1.79 0.32 5 0.42 0.01 51 0.21 0.10 51 0.61
NCVXQP7 1363.85 0 1365.49 10.03 0 10.23 0.33 5 0.43 0.33 189 1.69 0.34 176 1.67
NCVXQP8 1386.80 0 1388.45 10.07 0 10.26 0.33 5 0.42 0.33 191 1.69 0.34 176 1.70
NCVXQP9 1357.68 0 1359.31 10.12 0 10.32 0.09 20 0.23 0.33 193 1.69 0.34 179 1.71
POWELL20 0.03 0 0.05 0.09 0 0.11 0.00 11 0.01 0.01 40 0.21 0.07 40 0.31
PRIMALC1 0.00 1 0.00 0.00 1 0.01 0.00 4 0.00 0.00 25 0.01 0.00 12 0.01
PRIMALC2 0.00 1 0.00 0.00 1 0.01 0.00 10 0.01 0.00 9 0.00 0.00 9 0.00
PRIMALCS5 0.00 1 0.00 0.00 1 0.01 0.01 7 0.01 0.00 15 0.01 0.00 10 0.01
PRIMALCS 0.01 1 0.01 0.01 1 0.01 0.01 14 0.02 0.00 20 0.01 0.00 10 0.01
PRIMAL1 0.01 1 0.01 0.01 1 0.02 0.03 8 0.03 0.00 153 0.08 0.00 158 0.09
PRIMAL2 0.01 1 0.01 0.03 1 0.03 0.06 6 0.07 0.00 86 0.06 0.01 92 0.08
PRIMALS3 0.03 1 0.03 0.06 1 0.06 0.03 5 0.04 0.01 74 0.14 0.01 80 0.15
PRIMAL4 0.04 1 0.04 0.03 1 0.03 14.34 2 14.80 0.01 41 0.07 0.02 44 0.09
QPBAND 0.16 1 0.30 1.08 1 1.28 1.84 5 2.19 0.09 7 0.46 0.40 5 0.78
QPNBAND 0.17 1 0.30 1.07 1 1.27 1.83 6 2.24 0.09 8 0.51 0.41 6 0.84
QPCBOEI1L 0.01 1 0.01 0.02 5 0.02 0.01 5 0.02 0.00 47 0.03 0.00 47 0.03
QPCBOEI2 0.00 1 0.01 0.00 1 0.01 0.00 5 0.01 0.00 38 0.01 0.00 37 0.01
QPCSTAIR 0.01 1 0.01 0.02 1 0.02 0.01 8 0.02 0.00 40 0.02 0.00 52 0.03
QPNBOEI1 0.01 1 0.01 0.02 5 0.03 0.01 5 0.01 0.01 48 0.03 0.00 47 0.03
QPNBOEI2 0.00 1 0.00 0.00 1 0.01 0.00 5 0.01 0.00 37 0.01 0.00 37 0.01
QPNSTAIR 0.01 1 0.01 0.02 1 0.02 0.01 8 0.02 0.00 40 0.02 0.00 56 0.03
SOSQP1 0.01 0 0.01 0.04 0 0.04 0.04 0 0.05 0.03 1 0.04 0.05 1 0.05
STCQP1 rank deficient A rank deficient A 20.67 6 21.35 0.02 6 0.05 0.09 1 0.10
STCQP2 9.76 0 9.84 0.87 0 0.92 0.14 7 0.20 0.03 7 0.07 0.11 1 0.13
STNQP1 113.27 0 113.59 rank deficient A 20.75 6 21.43 0.02 6 0.05 0.09 1 0.11
STNQP2 9.64 0 9.72 0.87 0 0.92 0.14 8 0.22 0.03 8 0.08 0.11 1 0.13
UBH1 0.02 0 0.03 0.12 0 0.14 0.11 0 0.13 0.02 0 0.03 0.04 0 0.05
YAO 0.01 1 0.01 0.03 1 0.04 0.03 26 0.11 0.01 107 0.18 0.02 106 0.23




Appendix C

Generation of the implicit
factorization families

We examine each of the sub-cases mentioned in Section 7.1 in detail. Note

that for general P and B as partitioned in (7.1.4), we have

Ay = (P31 By + PsaBa) Pﬂ + (Panle + P32Bz2) Png
+Ps3 (331P1T1 + 332P1€) + (P31B§1 + P32337,;) Ay
+ P33 B33 A4

Ay = (P31Bi1+ PsaBar) Py + (P31BQTI + P32B22) P,
+Py3 (Bs1 PY; + B2 Pay) + (P31 Biy + P3Bly) As
+ P33 B33 Az

—C = (P31 By + P5By) Pg,jl + (PzﬂBng + P32Bz2) Png
+Py3 (Bs1 P + B2 Pyy) + (P31 B3, + PoBi,) Py
+ P33 B33 Pys.

Case 1: (7.1.8) and (7.1.11) hold

If (7.1.8) and (7.1.11) hold, then Ps;, Pag, By1, Bay and Bz are required to be

nonsingular, and

Al = ngngAl, (COl)
Ay = P31B11P2T1 + P33 B33 A, (C.0.2)
—C == Pngllpgjl + P33333P37:;. (003)

Equation C.0.1 implies that
P33Bss =1 (C.0.4)

180
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and, hence, that Ps3 is symmetric. Equation C.0.2 forces Py By P, = 0, and
thus that
P21 - 0

since P3; and By are nonsingular. Finally, (C.0.3) becomes

—O - PBIBllpg,}]; + P33. (005)
We therefore have
0 0 Aip By 0 0
P = 0 P22 Ag and B = 0 B22 0 y (006)
Py 0 Pss 0 0 Bass
where
By = —Py' (C+ Ps3) P;," and Bz = Pyl (C.0.7)

Case 2: (7.1.8) and (7.1.12) hold

If (7.1.8) and (7.1.12) hold, then Ps;, Py, B3 and Bgy are required to be

nonsingular, and

A, = Py BiA, (C.0.8)
Ay = Py Bl Ay+ Py By Pl + Py BI Pl 4 PyyBs P, (C.0.9)
—C - Pngglpgz; + PBlBllp‘g,Ii + P33331P37£- (COlO)

Equation C.0.8 implies that
PyBi =1, (C.0.11)

holds. It then follows from (C.0.10) and (C.0.11) that
Pss + Piy+ Py By P = —C. (C.0.12)

The remaining requirement (C.0.9) implies that Psy By PJ+ Py B P+ Ps3 B3 P, =

0, which is most easily guaranteed if either
Bgl =0 and P21 =0 <C013)

or
B21 =0 and P31Bll = _PSSBZSl <C014)

or
Bgl = 0, B11 =0 and P33 = 0. (0015)
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When (C.0.13) holds, it follows from (C.0.11) and (C.0.12) that

0 0 Af B 0 Bj
P = 0 P22 Ag and B = 0 BQQ 0 s (C016)
Py 0 P By 0 0
where
By = Py' and Py + Py + Py By P = —C. (C.0.17)

In the case of (C.0.14),

0 0 AT B 0 B
P: O P22 Ag and B: 0 BQQ 0 y (0018)
Py 0 —-C By, 0 0
where
B3y = Py and Py B, P =C, (C.0.19)
as then

P33+P31B11P311:P33_PSSB31P371:P33_P33:0

from (C.0.11) and (C.0.14) and hence P33 = Pj; = —C from (C.0.12). Finally,
(C.0.15) can only hold when C' = 0, and is a special instance of (C.0.18)—
(C.0.19).

Case 3: (7.1.8) and (7.1.13) hold

If (7.1.8) and (7.1.13) hold, then Ps;, Psy, B3 and Bgy are required to be

nonsingular, and

A = PslBngAl + P33 B33 A1, (C.0.20)
Ay = Py Bj Ay + Py3Bss Ay + Pi3 (Bsi Pyy + BsoPyy),  (C.0.21)
—O — Pngglpgj;) + P33B33P3€ + P33331P371. (0022)

Equation C.0.20 implies that either (C.0.11) holds and either P33 = 0 or
ng = 0, or
Ps3Bss = I — P31 B3, (C.0.23)

with nonzero P33 and Bss. It is easy to see that requirement (C.0.22) cannot

hold when P33 = 0 unless C' = 0, this will then be a special case of Family
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10. So suppose instead that (C.0.11) holds and that Bsz = 0. In this case, the
requirement (C.0.22) is simply that

P33 —|— Pg:; - —07
while (C.0.21) additionally requires that
This results in
0 0 AT 0 0 BIL
P = P21 P22 Ag and B = 0 B22 Bg; 5 <0025)
P31 0 P33 B31 ng O

where

B3y = P, Py = —PyBLB;" and P+ Ph=—C. (C.0.26)

Suppose that (C.0.23) holds with nonzero P33 and Bss. Then the require-
ment (C.0.22) is that

—C = (I — Ps3Bss) Py3+ P33 Bss Py + Pss (I — BssPss) = Psz+ Pz — P33 Byg P
while once again (C.0.24) holds since Py # 0. Thus, we have

0 0 AT 0o o0 B
P = P21 PQQ Ag and B = 0 BQQ B::;Fz 5 <C027)
P30 Pss By B3y 0

where

By = (I = BysPy3) P3y', DBsy = Py + P53 +P55'CPy' and By = —Bs Py Py’ -
(C.0.28)

Case 4: (7.1.9) and (7.1.11) hold

If (7.1.9) and (7.1.11) hold, then Ps;, Pas, B11, Bay and Bsz are required to be

nonsingular, and

Ay = Ps3Bs3Ay, (C.0.29)
Ay = PyBsgAs + PyyBoy Py, (C.0.30)
—C = PsBy3Pi; + PsaBos Py, + P31 Bii Py, (C.0.31)

As in case 1, (C.0.29) implies that (C.0.4) holds (and thus Ps3 is symmetric).
Requirement (C.0.30) then forces Psy By PL, = 0, and thus that Ps; = 0 since
Pyy and By, are nonsingular. Requirement (C.0.31) then leads to (C.0.5), and

hence exactly the same conclusions as for case 1.
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Case 5: (7.1.9) and (7.1.12) hold

If (7.1.9) and (7.1.12) hold, then P3;, Ps, Bs; and Bsy are required to be

nonsingular, and

A, = Py BiA, (C.0.32)
Ay = P33 Bj Ay + (P31 By, + PioBoo) Py, (C.0.33)
—C = PyuBjPj+ (P3132Tl + P32Bz2) Pj, + Py3 B3 Py

+ (P31 Byy + PsyBoy) P (C.0.34)

As in case 2, (C.0.32) implies that (C.0.11) holds. Requirement (C.0.33) and
the nonsingularity of P, together imply that

P3lB§1 + szBQQ == O
Thus wither
Bgl =0 and P32 =0

or

Py = — P31 B}, By, with nonzero  ByjandPsy

since Bs; and Py are nonsingular. The first of these two cases is identical to
(C.0.6)—(C.0.17) under the requirement (C.0.34). Under the same requirement,

simple manipulation for the second case gives

0 0 AT 0o o BT
P = 0 P22 Ag and B = 0 B22 Bgé 5 (COS5)
P31 P32 P33 B31 B32 B33

where

Bsy = P;;", Py+Ph = —C—Pyy (B — BBy By) P}, and Py, = — Py B] B3y
(C.0.36)
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Case 6: (7.1.9) and (7.1.13) hold

If (7.1.9) and (7.1.13) hold, then Ps;, Ps, Bs; and Bsy are required to be

nonsingular, and

Ar = (PuBs; + PBgy + PyBy) Au, (C.0.37)
Ay = (P31Bg,T1 + PypBi, + P33B33) As + (P32 Bos + P33Bss) Py,
(C.0.38)
—C = (Ps1Bj; + PsaBjy + Ps3Bss) Py + (PsoBoy + P33 Bsy) P,
+ Ps3 B3, Py (C.0.39)

The requirement (C.0.37) implies that either
Py B, + P3Bi, =1, (C.0.40)
and either P33 =0 or B3z = 0, or
P31 By = I — PyyBi, — Py3Bas (C.0.41)

with nonzero P33 and Bsz. As in case 3, it is easy to see that it is not possible
for the requirement (C.0.39) to hold when P33 = 0 unless C' = 0, and this is
just a case of Family 10. Suppose instead that (C.0.40) holds and that B3 = 0.
Then the nonsingularity of Py, and Bss and the requirement (C.0.38) together
imply that

Ps; = —Py3 B3y By,

Requirement (C.0.39) then becomes
Ps3 + Pl + P33 Bsy By Bl Pay = —C. (C.0.42)

This then results in

0 0 AT 0 0 BY
P == O P22 Ag and B — O BQQ Bg; 5 (C043)
P31 P32 P33 B31 B32 0

where

Ps3 + Pl + Ps3Bsy Byy BL P = —C,

s ) (C.0.44)
Pyy = —Py3B3y By, and Py = (I — PyBi,) By

Note that although (C.0.42) restricts the choice of B3y and Bsy, it is easily

satisfied, for example, when B3y = 0.
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Suppose that (C.0.41) holds with nonzero P33 and Bss. Then, once again,
the nonsingularity of Psy and Bys and the requirement (C.0.38) together imply
that (C.0.42) holds, while (C.0.41) and (C.0.42) show that the requirement
(C.0.39) holds whenever

-C = P33+P3T3+P32322P3T2—P33B33P3T3
= Pi3+ Py + Ps3 (B32 By, B, — Bss) P

Hence, we obtain

0 0 AT o o BT
P = 0 P22 Ag and B = 0 B22 Bgé 5 (CO45)
P31 P32 P33 B31 B32 B33

where

Ps3 + Pl + Py3 (ngB;;B;,; — ng) PL = -C,

I L (C.0.46)
P32 = —P33B32B221, and P31 - (.[ - PSQB??Q - P33B33) B31T‘

Observe that (C.0.43)—(C.0.44) is the special case Bz = 0 of (C.0.45)—(C.0.46).

Case 7: (7.1.10) and (7.1.11) hold

If (7.1.10) and (7.1.11) hold, then Ps;, Py, Bay and Bsg are required to be

nonsingular, and
Ay = Py By Pl, Ay= Py B P}, and —C = Py By P
This then leads to the requirement that C' is nonsingular and
Py=AT, Py=AL Py=-C and B, =-C"
Hence,

AT 0 AT —ct oo
P = Ag P22 Ag and B = 0 BQQ 0 . (C047>
—C P3y Psg 0 0  Bss
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Case 8: (7.1.10) and (7.1.12) hold

If (7.1.10) and (7.1.12) hold, then P31, Py, B3 and By are required to be

nonsingular, and

Al — P3lB£A1 + P31B11P1,117 (CO48>
Ay = P31 Bi Ay + Py By P)y + Psy Bl Ag, (C.0.49)
—-C = PyBlLP]. (C.0.50)

In reverse order, these give

By = —Py'CPy,
By = Py" — A7"PuBy,
and By = Py (Pn— AJATTPy) By
There is very little reason to believe that Bs; will be easily invertible in general,

but if P = AF{M for some diagonal M and if P3; and By, are also diagonal,
then it may be. This leads to

Pll 0 A{ Bll Bg; Bng
P=1 Py Py A and B=| By By 0 |, (C.0.51)
Py 0 0 By; 0 0

where

By = —Pi'CP;", Bsy = P;," — MBy,

C.0.52
BZl = P2_21 (P21 — AgM) Bll and Pll = A,{M ( )

for some suitable M.

Case 9: (7.1.10) and (7.1.13) hold

If (7.1.10) and (7.1.13) hold, then Ps;, Py, Bs; and By are required to be

nonsingular, and

Al = PngglAl, A2 = PnggﬂAQ and —C=0.
Thus, the matrix C' is required to be equal to the zero matrix of appropriate
size. This gives

Py 0 AT 0 0 BL
P = P21 P22 Ag and B = 0 ng Bg? . (0053)
By 0 0 By, Bsy Bas
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Case 10: (7.1.8) and (7.1.14) hold

If (7.1.8) and (7.1.14) hold, then P31, Psy and Bgy are required to be nonsin-

gular, and

Ay = Py Bl A+ Py3BssAy, (C.0.54)
Ay = P3133T1A2 + P33 B33A5 + P31311P211 + P33331P21;> (C.0.55)
—C - Pngg)ﬂng:; + ngngPg:; + PngHPg; + ngBglpgj;. (CO56)

Requirement (C.0.54) implies that

Py Bl 4 PyyBsy = 1, (C.0.57)
whilst (C.0.55) gives either
P31 By1 + P33 Bs; =0 (C.0.58)
or
Py By, + PysBy 20 and Py = 0. (C.0.59)

If (C.0.57) and (C.0.58) hold, requirement (C.0.56) is simply P33 = —C. If C'

is invertible, this leads to

0 o0 AT By 0 Bj
P = P21 P22 Ag and B = 0 B22 O 5 (COGO)
Py 0 Ps Bs; 0 Bss

where
P33 =—C, Pjy=—-B'BjPjy; and Bsy= (I — B3 Pj)) Py’ (C.0.61)
However, since solves with B simply involve By and

B,y Bl
By B

By, 0O
By I

Byt 0
0 C!

Bi, Bj
0 I

: (C.0.62)

the block form of (C.0.62) indicates that only products with C, and not its
inverse, are required when solving with B, and that B33 need not be formed.
If C' is singular, then (C.0.57) and (C.0.58) give that

P33 = —C, B31 = (I + ngC) PBET and BH = P:;ll (C + CP330) P3ET.
(C.0.63)
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As before, solves with B simply involve Bss and

B Bgl
Bsi  Bss

Pyt 0
0 I

CB33C+C I+ CBss
I + B33C Bss

0 I

P;T 0 ]

and, hence, we need to ensure that

c I
I 0

C
I

CBs33sC+C I+ CBss
I + Bs33C Bss

Bas [ C 1 } (C.0.64)

is non-singular (and has the correct inertia). The possibility Bss = 0 is that
given by (C.0.18) in Case 2, but an interesting alternative is when Bsg is chosen
so that

Ba3C = 0. (C.0.65)
In this case, (C.0.63) becomes
Py3 = —C, B3 = P;’ and By = Pi'CPy7, (C.0.66)
and (C.0.64) gives
cnncro rens e 111010 1) o

which is clearly (block) invertible.
If (C.0.57) and (C.0.59) hold, then the requirement (C.0.56) becomes

—C = P& + Py B, P}, + P33 B3 P,

which leads to

0 0o AT By 0 Bj
P = P21 PQQ Ag and B = 0 322 0 5 (CO68>
P31 0 P33 B31 0 B33

where

P31 = (I — P33B33) B:;lT and B11 = P:;ll (P33B33P37;) - C - P33 — Pg:;) P?:lT
(C.0.69)
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Case 11: (7.1.9) and (7.1.14) hold

If (7.1.9) and (7.1.14) hold, then P31, Psy and Bgy are required to be nonsin-

gular, and

A1 - Png;Al -+ P33BS3A17 (CO?O)
AQ = P31B37,1A2 + P33B33A2 + P32322P2€’ <C071)
o = P31 B3, Py + P33 Bz Py + Py Byy Py (C.0.72)

+ P33 B3, P3) + Py Byy P

To satisfy the requirement (C.0.70), then (C.0.57) must hold. Requirement
(C.0.71) and the nonsingularity of Py and Bag force Pss = 0. This case is then

simply a subcase of the previous one.

Case 12: (7.1.10) and (7.1.14) hold

If (7.1.10) and (7.1.14) hold, then Ps;, Py and By are required to be nonsin-

gular, and

Al = P313§1A1+P31B11P171, (C073>
Ay = P3Bj Ay + Py By Py, (C.0.74)
~C = PyB, P (C.0.75)

As in case 8, the requirements (C.0.73) and C.0.75 respectively imply that
By = —P;'CP;" and Bs = Py," — A;T P By

Requirement (C.0.74) imposes that By (P — PLAT As) = 0, which is cer-
tainly satisfied when

Pl = PLAT'A,.

The latter is true, for example, if P;; = ATM and Py = AT M for a given

matrix M. In general, we thus have that

P, 0 AT By, 0 BL
P = P21 P22 Ag and B — O BQQ O P (CO76)

where

By = —Py'CP;", By =P;" — AT PuBn and Py = PAT A
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The warnings concerning the easy invertibility of B3; we mentioned for the

case 8 equally apply here, so we actually require

By = —P;'CPy", Bsy = Py — MBy, Py=A{M and Pj = AJM,
(C.0.77)

for some suitable (diagonal) M.



Appendix D

Implicit factorization families
and the matrix G which arises

Here we examine the matrix G which arises for each of the families mentioned

in Section 7.1. Note that for general P and B partitioned as is (7.1.4), we have

G = P11B11P17; + PntTlpng + P11B§1A1 + P12321P17i + P12322P17;
+PBLA, + AT B3 Pl + AT B3y PL + AT Bss Ay,

Gy = PQanqu; + P21B§1P1€ + P21B:3T1A1 + P2zB21P1T1 + P22B22P12
+PyyBL A, + AL B3 PL + AL B3y PL + A2 Bsg Ay,

Gos = PuBi1Py + Poy By Pyy + Po1 By Ay + Py By PJ| + Pay Boo Py,
+Pyy Bi, Ay + AL B3y PJ, + A2 Bsy P, + AZ Bz As.

Family 1: (7.1.8) and (7.1.11) hold

In this case

Gu = AlByA,
Gor = AlBsgAj,
Goo = P21B11P271 + P22322P2€ + AgB33A2-

Since Py; = 0 for Family 1, G2 becomes

Gog = P22322P2T2 + AgBrssAz-

192
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Families 2 and 3: (7.1.8) and (7.1.12) hold

In this case
Gun = 0,
Gy = PuBjA,
Gy = P21B11P27; + leBngPQTQ + P21BgT1A2 + P22321P27i + PQQBQQPQE
+AJ B3 Py;.
For Family 2, By = 0 and Py = 0, so that G9; and Gy become
G = 0,
Gy = PpBxnPj.
For Family 3, By; = 0, so that G2 becomes
Gao = Py B11 P}y + Py By As + PayBay Py, + A} B3 Py

Families 4 and 5: (7.1.8) and (7.1.13) hold

In this case
G = A]BsA,
Gy = PuBjA;+ PyuBhA + A] By Ay,
Gy = Py Bij Ay + PayBooPyy + PayBiy Ay + Al By Py, + Al By Py,
+ AL Bys As.
For both families, (C.0.24) holds, and thus
Gy = Aj By,
Gy = PpBynPj, + A} BssAs.
In addition, for Family 4, B33 = 0, so
Gy = PpBxnPj.

Family 6: (7.1.9) and (7.1.12) hold

In this case
Gu = 0,
Gar = 0,
G = 0PyBnPy,.
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Family 7: (7.1.9) and (7.1.13) hold

In this case
Gn = AlTBssAl,
Gy = PzngTgAl + AgTBszAl,
G22 - P22B22P21; + P22B§2A2 + AngQPg; + AnggAQ.

Family 8: (7.1.10) and (7.1.11) hold

In this case
G = PuBuPl+ Al By Ay,
Go1 = P21B11P1T1 + AgB33A17
Gog = P21BHP271 + P2zB22P2€ + AQTBs3A2~
But since Py, = AT, P,y = Al and By, = —C~!, we have
G = A (333 - Cil) Ay,
Gn = Aj (333 - C_l) Ay,
Gy = PyBynPy+ A (B33 - C_l) As.

Family 9: (7.1.10) and (7.1.12) hold

In this case
Gn = PlanPf; + PllBgz;Al + AFIFB:slPﬂ,
Gy = PQanPﬂ + P213;§1A1 + P22321P1T1 + A§B31P17£7
G22 - PQlBHPQ]I + PQlBglng + leBglAg + P22B21P27i + P22B22P27;
+ AT B3 P

Family 10: (7.1.10) and (7.1.13) hold

In this case
Gu = PuBi A+ AT By Pl + AT Byz Ay,
Gy = PuBLA, + PyuBLA, + ATBy PL + AT By Ay,
Gy = leB;glAz + P22322P27; + P22337,;A2 + AngngTl + AQTBszPQE
+ AT B33 Ay.

194
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Families 11, 12 and 13: (7.1.8) and (7.1.14) hold

In this case

Gll = A{BSSAla
Gy = P21B37,1A1 + P22337,;A1 + AgBmPﬂ + AQTBszzAl;
G22 - P21B11P211 + P21B?31A2 + PQQBQQPQE + A5B31P211 + AnggAQ.

For Family 13, P, = 0, and thus
G21 — PQQB%;Al + A2TBglP17; + A5B33A17

Gy = P22322P2T2 + AQTB33A2~

Family 14: (7.1.10) and (7.1.14) hold

In this case

G = P1lB11P1T1 + P11B§F1A1 + A{B31P1T1 + AlTB33A1;
Gy = PnBuPj + PuBj Ay + PyyByPyy + A B3y Py + Aj Bz As.



Appendix E

CUTEr QP problems: Complete
tables

The following appendix gives complete results corresponding to the numerical
experiments carried out in Section 7.3. The factorization times “fact,” iteration

counts “iter” and total CPU times “total” are given for different choices of

preconditioner.

Table E.1: CUTEr QP problems—residual decrease of at least 1072 and C = I

Explicit factors

Implicit factors

G=H G=1 Family 1 Family 2(a) Family 2(b)
name fact. iter. total fact. iter. total fact. iter. total fact. iter. total fact. iter. total
AUG2DCQP 0.38 1 0.45 0.12 1 0.18 0.07 13 0.19 0.07 267 1.94 0.02 36 0.30
AUG2DQP 0.12 1 0.18 0.12 1 0.18 0.06 13 0.17 0.03 268 1.89 0.02 36 0.29
AUG3DCQP 0.16 1 0.24 0.16 1 0.24 0.06 24 0.24 0.03 96 0.74 0.03 37 0.33
AUG3DQP 0.16 1 0.24 0.16 1 0.24 0.07 25 0.26 0.03 96 0.75 0.03 37 0.33
BLOCKQP1 5.03 1 33.28 4.98 1 33.15 0.14 1 28.20 0.06 1 28.18 0.06 1 28.09
BLOCKQP2 4.98 1 33.13 5.02 1 33.14 0.14 1 28.22 0.06 1 28.17 0.07 1 28.16
BLOCKQP3 4.96 1 33.03 5.04 1 33.13 0.14 1 28.08 0.06 1 28.10 0.06 1 28.07
BLOWEYA 0.27 1 0.33 16.58 1 16.69 0.06 1 0.10 0.05 1 0.09 0.05 1 0.09
BLOWEYB 0.28 1 0.34 16.52 1 16.63 0.06 1 0.10 0.05 1 0.09 0.05 1 0.08
BLOWEYC 0.29 1 0.35 14.75 1 14.87 0.07 1 0.11 0.05 1 0.09 0.05 1 0.09
CONT-050 0.36 1 0.53 0.61 1 0.81 0.05 1 0.17 0.01 1 0.13 0.01 1 0.13
CONT-101 2.17 1 3.33 4.39 1 5.84 0.20 0 1.02 0.06 0 0.87 0.05 0 0.87
CONT-201 13.18 1 21.04 29.63 1 38.82 0.86 0 6.94 0.24 0 6.27 0.24 0 6.30
CONT1-10 2.16 1 3.35 4.22 1 5.57 0.20 1 1.08 0.05 1 0.93 0.05 1 0.92
CONT1-20 13.33 1 21.64 29.07 1 38.37 0.85 0 7.48 0.25 0 6.84 0.25 0 6.78
CONT5-QP ran out of memory ran out of memory 0.91 1 6.63 0.24 1 5.94 0.25 1 5.92
CVXQP1 48.16 1 50.38 139.83 1 142.34 0.18 2 0.36 0.13 1310 43.43 0.12 1258 42.24
CVXQP2 27.27 1 28.66 29.21 1 30.67 0.11 3 0.21 0.30 523 21.98 0.30 130 5.63
CVXQP3 53.57 1 56.33 78.67 1 82.48 0.45 1 0.89 0.16 1 0.59 0.06 1 0.48
DUALC1 0.13 1 0.23 0.03 1 0.06 0.01 1 0.03 0.01 1 0.02 0.01 3 0.03
DUALC2 0.03 1 0.05 0.03 1 0.05 0.01 1 0.04 0.01 1 0.03 0.01 0 0.02
DUALC5 0.04 1 0.07 0.13 1 0.16 0.02 10 0.06 0.01 1 0.03 0.01 563 0.81
DUALCS 0.10 1 0.23 0.10 1 0.20 0.04 1 0.15 0.01 1 0.11 0.01 7 0.12
GOULDQP2 0.85 1 1.04 0.79 1 1.04 0.27 4 0.45 0.12 13 0.60 0.11 14 0.65
GOULDQP3 0.81 1 0.99 0.92 1 1.23 0.27 4 0.46 0.11 13 0.78 0.11 15 0.98
KSIP 0.50 1 1.04 0.50 1 1.02 0.06 2 0.59 0.01 2 0.55 0.01 2 0.55
MOSARQP1 0.09 1 0.13 0.09 1 0.13 0.04 7 0.09 0.02 5 0.08 0.02 5 0.08
NCVXQP1 117.67 1 119.93 141.30 1 143.77 0.14 2 0.32 9.66 1420 69.96 9.64 676 38.51
NCVXQP2 129.22 1 131.48 141.86 1 144.34 0.14 3 0.35 9.64 1 9.82 9.65 31 11.12
NCVXQP3 128.41 1 130.66 129.05 1 131.54 0.14 2 0.32 9.64 1197 60.17 8.36 1047 52.77
NCVXQP4 89.54 1 90.99 93.00 1 94.49 0.12 2 0.20 19.55 564 51.00 19.44 4 19.73
NCVXQP5 89.18 1 90.61 84.34 1 85.80 0.14 3 0.25 19.56 790 62.90 22.38 9 22.94
NCVXQP6 88.20 1 89.58 91.74 1 93.18 0.14 3 0.24 18.91 522 47.40 18.91 161 27.79
NCVXQP7 628.16 1 632.70 82.54 1 86.56 0.34 1 0.78 0.17 1 0.61 0.06 1 0.47
NCVXQP8 61.02 1 64.21 84.22 1 88.60 0.28 1 0.73 0.19 1 0.65 0.07 1 0.52
NCVXQP9 54.51 1 57.44 85.05 1 88.96 0.29 1 0.74 2.20 1 2.66 2.10 1 2.53
POWELL20 0.34 1 0.47 0.32 1 0.46 0.14 1 0.20 0.06 13 0.31 0.06 14 0.32
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Table E.1: CUTEr QP problems—residual decrease of at least 10~8 (continued)

Explicit factors Implicit factors
G=H G=1 Family 1 Family 2(a) Family 2(b)
name fact. iter. total fact. iter. total fact. iter. total fact. iter. total fact. iter. total
PRIMALI1 0.11 1 0.76 0.11 1 0.12 0.05 19 0.08 0.01 8 0.03 0.01 2 0.02
PRIMAL2 0.16 1 0.17 0.16 1 0.17 0.05 18 0.09 0.02 2 0.03 0.03 2 0.04
PRIMALS3 0.57 1 0.60 0.59 1 0.62 0.04 25 0.14 0.02 2 0.04 0.01 2 0.03
PRIMAL4 0.30 1 0.32 0.30 1 0.32 0.05 15 0.11 0.01 2 0.03 0.02 2 0.03
PRIMALC1 0.01 1 0.02 0.02 1 0.02 0.02 2 0.03 0.01 248 0.25 0.01 30 0.04
PRIMALC2 0.02 1 0.02 0.03 1 0.03 0.03 2 0.03 0.01 245 0.24 0.01 245 0.24
PRIMALCS 0.02 1 0.02 0.02 1 0.02 0.05 2 0.05 0.02 7 0.03 0.02 7 0.03
PRIMALCS 0.04 1 0.04 0.03 1 0.04 0.02 2 0.03 0.02 64 0.12 0.01 6 0.02
QPBAND 0.42 1 0.55 0.42 1 0.57 0.19 2 0.26 0.15 16 0.77 0.15 14 0.71
QPNBAND 0.53 1 0.70 0.43 1 0.59 0.18 3 0.27 0.15 12 0.61 0.15 12 0.63
QPCBOEI1 0.05 1 0.09 0.06 1 0.10 0.02 16 0.09 0.01 2 0.04 0.01 2 0.04
QPCBOEI2 0.09 1 0.11 0.09 1 0.11 0.02 2 0.03 0.02 1 0.02 0.02 1 0.03
QPNBOEI1 0.43 1 0.47 0.05 1 0.09 0.03 16 0.09 0.01 3 0.05 0.01 2 0.05
QPNBOEI2 0.11 1 0.12 0.09 1 0.11 0.02 2 0.03 0.01 1 0.02 0.01 1 0.02
QPCSTAIR 0.05 1 0.11 0.05 1 0.11 0.02 3 0.08 0.01 13 0.09 0.01 5 0.07
QPNSTAIR 0.05 1 0.11 0.06 1 0.12 0.02 4 0.08 0.01 9 0.08 0.01 5 0.07
SOSQP1 0.12 1 0.17 0.12 1 0.18 0.07 1 0.10 0.03 1 0.06 0.03 1 0.06
STCQP2 0.86 1 0.96 1.47 1 1.62 0.05 4 0.12 0.09 1 0.13 0.09 2622 38.05
STNQP2 63.37 1 63.72 66.32 1 66.82 0.12 8 0.38 6.52 247 17.24 0.27 15 0.86
UBH1 0.34 1 0.52 0.33 1 0.52 0.13 2 0.29 0.05 1 0.17 0.05 4 0.23
Table E.2: CUTEr QP problems—residual decrease of at least 1072 and C = I
Explicit factors Implicit factors
G=H G=1 Family 1 Family 2(a) Family 2(b)
name fact. iter. total fact. iter. total fact. iter. total fact. iter. total fact. iter. total
AUG2DCQP 0.38 1 0.44 0.12 1 0.18 0.07 157 1.11 0.07 1220 8.48 0.02 89 0.66
AUG2DQP 0.12 1 0.18 0.12 1 0.18 0.06 165 1.14 0.03 1271 8.83 0.02 670 4.60
AUG3DCQP 0.16 1 0.24 0.16 1 0.24 0.06 106 0.75 0.03 1684 11.91 0.03 2621 18.50
AUG3DQP 0.16 1 0.24 0.16 1 0.24 0.07 106 0.76 0.03 273 1.98 0.03 50 0.42
BLOCKQP1 5.03 1 33.06 4.98 1 33.11 0.14 1 28.22 0.06 2 28.20 0.06 2 28.14
BLOCKQP2 4.98 1 33.02 5.02 1 33.31 0.14 1 28.27 0.06 2 28.15 0.07 2 28.13
BLOCKQP3 4.96 1 33.06 5.04 1 33.15 0.14 1 28.24 0.06 2 28.17 0.06 2 28.23
BLOWEYA 0.27 1 0.32 16.58 1 16.69 0.06 1 0.09 0.05 1 0.09 0.05 1 0.09
BLOWEYB 0.28 1 0.33 16.52 1 16.63 0.06 1 0.10 0.05 1 0.09 0.05 1 0.08
BLOWEYC 0.29 1 0.35 14.75 1 14.87 0.07 1 0.11 0.05 1 0.09 0.05 1 0.09
CONT-050 0.36 1 0.53 0.61 1 0.81 0.05 9 0.23 0.01 28 0.34 0.01 29 0.35
CONT-101 2.17 1 3.33 4.39 1 5.82 0.20 0 1.03 0.06 0 0.86 0.05 0 0.84
CONT-201 13.18 1 21.05 29.63 1 38.79 0.86 0 6.97 0.24 0 6.25 0.24 0 6.34
CONT1-10 2.16 1 3.34 4.22 1 5.57 0.20 6 1.26 0.05 28 1.80 0.05 30 1.90
CONT1-20 13.33 1 21.66 29.07 1 38.44 0.85 0 7.52 0.25 0 6.76 0.25 0 6.77
CONT5-QP ran out of memory ran out of memory 0.91 1 6.71 0.24 110 30.72 0.25 147 37.19
CVXQP1 48.16 1 50.39 139.83 1 142.36 0.18 51 1.56 0.13 9237 305.76 0.12 4165 138.96
CVXQP2 27.27 1 28.67 29.21 1 30.67 0.11 369 7.39 0.30 9400 380.46 0.30 1353 55.55
CVXQP3 53.57 1 56.32 78.67 1 82.50 0.45 3 0.98 0.16 9291 369.75 0.06 5782 224.38
DUALC1 0.13 1 0.14 0.03 1 0.05 0.01 16 0.05 0.01 2 0.02 0.01 15 0.04
DUALC2 0.03 1 0.05 0.03 1 0.05 0.01 9 0.05 0.01 1 0.03 0.01 0 0.02
DUALCS5 0.04 1 0.07 0.13 1 0.16 0.02 11 0.06 0.01 135 0.22 0.01 563 0.82
DUALCS 0.10 1 0.20 0.10 1 0.21 0.04 13 0.18 0.01 997 2.16 0.01 14 0.13
GOULDQP2 0.85 1 1.04 0.79 1 1.04 0.27 17 0.87 0.12 317 11.63 0.11 715 25.62
GOULDQP3 0.81 1 0.99 0.92 1 1.23 0.27 18 0.93 0.11 96 4.63 0.11 673 31.52
KSIP 0.50 1 1.02 0.50 1 1.03 0.06 8 0.61 0.01 6 0.57 0.01 6 0.57
MOSARQP1 0.09 1 0.13 0.09 1 0.13 0.04 50 0.27 0.02 295 2.07 0.02 952 6.58
NCVXQP1 117.67 1 119.93 141.30 1 143.77 0.14 61 1.73 9.66 9557 416.62 9.64 1802 86.77
NCVXQP2 129.22 1 131.49 141.86 1 144.36 0.14 9942 236.88 9.64 1 9.82 9.65 31 11.10
NCVXQP3 128.41 1 130.67 129.05 1 131.54 0.14 62 1.78 9.64 9877 443.35 8.36 2618 119.47
NCVXQP4 89.54 1 90.98 93.00 1 94.49 0.12 8373 163.19 19.55 7877 438.09 19.44 416 42.25
NCVXQP5 89.18 1 90.59 84.34 1 85.79 0.14 8263 160.94 19.56 1069 78.17 22.38 61 25.79
NCVXQP6 88.20 1 89.60 91.74 1 93.18 0.14 9041 175.54 18.91 9394 531.64 18.91 248 32.56
NCVXQPT7 628.16 1 632.76 82.54 1 86.49 0.34 3 0.84 0.17 9736 373.63 0.06 4650 180.96
NCVXQP8 61.02 1 64.21 84.22 1 88.69 0.28 3 0.81 0.19 9994 426.71 0.07 5460 215.20
NCVXQP9 54.51 1 57.41 85.05 1 89.06 0.29 3 0.79 2.20 1790 81.11 2.10 1124 50.49
POWELL20 0.34 1 0.47 0.32 1 0.46 0.14 1 0.20 0.06 3581 54.93 0.06 82 1.37
PRIMAL1 0.11 1 0.12 0.11 1 0.12 0.05 172 0.30 0.01 21 0.05 0.01 31 0.07
PRIMAL2 0.16 1 0.17 0.16 1 0.17 0.05 132 0.31 0.02 23 0.08 0.03 37 0.12
PRIMAL3 0.57 1 0.60 0.59 1 0.62 0.04 117 0.44 0.02 36 0.16 0.01 37 0.16
PRIMAL4 0.30 1 0.32 0.30 1 0.32 0.05 62 0.27 0.01 13 0.08 0.02 53 0.23
PRIMALC1 0.01 1 0.02 0.02 1 0.02 0.02 6 0.03 0.01 248 0.25 0.01 132 0.14
PRIMALC2 0.02 34 0.05 0.03 1 0.03 0.03 4 0.03 0.01 245 0.23 0.01 245 0.24
PRIMALCS 0.02 1 0.02 0.02 1 0.02 0.05 5 0.05 0.02 16 0.04 0.02 14 0.03




APPENDIX E. IMPLICIT V EXPLICIT FACTORIZATION RESULTS 198

Table E.2: CUTEr QP problems—residual decrease of at least 10~8 (continued)

Explicit factors Implicit factors
G=H G = Family 1 Family 2(a) Family 2(b)
name fact. iter. total fact. iter. total fact. iter. total fact. iter. total fact. iter. total
PRIMALCS 0.04 1 0.04 0.03 1 0.04 0.02 5 0.03 0.02 536 0.81 0.01 46 0.08
QPBAND 0.42 1 0.55 0.42 1 0.57 0.19 7 0.37 0.15 50 1.97 0.15 224 8.36
QPNBAND 0.53 1 0.70 0.43 1 0.58 0.18 7 0.36 0.15 30 1.24 0.15 159 5.98
QPCBOEI1 0.05 1 0.09 0.06 1 0.10 0.02 113 0.28 0.01 222 0.51 0.01 23 0.09
QPCBOEI2 0.09 1 0.11 0.09 1 0.11 0.02 4 0.03 0.02 2 0.03 0.02 2 0.03
QPNBOEI1 0.43 1 0.47 0.05 1 0.09 0.03 114 0.29 0.01 20 0.08 0.01 24 0.09
QPNBOEI2 0.11 1 0.12 0.09 1 0.11 0.02 4 0.03 0.01 2 0.02 0.01 2 0.02
QPCSTAIR 0.05 1 0.11 0.05 1 0.11 0.02 144 0.35 0.01 142 0.35 0.01 38 0.14
QPNSTAIR 0.05 1 0.11 0.06 1 0.12 0.02 145 0.35 0.01 135 0.34 0.01 28 0.12
SOSQP1 0.12 1 0.17 0.12 1 0.18 0.07 3 0.13 0.03 18 0.27 0.03 34 0.46
STCQP2 0.86 1 0.96 1.47 1 1.62 0.05 92 1.12 0.09 1 0.13 0.09 6140 89.14
STNQP2 63.37 1 63.72 66.32 1 66.82 0.12 5141 129.65 6.52 4747 177.13 0.27 5966 207.81
UBH1 0.34 1 0.53 0.33 1 0.52 0.13 30 0.87 0.05 472 10.12 0.05 47 1.13
Table E.3: CUTEr QP problems—residual decrease of at least 1072 and C given by (7.3.3)
Explicit factors Implicit factors
G=H G=1 Family 1 Family 2(a) Family 2(b)
name fact. iter. total fact. iter. total fact. iter. total fact. iter. total fact. iter. total
AUG2DCQP 0.13 1 0.19 0.13 1 0.19 0.06 19 0.21 0.02 43 0.35 0.02 1 0.06
AUG2DQP 0.12 1 0.18 0.12 1 0.18 0.06 19 0.21 0.02 43 0.35 0.02 1 0.06
AUG3DCQP 0.16 2 0.25 0.17 2 0.25 0.06 14 0.19 0.03 12 0.15 0.03 10 0.14
AUG3DQP 0.17 2 0.25 0.17 2 0.26 0.06 14 0.18 0.03 13 0.16 0.03 10 0.14
BLOCKQP1 4.94 2 32.95 4.93 2 33.05 0.14 1 28.14 0.06 1 28.07 0.07 1 28.10
BLOCKQP2 4.93 2 32.84 4.87 2 33.00 0.14 1 28.11 0.07 1 28.11 0.07 1 27.99
BLOCKQP3 4.94 2 32.87 4.81 2 32.99 0.14 1 28.20 0.06 1 28.11 0.06 1 28.02
BLOWEYA 0.25 1 0.31 14.64 1 14.73 0.06 1 0.09 0.02 1 0.06 0.02 1 0.06
BLOWEYB 0.26 1 0.31 14.72 1 14.82 0.06 1 0.09 0.03 1 0.06 0.02 1 0.06
BLOWEYC 0.26 1 0.31 12.99 1 13.09 0.06 1 0.10 0.03 1 0.07 0.03 1 0.06
CONT-050 0.36 1 0.53 0.60 1 0.79 0.05 1 0.17 0.01 1 0.13 0.01 1 0.13
CONT-101 2.17 1 3.33 4.33 1 5.72 0.20 0 1.03 0.05 0 0.86 0.05 0 0.84
CONT-201 13.18 1 20.95 29.39 1 38.16 0.87 0 6.95 0.23 0 6.46 0.23 0 6.25
CONT1-10 2.16 1 3.34 4.14 1 5.47 0.20 1 1.11 0.05 1 0.93 0.05 1 0.93
CONT1-20 13.24 1 21.52 28.77 1 38.13 0.88 0 7.48 0.22 0 6.80 0.22 0 6.72
CONT5-QP ran out of memory ran out of memory 0.87 1 6.50 0.25 1 5.87 0.25 1 5.83
CVXQP1 0.48 2 0.75 0.46 2 0.79 0.14 2 0.33 0.06 1 0.22 0.06 1 0.22
CVXQP2 0.16 2 0.29 0.16 2 0.29 0.11 2 0.20 0.07 1 0.13 0.07 1 0.13
CVXQP3 0.71 2 1.29 505.39 2 506.87 0.16 1 0.59 0.05 1 0.47 0.05 1 0.47
DUALC1 0.03 1 0.04 0.03 1 0.05 0.01 2 0.03 0.01 2 0.02 0.01 1 0.02
DUALC2 0.02 2 0.04 0.02 2 0.04 0.02 2 0.04 0.01 89 0.13 0.01 150 0.20
DUALCS5 0.03 2 0.06 0.03 2 0.06 0.02 2 0.05 0.01 9 0.04 0.01 26 0.07
DUALCS 0.07 2 0.17 0.07 1 0.17 0.02 1 0.12 0.01 3 0.12 0.01 2 0.12
GOULDQP2 0.48 2 0.72 0.47 2 0.78 0.26 4 0.45 0.12 1 0.20 0.12 1 0.21
GOULDQP3 0.47 2 0.71 0.46 2 0.76 0.26 4 0.47 0.12 1 0.21 0.12 1 0.21
KSIP 0.50 2 1.03 0.50 1 1.03 0.03 1 0.56 0.01 2 0.54 0.01 1 0.52
MOSARQP1 0.09 3 0.15 0.09 3 0.15 0.04 6 0.09 0.03 2 0.06 0.02 2 0.06
NCVXQP1 0.41 2 0.69 0.46 2 0.79 0.14 2 0.32 0.06 1 0.21 0.06 1 0.21
NCVXQP2 0.41 14 1.23 0.46 10 1.29 0.15 1 0.30 0.06 1 0.22 0.06 1 0.22
NCVXQP3 0.41 42 2.65 0.46 15 1.59 0.13 2 0.32 0.06 1 0.24 0.06 1 0.22
NCVXQP4 0.16 3 0.33 0.16 3 0.33 0.11 2 0.20 0.07 1 0.13 0.08 1 0.14
NCVXQP5 0.17 13 0.66 0.17 13 0.66 0.15 4 0.27 0.09 1 0.15 0.07 1 0.13
NCVXQP6 0.16 26 0.98 0.16 19 0.77 0.14 2 0.22 0.08 1 0.14 0.07 1 0.13
NCVXQPT 0.83 2 1.40 527.57 3 529.12 0.19 1 0.63 0.05 1 0.46 0.07 1 0.47
NCVXQP8 0.87 11 2.00 528.25 8 530.43 0.17 1 0.62 0.05 1 0.49 0.06 1 0.48
NCVXQP9 0.72 66 4.99 539.13 16 542.62 0.16 1 0.58 0.05 1 0.47 0.06 1 0.48
POWELL20 0.30 1 0.42 0.32 1 0.45 0.13 1 0.19 0.08 2 0.16 0.06 1 0.12
PRIMAL1 0.12 2 0.13 0.12 1 0.13 0.04 18 0.07 0.02 9 0.04 0.02 2 0.03
PRIMAL2 0.16 1 0.17 0.15 1 0.16 0.05 19 0.09 0.02 2 0.03 0.01 2 0.02
PRIMAL3 0.58 1 0.60 0.58 1 0.61 0.03 24 0.13 0.02 2 0.04 0.02 2 0.05
PRIMAL4 0.30 1 0.32 0.30 1 0.32 0.03 15 0.09 0.03 2 0.04 0.03 2 0.04
PRIMALC1 0.02 1 0.02 0.02 1 0.02 0.02 3 0.03 0.02 248 0.25 0.01 97 0.11
PRIMALC2 0.01 1 0.02 0.01 1 0.01 0.06 2 0.06 0.01 245 0.24 0.01 132 0.13
PRIMALCS 0.02 1 0.02 0.03 1 0.03 0.03 3 0.03 0.02 7 0.03 0.01 8 0.02
PRIMALCS 0.03 1 0.04 0.04 1 0.04 0.03 3 0.04 0.01 16 0.03 0.01 12 0.03
QPBAND 0.26 2 0.40 0.24 2 0.41 0.19 2 0.27 0.11 12 0.44 0.10 11 0.41
QPNBAND 0.24 1 0.33 0.24 2 0.42 0.19 2 0.27 0.10 10 0.39 0.12 8 0.34
QPCBOEI1 0.05 6 0.10 0.05 4 0.10 0.03 2 0.06 0.01 2 0.04 0.01 2 0.04
QPCBOEI2 0.10 6 0.12 0.10 3 0.12 0.02 2 0.03 0.01 1 0.02 0.01 1 0.02
QPNBOEI1 0.05 7 0.11 0.05 5 0.11 0.04 2 0.07 0.02 2 0.05 0.01 2 0.05
QPNBOEI2 0.11 6 0.13 0.09 3 0.11 0.02 2 0.03 0.01 1 0.02 0.01 1 0.02
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Table E.3: CUTEr QP problems—residual decrease of at least 10~8 (continued)

Explicit factors Implicit factors

G=H G = Family 1 Family 2(a) Family 2(b)
name fact. iter. total fact. iter. total fact. iter. total fact. iter. total fact. iter. total
QPCSTAIR 0.05 4 0.12 0.05 3 0.12 0.02 3 0.08 0.01 1 0.06 0.01 1 0.06
QPNSTAIR 0.06 4 0.12 0.06 3 0.12 0.02 4 0.09 0.01 1 0.06 0.01 1 0.06
SOSQP1 0.11 1 0.16 0.12 1 0.18 0.07 1 0.10 0.03 1 0.06 0.03 1 0.06
STCQP2 0.13 1 0.19 0.14 1 0.20 0.05 4 0.12 0.03 255 3.08 0.03 4 0.09
STNQP2 0.31 1 0.43 0.32 5 0.58 0.12 4 0.28 0.06 1 0.14 0.06 5 0.23
UBH1 0.34 1 0.52 0.34 1 0.52 0.14 2 0.29 0.05 1 0.17 0.05 4 0.23

Table E.4: CUTEr QP problems—residual decrease of at least 1078 and C given by (7.3.3)
Explicit factors Implicit factors

G=H G=1 Family 1 Family 2(a) Family 2(b)
name fact. iter. total fact. iter. total fact. iter. total fact. iter. total fact. iter. total
AUG2DCQP 0.13 6 0.26 0.13 7 0.27 0.06 163 1.12 0.02 1158 7.94 0.02 233 1.61
AUG2DQP 0.12 6 0.24 0.12 7 0.26 0.06 159 1.09 0.02 72 0.55 0.02 247 1.74
AUG3DCQP 0.16 7 0.32 0.17 7 0.33 0.06 109 0.79 0.03 88 0.69 0.03 65 0.53
AUG3DQP 0.17 8 0.34 0.17 8 0.34 0.06 107 0.75 0.03 91 0.71 0.03 65 0.52
BLOCKQP1 4.94 2 33.05 4.93 2 32.97 0.14 1 28.12 0.06 2 28.18 0.07 2 28.17
BLOCKQP2 4.93 2 33.02 4.87 2 32.90 0.14 1 28.07 0.07 2 28.17 0.07 2 28.14
BLOCKQP3 4.94 2 32.92 4.81 3 32.82 0.14 1 28.11 0.06 2 28.09 0.06 2 28.16
BLOWEYA 0.25 5 0.36 14.64 4 14.82 0.06 1 0.09 0.02 1 0.06 0.02 1 0.06
BLOWEYB 0.26 5 0.37 14.72 4 14.90 0.06 1 0.09 0.03 1 0.06 0.02 1 0.06
BLOWEYC 0.26 5 0.37 12.99 4 13.18 0.06 1 0.10 0.03 1 0.07 0.03 1 0.06
CONT-050 0.36 7 0.67 0.60 8 1.03 0.05 8 0.22 0.01 19 0.27 0.01 19 0.27
CONT-101 2.17 6 3.96 4.33 7 6.97 0.20 0 1.02 0.05 0 0.86 0.05 0 0.84
CONT-201 13.18 6 24.10 29.39 6 43.18 0.87 0 6.92 0.23 0 6.37 0.23 0 6.30
CONT1-10 2.16 6 3.99 4.14 8 6.80 0.20 8 1.33 0.05 19 1.54 0.05 19 1.53
CONT1-20 13.24 6 24.70 28.77 7 43.92 0.88 0 7.53 0.22 0 6.72 0.22 0 6.75
CONT5-QP ran out of memory ran out of memory 0.87 1 6.55 0.25 36 13.90 0.25 36 13.30
CVXQP1 0.48 124 6.61 0.46 73 4.99 0.14 97 2.63 0.06 21 0.74 0.06 22 0.76
CVXQP2 0.16 116 3.66 0.16 85 2.72 0.11 180 3.77 0.07 27 0.71 0.07 15 0.45
CVXQP3 0.71 134 9.71 505.39 67 513.12 0.16 4 0.70 0.05 19 1.14 0.05 20 1.14
DUALC1 0.03 8 0.05 0.03 7 0.05 0.01 11 0.05 0.01 130 0.18 0.01 13 0.04
DUALC2 0.02 5 0.05 0.02 3 0.04 0.02 8 0.04 0.01 163 0.22 0.01 228 0.29
DUALCS5 0.03 10 0.07 0.03 8 0.07 0.02 9 0.06 0.01 13 0.05 0.01 55 0.11
DUALCS8 0.07 9 0.19 0.07 4 0.18 0.02 12 0.14 0.01 51 0.21 0.01 71 0.26
GOULDQP2 0.48 5 0.95 0.47 5 1.01 0.26 18 0.91 0.12 42 1.68 0.12 30 1.21
GOULDQP3 0.47 5 0.94 0.46 5 1.00 0.26 18 0.94 0.12 34 1.42 0.12 51 2.09
KSIP 0.50 6 1.05 0.50 8 1.07 0.03 15 0.61 0.01 6 0.57 0.01 5 0.54
MOSARQP1 0.09 14 0.26 0.09 13 0.25 0.04 50 0.26 0.03 14 0.12 0.02 14 0.11
NCVXQP1 0.41 9898 483.79 0.46 5925 352.31 0.14 91 2.46 0.06 21 0.73 0.06 22 0.74
NCVXQP2 0.41 9929 465.07 0.46 9929 582.50 0.15 4966 120.38 0.06 23 0.78 0.06 23 0.78
NCVXQP3 0.41 9997 466.65 0.46 8242 492.05 0.13 92 2.48 0.06 21 0.72 0.06 21 0.72
NCVXQP4 0.16 9489 296.79 0.16 8756 277.30 0.11 2693 52.80 0.07 28 0.74 0.08 16 0.48
NCVXQP5 0.17 9990 319.96 0.17 9973 320.34 0.15 9970 195.47 0.09 28 0.75 0.07 15 0.44
NCVXQP6 0.16 7284 209.70 0.16 9835 287.43 0.14 4658 85.75 0.08 27 0.72 0.07 15 0.44
NCVXQPT7T 0.83 9906 598.40 527.57 6192 1120.71 0.19 4 0.76 0.05 19 1.12 0.07 20 1.16
NCVXQP8 0.87 9918 640.50 528.25 9756 1523.06 0.17 4 0.76 0.05 19 1.20 0.06 20 1.17
NCVXQP9 0.72 9997 578.21 539.13 9884 1467.28 0.16 4 0.70 0.05 19 1.13 0.06 20 1.15
POWELL20 0.30 1 0.41 0.32 1 0.46 0.13 1 0.19 0.08 317 5.01 0.06 10 0.26
PRIMAL1 0.12 6 0.14 0.12 9 0.15 0.04 166 0.28 0.02 15 0.05 0.02 30 0.07
PRIMAL2 0.16 6 0.19 0.15 7 0.18 0.05 133 0.31 0.02 23 0.08 0.01 11 0.04
PRIMAL3 0.58 6 0.63 0.58 6 0.63 0.03 120 0.44 0.02 10 0.07 0.02 9 0.07
PRIMAL4 0.30 5 0.34 0.30 5 0.34 0.03 62 0.25 0.03 8 0.07 0.03 7 0.06
PRIMALC1 0.02 5 0.03 0.02 4 0.02 0.02 7 0.03 0.02 248 0.26 0.01 248 0.26
PRIMALC2 0.01 4 0.02 0.01 4 0.02 0.06 6 0.06 0.01 245 0.25 0.01 12 0.02
PRIMALCS 0.02 4 0.03 0.03 4 0.03 0.03 6 0.03 0.02 10 0.03 0.01 11 0.02
PRIMALCS 0.03 5 0.05 0.04 4 0.05 0.03 6 0.04 0.01 21 0.04 0.01 56 0.10
QPBAND 0.26 5 0.54 0.24 4 0.51 0.19 8 0.40 0.11 489 12.58 0.10 141 3.66
QPNBAND 0.24 9 0.69 0.24 6 0.61 0.19 7 0.38 0.10 131 3.43 0.12 76 2.06
QPCBOEI1 0.05 21 0.15 0.05 17 0.15 0.03 103 0.26 0.01 23 0.09 0.01 24 0.09
QPCBOEI2 0.10 19 0.15 0.10 18 0.15 0.02 4 0.03 0.01 2 0.03 0.01 2 0.03
QPNBOEI1 0.05 21 0.15 0.05 17 0.15 0.04 104 0.28 0.02 22 0.10 0.01 24 0.09
QPNBOEI2 0.11 18 0.16 0.09 18 0.15 0.02 4 0.03 0.01 2 0.02 0.01 2 0.02
QPCSTAIR 0.05 20 0.17 0.05 19 0.18 0.02 137 0.34 0.01 15 0.09 0.01 970 2.03
QPNSTAIR 0.06 20 0.18 0.06 19 0.18 0.02 125 0.32 0.01 15 0.09 0.01 11 0.09
SOSQP1 0.11 2 0.18 0.12 2 0.20 0.07 5 0.15 0.03 8 0.15 0.03 59 0.77
STCQP2 0.13 57 1.07 0.14 51 1.14 0.05 67 0.79 0.03 6029 71.04 0.03 5989 66.54
STNQP2 0.31 2402 87.38 0.32 529 18.89 0.12 930 22.62 0.06 1 0.14 0.06 5 0.24
UBH1 0.34 6 0.76 0.34 5 0.67 0.14 28 0.82 0.05 31 0.81 0.05 24 0.65




Appendix F

MATLAB® command descriptions

In the following appendix we describe some of the MATLAB® functions which
we use in Chapter 8. The descriptions are adapted from those provided in the

documentation available with MATLAB®.

F.1 The LU function

The command [L,U,P] = LU(X) returns a unit lower triangular matrix L,

upper triangular matrix U, and permutation matrix P so that PxX = LxU.

A column permutation can also be introduced: [L,U,P,Q] = LU(X) re-
turns unit lower triangular matrix L, upper triangular matrix U, a permutation
matrix P and a column reordering matrix Q so that PxX+Q = LU for sparse
non-empty X.

[L,U,P] = LU(X,THRESH) controls pivoting in sparse matrices, where THRESH
is a pivot threshold in [0,1]. Pivoting occurs when the diagonal entry in a col-
umn has magnitude less than THRESH times the magnitude of any sub-diagonal
entry in that column. THRESH = O forces diagonal pivoting. THRESH = 1 is the
default.

[L,U,P,Q] = LU(X,THRESH) also controls pivoting, but in addition a col-
umn permutation is returned, where THRESH is a pivot threshold in [0,1]. Given
a pivot column j, the sparsest candidate pivot row ¢ is selected such that the
absolute value of the pivot entry is greater than or equal to THRESH times
the largest entry in the column j. The magnitude of entries in L is limited to
1/THRESH. A value of 1.0 results in conventional partial pivoting. The default

value is 0.1. Smaller values tend to lead to sparser LU factors, but the solution
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can become inaccurate. Larger values can lead to a more accurate solution

(but not always), and usually an increase in the total work.

F.2 The QR function

The MATLAB® command [Q,R] = QR(A), where A is m by n, produces an m
by n upper triangular matrix R and an m by m unitary matrix Q so that A =
Q*R.

If Ais full then the command [Q,R,E] = QR(A) can be used. This produces
unitary @, upper triangular R and a permutation matrix E so that AxE = Qx*R.

The column permutation E is chosen so that ABS(DIAG(R)) is decreasing.



Appendix G

CUTEr QP problems: Complete
tables

The following appendix gives complete results corresponding to the numerical
experiments carried out in Section 8.1.1.3. The total number of interior point
iterations “k”, the total number of PPCG iterations to solve the predictor
step “Total Its 17, the total number of PPCG iterations to solve the corrector
step “Total Its 2”7, the total amount of CPU time used “Total CPU” and
the percentage of the CPU time which was spent finding the permutation “%

Permutation” are given for different preconditioners.

Table G.1: CUTEr QP problems—Number of iterations used

Problem Impll Impl2 Impl3 Impl4d Expll Expl2
AUG2DCQP_-M k 139 139 45 109 21 20
n = 3280 Total Tts 1 6051 6051 2740 12060 30 2118
m = 1600 Total Its 2 6518 6518 3011 13846 21 2293
Total CPU 108.00 108.00 165.60 195.04 94.62 59.93

% Permutation 3.25 3.25 2.05 1.39 0 0

AUG2DQP_-M k 143 143 85 97 25 24
n = 3280 Total Its 1 23037 23037 24091 16426 40 3007
m = 1600 Total Its 2 24174 24174 29405 19020 25 3007
Total CPU 299.88 299.88 506.05 253.40 156.09 88.25

% Permutation 1.20 1.20 0.71 0.92 0 0

AUG3DCQP_M k 17 17 15 16 11 11
n = 3873 Total Tts 1 1475 1475 1297 20762 11 9869
m = 1000 Total Tts 2 1568 1568 1336 20507 11 9689
Total CPU 26.06 26.06 35.43 253.90 23.02 23.11

% Permutation 1.80 1.80 1.35 0.18 0 0

AUG3DQP_-M k 14 14 14 15 12 12
n = 3873 Total Its 1 2612 2612 2817 20077 12 4058
m = 1000 Total Its 2 2722 2722 2822 20927 12 4324
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Table G.1: CUTEr QP problems—Number of iterations used (continued)

Problem Implil Impl2 Impl3 Impl4d Expl1 Expl2
Total CPU 37.09 37.09 52.92 233.08 23.72 117.70

% Permutation 1.02 1.02 0.74 0.18 0 0

BLOCKQP1 k 17 9 — — 10 9
n = 10011 Total Tts 1 43 23 — — 10 14
m = 5001 Total Its 2 43 24 — — 10 14
Total CPU 6991.59 | 4499.18 — — 220.36 199.50

% Permutation 94.49 95.61 — — 0 0

CONT-050 k 6 6 6 6 6 6
n = 2597 Total Tts 1 35 35 35 51 6 42
m = 2401 Total Its 2 35 35 35 51 6 41
Total CPU 7.88 7.88 9.99 8.43 63.72 14.45

% Permutation 34.64 34.64 27.68 32.86 0 0

CONT-101 k 10 10 10 10 — —
n = 10197 Total Its 1 36 36 36 33 — —
m = 10098 Total Its 2 37 37 37 37 — —
Total CPU 83.29 83.29 98.25 75.19 — —

% Permutation 37.11 37.11 31.76 37.17 — —

CONT-201 k 9 9 9 9 23 —
n = 10197 Total Its 1 43 43 43 72 49 —
m = 10098 Total Its 2 31 31 31 74 57 —
Total CPU 859.61 859.61 864.26 | 880.43 | 2306.97 —

% Permutation 57.23 57.23 57.35 59.52 0 —

CONT-300 k 9 9 9 9 | memory | memory
n = 90597 Total Its 1 46 46 46 65 — —
m = 90298 Total Its 2 43 43 43 65 — —
Total CPU 3791.34 | 3791.34 | 4047.43 | 3811.77 — —

% Permutation 63.84 63.87 60.28 63.58 — —

CONT5-QP k 18 18 18 — 9 9
n = 40601 Total Its 1 16452 16452 16452 — 9 17
m = 40200 Total Its 2 17532 17532 17532 — 9 17
Total CPU 28564.53 | 28564.53 | 82627.57 — 638.08 651.66

% Permutation 4.84 4.84 1.70 — 0 0

CONT1-10 k 6 6 6 6 | memory —
n = 10197 Total Tts 1 37 37 37 56 — —
m = 9801 Total Its 2 38 38 38 56 — —
Total CPU 67.92 67.92 80.27 70.30 — —

% Permutation 50.25 50.25 42.74 48.58 — —

CVXQP1-M k 12 12 13 14 11 11
n = 1000 Total Its 1 1066 1405 1140 8257 108 6754
m = 500 Total Its 2 1093 1415 1267 8238 109 6752
Total CPU 9.50 15.45 17.22 | 105.70 8.88 68.26

% Permutation 5.05 3.17 3.31 0.51 0 0




APPENDIX G. PRECONDITIONER COMPARISONS

204

Table G.1: CUTEr QP problems—Number of iterations used (continued)

Problem Implil Impl2 Impl3 Impl4d Expl1 Expl2
CVXQP2.M k 13 13 13 20 12 14
n = 1000 Total Its 1 256 656 256 13859 260 7310
m = 250 Total Its 2 265 675 260 13815 263 6945
Total CPU 4.04 7.18 4.98 132.39 7.24 71.05

% Permutation 4.70 2.65 3.61 0.19 0 0

CVXQP3_M k 11 11 11 11 10 10
n = 1000 Total Tts 1 825 1132 765 3827 79 2362
m = 750 Total Its 2 871 1124 783 3688 79 2335
Total CPU 9.27 15.05 14.01 40.23 12.96 47.02

% Permutation 22.00 13.42 14.70 4.87 0 0

DUALC1 k 9 12 13 13 11 12
n =223 Total Its 1 28 61 45 89 35 112
m = 215 Total Its 2 29 80 48 90 36 103
Total CPU 0.78 1.75 1.31 1.87 0.99 1.22

% Permutation 7.69 4.57 6.11 3.74 0 0

DUALC?2 k 41 16 10 10 7 8
n = 235 Total Its 1 244 107 34 40 23 40
m = 229 Total Tts 2 277 108 33 38 24 39
Total CPU 3.56 2.36 0.99 1.04 0.65 0.71

% Permutation 6.18 4.23 3.03 3.85 0 0

DUALCSH k 13 16 22 7 8 7
n = 285 Total Its 1 24 95 40 39 44 48
m = 278 Total Its 2 25 89 41 36 43 48
Total CPU 1.21 2.47 2.24 1.05 1.01 0.87

% Permutation 6.61 2.43 5.36 4.76 0 0

DUALCS8 k 9 10 11 11 9 6
n =510 Total Its 1 35 42 41 56 39 28
m = 503 Total Its 2 38 45 49 59 40 29
Total CPU 1.97 2.63 2.74 2.93 2.25 1.47

% Permutation 4.57 4.18 4.38 3.41 0 0

GOULDQP2 k 54 55 125 52 25 13
n = 19999 Total Its 1 351 24835 1498 20225 61538 72441
m = 9999 Total Its 2 2430 19989 15529 20312 50204 69779
Total CPU 195.38 1657.18 1480.50 | 1396.20 | 21221.31 | 11900.73

% Permutation 4.31 0.51 1.53 0.58 0 0

GOULDQP3 k 64 82 57 194 10 10
n = 19999 Total Tts 1 4889 1175 17521 74205 34 78278
m = 9999 Total Tts 2 5354 1852 21927 84847 33 77861
Total CPU 578.96 203.27 3352.42 | 5033.66 18.93 | 11406.81

% Permutation 1.99 7.37 0.31 0.70 0 0

KSIP k 15 15 15 15 13 25
n = 1021 Total Its 1 29 29 29 220 13 378
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Table G.1: CUTEr QP problems—Number of iterations used (continued)

Problem Implil Impl2 Impl3 Impl4d Expl1 Expl2
m = 1001 Total Its 2 34 34 34 247 13 540
Total CPU 19.99 19.99 20.46 23.51 13.99 32.25

% Permutation 35.12 35.12 34.41 30.11 0 0

MOSARQP1 k 12 12 12 15 12 20
n = 3200 Total Its 1 4104 4116 4100 22282 34 36452
m = 700 Total Its 2 4080 4134 4089 21732 35 31205
Total CPU 56.58 66.69 74.71 | 313.54 44.64 937.51

% Permutation 0.44 0.37 0.33 0.10 0 0

PRIMALCI1 k 34 34 34 — 28 —
n = 239 Total Tts 1 104 104 104 — 28 —
m=9 Total Its 2 125 125 125 — 28 —
Total CPU 1.84 1.84 2.15 — 1.69 —

% Permutation 7.61 5.61 7.44 — 0 —

PRIMALC?2 k 46 46 46 — 23 —
n = 238 Total Tts 1 71 71 71 — 23 —
m=7 Total Its 2 101 101 101 — 23 —
Total CPU 2.41 2.41 2.47 — 1.24 —

% Permutation 8.71 8.71 10.53 — 0 —

PRIMALCS k 44 44 44 — 21 65
n = 295 Total Tts 1 300 300 300 — 21 12504
m=3_8 Total Its 2 278 278 278 — 21 13272
Total CPU 2.69 2.69 3.20 — 1.28 37.24

% Permutation 8.55 8.55 7.81 — 0 0

PRIMALCS k 42 42 42 — 24 —
n = 528 Total Tts 1 213 213 213 — 24 —
m=38 Total Its 2 206 206 206 — 24 —
Total CPU 3.31 3.31 4.45 — 2.50 —

% Permutation 8.76 8.76 7.64 — 0 —

PRIMALI1 k 13 13 13 13 13 13
n =410 Total Its 1 1311 1311 1311 2604 13 1913
m = 85 Total Its 2 1322 1322 1322 2607 13 1882
Total CPU 7.01 7.01 11.82 20.70 2.47 10.71

% Permutation 4.71 4.71 2.62 1.74 0 0

PRIMAL2 k 12 12 12 12 12 12
n = 745 Total Its 1 832 832 832 3193 12 2415
m = 96 Total Its 2 805 805 805 3225 12 2438
Total CPU 6.84 6.84 10.55 34.50 3.44 18.88

% Permutation 8.63 4.82 5.50 1.62 0 0

PRIMAL3 k 12 12 12 12 12 12
n = 856 Total Its 1 1739 1739 1739 5562 12 2846
m =111 Total Tts 2 1705 1705 1705 5534 12 2831
Total CPU 20.05 20.05 30.81 78.69 8.77 40.93
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Table G.1: CUTEr QP problems—Number of iterations used (continued)

Problem Implil Impl2 Impl3 Impl4d Expl1 Expl2
% Permutation 6.48 6.48 4.25 1.65 0 0

PRIMAL4 k 10 10 10 11 10 10
n = 10197 Total Tts 1 1436 1436 1436 7473 10 3722
m = 10098 Total Its 2 1407 1407 1407 7443 10 3721
Total CPU 15.38 15.38 20.85 92.49 4.80 44.97

% Permutation 6.37 6.37 4.84 1.21 0 0

QPCSTAIR k 433 433 433 733 33 172
n =614 Total Its 1 255952 255952 255952 | 425570 33 111810
m = 356 Total Its 2 234820 234820 234820 | 426534 33 105678
Total CPU 1686.25 1686.25 2928.70 | 7220.83 12.38 1266.04

% Permutation 0.36 0.36 0.22 0.15 0 0

QPNSTAIR k 798 798 798 113 32 297
n =614 Total Tts 1 438152 438152 438152 58502 32 161547
m = 356 Total Its 2 372670 372670 372670 57028 32 169140
Total CPU 2486.57 2486.57 4407.28 | 1214.57 12.64 2583.85

% Permutation 0.49 0.49 0.28 0.14 0 0

SOSQP1 k 10 10 15 — — —
n = 5000 Total Its 1 10 10 16 — — —
m = 2501 Total Its 2 11 11 19 — — —
Total CPU 3.66 3.66 6.82 — — —

% Permutation 12.84 12.84 9.53 — — —

STCQP2 k 16 16 16 16 16 16
n = 8193 Total Its 1 16 63 16 3541 63 3645
m = 4095 Total Its 2 16 71 16 3508 71 3626
Total CPU 8.38 8.64 9.08 107.92 9.47 165.79

% Permutation 18.38 18.26 16.52 1.33 0 0




Appendix H

CUTEr Inequality constrained QP
problems: Complete tables

The following appendix gives complete results corresponding to the numerical

experiments carried out in Section 8.1.2.1. The total number of interior point

iterations “k”, the total number of PPCG iterations to solve the resulting
saddle point system “Its”, and the total amount of CPU time used “CPU” are

given for different preconditioners. Performance profiles based on this data are

also provided.

Table H.1: CUTEr QP problems—Number of iterations used

Problem Explil Expl2 Famla Famlb Famlic Fam2a Fam2b Fam2c Fam2d Fam3a Fam3b
AUG2DC- k 13 13 13 13 13 13 13 13 13 13 13
QP_M Its 13 24 1000 941 892 895 895 895 972 897 975
CPU 26.81 26.30 31.51 31.26 30.77 30.76 30.76 30.86 31.46 32.93 33.50

AUG2D- k 13 13 13 13 13 13 13 13 13 13 13
QP_M Its 13 41 1044 941 840 871 871 989 1026 839 1029
CPU 26.09 26.45 31.57 30.95 30.36 30.59 30.53 31.35 31.68 32.28 33.95

AUG3DC- k 26 26 97 105 95 111 200 105 79 88 85
QP-M Its 507 473 3258 3616 3052 3817 4522 3293 3046 2816 2769
CPU 26.77 26.04 85.76 93.97 83.39 99.83 | 175.32 92.49 73.12 82.34 79.75

AUG3D- k 14 14 47 52 52 76 200 57 50 75 68
QP_M Its 93 108 2109 2318 2227 3124 5451 2591 2192 3199 2783
CPU 12.52 12.84 46.21 50.97 50.53 73.26 | 185.38 56.93 49.02 78.59 69.97

CONT-050 k 13 13 13 13 13 13 14 13 13 13 13
Its 483 352 538 583 567 564 278 545 532 571 537

CPU | 243.93 | 236.23 95.62 96.47 96.26 95.54 97.68 95.14 95.06 101.45 | 100.73

CONT-101 k — — 5 5 5 — — — — — —
Its — — 5 5 5 — — — — — —

CPU — — 3313 3351 3566 — — — — — —

CONT1-10 k 17 17 25 18 24 27 54 24 25 25 25
Its 835 677 2227 1517 2096 2015 1502 2061 2243 2082 2245

CPU 9193 8973 13172 8960 12108 13478 | 25933 12542 13345 12647 | 12354

CVXQP1.M k 27 31 45 42 47 34 48 51 47 — —
Its 1802 3256 9522 6493 10460 5348 7471 13744 9991 — —

CPU 27.07 42.31 34.51 30.17 36.72 25.57 35.75 48.73 36.58 — —
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Table H.1: CUTEr QP problems—Number of iterations used (continued)

Problem Expli Expl2 Famla | Famlb | Familc Fam2a | Fam2b | Fam2c Fam2d Fam3a | Fam3b
CVXQP2_.M k 24 27 27 24 24 24 23 25 26 — —
Its 2161 3596 4452 1233 3800 1214 1281 8331 4254 — —

CPU 13.73 14.62 12.71 8.25 10.60 8.10 8.32 23.02 12.34 — —

CVXQP3-M k 71 101 157 122 146 121 135 148 141 — —
Its 2229 5489 | 16085 | 16842 | 15452 | 15028 | 16007 | 16102 | 15297 — —

CPU 92.36 | 150.83 | 103.46 | 103.66 96.50 93.86 | 102.15 98.55 93.84 — —

DUALC2 k 200 13 200 27 200 200 200 52 7 82 13
Its 409 2277 | 10431 3526 | 12773 | 17601 743 6882 851 12673 590

CPU 10.38 3.01 22.78 5.75 26.73 31.69 8.84 10.62 1.32 25.83 1.56

DUALCS5 k 27 200 200 200 9 200 200 200 200 200 26
Its 200 | 24460 5518 4088 271 | 11104 605 6843 9489 3335 962

CPU 1.40 54.22 18.98 17.49 0.89 25.15 10.55 18.45 21.17 16.83 3.10

KSIP k 76 15 22 22 14 7 7 7 7 7 7
Its 76 41 103 157 51 12 12 13 13 12 13

CPU 80.20 16.17 19.78 18.89 11.63 8.12 8.04 8.05 8.09 8.18 8.15

MOSARQP1 k 18 28 6 7 10 10 10 8 11 12 12
Its 72 390 138 87 227 105 105 107 134 159 89

CPU 6.55 12.66 2.44 2.68 3.95 3.71 3.52 2.82 3.69 4.75 3.81

PRIMAL1 k 11 8 7 7 7 11 11 13 8 13 8
Its 200 31 404 302 411 187 187 174 134 168 135

CPU 1.55 0.99 1.13 0.97 1.17 0.96 0.95 1.05 0.69 1.23 0.81

PRIMAL2 k 8 8 7 7 7 8 8 7 8 8 16
Its 124 80 520 368 555 149 149 150 187 151 813

CPU 1.71 1.54 1.93 1.65 2.10 1.15 1.16 1.07 1.25 1.32 4.22

PRIMAL3 k 13 13 9 9 9 8 8 6 8 8 8
Its 438 293 1652 1118 1623 195 195 182 233 197 234

CPU 8.74 6.87 8.74 6.57 8.77 2.55 2.56 2.07 2.74 2.83 2.99

PRIMAL4 k 21 12 8 9 8 6 6 6 6 6 6
Its 310 46 1499 1416 1547 150 150 194 192 145 193

CPU 8.36 3.53 7.22 7.08 7.36 1.74 1.75 1.93 1.92 1.87 2.07

QPBAND k 13 7 9 10 7 7 7 7 9 7 7
Its 73 35 191 171 163 151 151 367 337 200 147

CPU | 683.91 | 390.09 | 488.90 | 539.15 | 391.10 | 392.88 | 392.93 | 396.28 | 492.66 395.95 | 391.72

QPCSTAIR k 56 64 60 59 60 59 63 61 63 60 59
Its 1190 2806 3319 3116 3614 3068 2764 5326 3138 3605 3264

CPU 25.90 36.24 12.51 11.68 12.86 11.44 13.71 17.14 12.19 15.26 14.35

SOSQP1 k 6 6 8 9 8 9 9 9 8 6 15
Its 6 6 11 12 11 12 13 12 11 15 33

CPU 77.93 88.51 59.76 66.44 59.71 66.29 66.01 66.09 59.40 46.50 | 105.80

STCQP2 k 74 74 73 73 73 73 74 73 74 93 75
Its 1146 2216 4355 5541 5729 5485 5196 | 14471 4378 32656 5639

CPU | 702.32 | 807.47 | 316.91 | 396.21 | 332.36 | 398.94 | 434.13 | 450.43 | 324.74 | 2802.36 | 354.24
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